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PREFACE. 



A word of ezidanation is due to the reader^ in ricw of the fact that 
the following pages relate to bat a small namber of the vast array of 
devices included in the broad term Mechanism. 

Having in the opening chapters considered the methods by which 
motion, and the modification of motion, may be represented and an- 
alyzed, and the basis upon which a proper classification of elementary 
mechanical combinations may be made, the next question was, what 
classes of such combinations should be first examined. So large a 
proportion of these consist of pieces rotating in contact about fixed 
axes, that they seemed to have a natural claim to precedence, which 
was duly recognized. 

Attention was accordingly next directed to the discussion of the 
pitch surfaces, and in natural sequence to the forms of the teeth, of 
gear wheels of all kinds. Which having been done, it appeared 
proper to publish so much as was completed, because notwithstanding 
that many treatises upon these special topics have been written, there 
would seem to be room for another ; the more particularly since even 
in sweeping out this part of the shop, scraps of new material and cut- 
tings of old have been found, in quantity and of quality to be worth 
using. 

The endeavor has been made to treat the theory of the subject in a 
practical manner, for the benefit of the practical man. That is to 
say, the demonstrations are made as far as possible directly dependent 
upon the diagrams ; and the latter, in most cases reduced from work 
actually executed upon a large scale, are accompanied by explanations 
which it is hoped will enable any ordinarily expert draughtsman to 
** lav out *' the movements with ease and accuraev. 

In order to avoid interrupting the argument by subordinate discus- 
sions, as well as for more ready reference, an Appendix has been 
added, containing the methods of construction, and other graphic 
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processes, relating to yarious cnrres alluded to from time to time in 
the body of the book. 

Among the works of prerious writers to which free reference has 
been made, the most prominent are the "Principles of MedianiBm,** 
by Prot Willis, the great leader in this branch of science, and the 
^'Geoiiietry of Machinery/' by his great follower Prol Bankine ; but 
this treatise is in no sense a revision of either. While the definitions 
and the nomenclature of the former author haTe been retained, it has 
not seemed desirable to adopt his method of treatment, convenient to 
adopt his order of arrangement, nor in some cases possible to adopt 
his conclusions. Moreover, much of the subject matter is, it is 
believed, entirely new, as well as several of the devices and combina- 
tions illustrated ; original investigations alone furnishing the mate- 
rials for all that relates to the following topics, viz.: 

1. DisBunilar Lobed Wheels dcriTed from similar Ellipees. 

2. Interchangeable Logarithmic Spiral Multilobes. 

8. Computation of Limiting Nambers of Teeth, Spar and Pin Crearing. 

4. Limiting Diameter of Describing Circles for Annular Wheels. 

5. Double Contact of Epicjcloidal Teeth in Inside Gear. 

6. The Odontoscope, for showing Effect of Wear in Bearings upon Velocity Ratio. 

7. Determination of a Series of Equidistant Cutters, 

8. Properties of Parallel to Epicycloid, and New Theory of Pin Gearing. 

9. Elliptical and Lobed Conical Wheels. 

10. Oblique Rack and Wheel, with New Theory of Oblique Screw Gearing. 

11. Fallacy of Willis's and Rankine's Theory of Skew Teeth, with a New Method 

of Construction. 

12. Spherical Screw and Face Wheel. 

Both the nature of the subject and the mode of treatment are such 
as to demand copious illustrations ; for the general excellence of 
which I am indebted no less to the liberality of my publishers than to 
the most efficient services of my pupils, Mr. W. H. Bristol and Mr. 
F. Van Vleck. 

C. W. Mac Cord. 

Stetexs Lvstitute of TECmrOLOOY, 
HoBOKEX, N. J., AuguM 1, 1883. 
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PRACTICAL KINEMATICS. 



CHAPTER I. 



1. Tfechaniim is the science which treats of the designing and con- 
straction of machinery. Its objects are^ to investigate those abstract 
principles which are involved in planning correctly, and to describe 
the practical operations involved in successful execution. 

2. A Kaehine is very properly said, in a general way, to be an arti- 
ficial work which serves to apply or to regulate moving power. 

This definition will not answer our purpose, for which it is not suf- 
ficiently minute ; but it is correct so far as it goes, and close and clear 
enough for the ordinary employment of the word. 

From its terms we infer that a machine applies or regulates ex- 
traneous power for some useful purpose. That is to say, the existence 
of the machine presupposes the existence of something to be done 
and of power to do it ; and it also implies the necessity of modifying, 
in some way or other, both the force and the motion caused by the 
force. No machine can move itself, nor can it create motive power ; 
this must be derived from external sources, such as the falling of a 
weight, the uncoiling of a spring, or the expansion of steam. 

ai Motive power has different characteristics, according to the 
nature of the source. It may be constant, as in the case of a head of 
water kept at the same level by an unfailing stream ; it may vary ac- 
cording to regular laws, as when derived from expanding steam ; it 
may vary irregularly, like the strength of animals : or it may be wliolly 
fitful and uncertain, like the wind. 

But these characteristics, as well as the supply of power itself, are 
Ijeyond our control. We cannot create power as we want it, but must 
take it whence we can get it. We cannot stipulate conditions, but 
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must take the power as we find it, be thankful for it at that, and 
adapt it to our needs and purposes as best we can. 

4. This is done by the use of machinery : and it is clear that in the 
construction of every machine, reference must be had to the charac- 
teristics of the motive power us well as to the nature of the work to be 
done. We may therefore amplify the definition above given^ and say 
that ~ A Machine is an assemblage of moving parts, interposed between 
the power and the work, for the purix)se of adapting the one to the 
other. 

It is not, liowever, always necessary to trace back the sonrce of 
power to its origin. For example, a line of shafting, whether itself 
driven by wind, water, or steam, may properly be considered as the 
" source of power " in reference to the various drills, lathes, planers, 
etc., driven by it. 

Pure and Constructive Mechanism. 

5. The operation of any machine depends upon two things, vi«. : 
definite force and detenninate motion. And in the process of design- 
in^;:, due consideration must be given to both these, so that each part 
may be adapted to bear tlie strains put upon it, as well as to moTe 
l)roi)crly in relation to otlier parts. 

But the nature of the movements does not depend upon the strength 
nor u])on the absolute dimensions of the moving pieces, and may often 
be clearly illustrated by a model whose proportions are very unlike 
those of the actual working machine. Consequently the /orce and the 
viotion may be considered separately ; and thus the science of Mecban- 
ism is divided into two branches, called respectively Pure and Cbn- 
structive. 

6. The selection of materials, and the proportioning of details with 
reference to strength and durability, ai*e governed directly by consid- 
erations relating to the forces involved. Closely connected with these 
are other considerations relating to facility in manufacturing, con- 
venience in repairing, and kindred features essential to practical ex« 
cellence ; and the whole fall properly within the scope of Constmctive 
Mechanism. 

But we may examine the action of a machine by merely putting 
it in motion, without actually setting it at work ; and we can plan 
its movements without regard to the rec^uisite strength of the 
parts. 

The laws of motion may be discussed quite independently of any 
consideration of the force involved, and without reference to either 
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the power or the work ; and this constitutes the branch called Pure 

7. Purposing now to confine our attention to this latter branch of 
the science, it is necessary^ before entering upon its study, to define 
and explain the sense in which certain terms and phrases of frequent 
occurrence shall be used« And first of all, we perceiye that we have 
not, as yet, assigned to the word machine a meaning which is precise 
and in accordance with the above limitation. 

We must therefore modify the definition once more ; and consider- 
ing it with reference to its motion only, 

A ■aehine is a combination of parts so connected that when one 
moves according to a given law, the others must move according to cer- 
tain other laws, 

8. Motion and Bert are essentially relative terms, within the limits 
of our knowledge. We can conceive a body to remain in a fixed posi- 
tion in space, but we cannot know that there is one which does. If 
there be any such body, it is in a state of absolute rest. 

If tvro bodies, although both are moving in space, retain the same 
relative positions, each is said to be at rest with respect to the other : 
if they do not, either may be said to be in motion with respect to the 
other. 

Path. — A point moving in space describes a line, called its jmth ; 
which may be rectilinear or curvilinear. The motion of a body, or 
geometrical magnitude, may be defined by the paths of one or more of 
its points, selected at pleasure. 

Direction. — In a given path, a point can move in either of two direc- 
tions only, which may be defined in various ways, as up or down, to 
the right or left, with the clock or the reverse ; direction, as well as 
motion, being entirely relative. 

9. Velocity, however, is not essentially relative. Whatever the 
form of the path, the speed of the motion is estimated by comparing 
the distance, or spaccy through which a point or body moves, with the 
time occupied in doing it. And since both space and time are abso- 
lute magnitudes, the velocity itself is absolute. 

Velocity is either uniform, equal spaces being traversed in equal 
times ; accelerated, the spaces increasing, or retarded, the spaces de- 
creasing, while the times remain equal. And the rate of acceleration 
or of retardation may itself be either uniform or fluctuating. But it 
is not necessary to consider all the complications which may arise in 
this way ; for our purposes it will suffice to make one general distinc- 
tion, viz. : that between motions with uniform velocities and motions 
with variable velocities. 
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10. In the case of nniform motion, the space yaries directly with 
both the time and the Telocity. Thus if one body moTC twice as long 
and twice as fast as another, it will clearly travel four times as far. 
This is otherwise expressed by saying that the space increases in the 
compound ratio of the time and the Telocity ; or, still better, in the 
form of an equation, thus. 

Space = Time x Velocity. 

The space and the time arc measured by comparing them with fixed 
standards, or units, and may therefore be expressed by abstract num- 
bers. And so in consequence may the velocity ; for from the above 
equation we haTC 

in which the first member being composed of abstract terms, the 
second member will also be an abstract number, showing how many 
units of space are traversed in a unit of time. 

And this is the measure of absolute velocity when the motion is 
uniform. 

11. Angular Velocity. — This expression relates to rotatory motion, 
like that of a wheel turning in its bearings ; the speed of which may 
be measured by the linear velocity of any point in the rotating body 
whose radial distance from the axis is equal to the unit of space. 
This is called the afigttlar velocity^ and may be either uniform or 
variable. 

If the angular velocity be uniform, the linear velocity of any point 
varies directly as its distance from the axis : for the angles are propor- 
tional to the times, and the arcs to the radii. Thus if one point be 
two feet, and another four feet, from the axis, the outer will move 
twice as rapidly as the inner, since in the same time it describes twice 
as large a circle. 

The speed of a wheel may also be conveniently expressed by stating 
the number of tiims it makes in a given time ; which evidently varies 
as the angular velocity, if the latter be uniform. 

The most concise and useful value, however, is the equation 

A 1 Tr 1 i. Linear Velocitv 
Angular Velocity = — r^j^j^— • 

12. Sevolntion and Botation. — A point is said to revolve about a 
right line as an axis, when it describes a circle of which the centre is 
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illy and the plane perpendicular to^ that line. When all the points 
of a body thus revolve, with the same angular velocity and therefore 
without changing their relative positions, the body itself is said to re- 
volve about the axis. 

If the axis passes through the body, as in the case of a wheel, the 
word rotation may be properly used synonymously with revolution. 

But it frequently occurs in mechanical combinations, as for instance 
in Watt's Sun-and-Planet Wheels, that a body not only rotates about 
an axis which passes through it, but at the same time moves in an 
orbit about another axis. In order to make a distinction between the 
two motions, we shall in such cases speak of the first as a Eotation, and 
of the second as a Eevolution, just as we say that the earth rotates on 
its axis, and revolves around the sun. 

13. Continuous Motion. — Motion is in its nature continuous, in the 
sense that a point cannot move from one position in space to anotlicr, 
without passing through all the intermediate positions, whether its 
path be rectilinear or otherwise. But in the nature of things it is im- 
possible for a point to go on moving index nitely in tlie same direc- 
tion, unless its path be one that returns into itself, like a circle, ellipse, 
or other closed curve. 

And the possibility of such indefinite continuance is what is im- 
plied in the expression continuous motion^ as technically employed. 
A wheel turning freely in its bearings affords an example of motion 
continuous in this sense, which naturally occurs oftener in circular 
paths than in any others. 

14. Beciprocating Motion. — If a point traverses the same path alter- 
nately in opposite directions, its motion is called reciprocating ^ whether 
the path be rectilinear or not. But if the point travel in a circular or 
other arc, the use of this term will be confined to those cases in which 
the arc traversed is less than a circumference. For if a wheel make 
a number of complete turns, first in one direction and then in the 
other, it is manifestly improper to style such motion reciprocating, 
notwithstanding the recurring reversals in direction. 

Reciprocating circular motion, like that of a pendulum, or of a lever 
swinging on a fixed centre, is also called vibration. 

15. Intermittent Motion. — When a reciprocating piece has reached 
the end of its excursion in one direction, there must evidently be an 
instant of rest, before it begins to return. But it frequently is re- 
quired that a piece shall remain still for a definite time, after which 
it again moves, either in the same direction as before or in the oppo- 
site. When a piece in its action thus alternates motion with definite 
periods of rest^ it is said to have an intermittent motion. If the mo- 
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tions occur altematelj in opposite directions, the action may be cidled 
an intermitteni reciprocating motion. 

16. Iffechanical Movementsw — ^The different kinds of motion aboTe 
specified are to a certain extent interchangeable. That is to say, one 
kind may be converted into another, by means of varions derices, 
irhich are called mechanical moveinente. 

It is ordinarily the case, that a machine is composed of a number 
of sneh movements, or subsidiary combinations of parts, each fnlfiUing 
a distinct function in the general operation. They are to the machine 
what the members are to the body ; but each one, serving a definite 
pnr|x>se in respect to its motion, may be regarded as a little machine, 
whose action may be studied by itself. For example, the valve gear 
of a steam engine may be entirely disconnected from the other parts, 
and its operation inv^igated without reference to them. 

17. Cycle of Motions. — When a mechanical combination is set in 
action, its parts go through a certain series of motions, inTolying 
various changes in direction, velocity, or kind of motion, in a regular 
order. It is usually the case that the parts finally return to their 
original j>ositions, after which the same motions will recur in the same 
order, and so on perpetually. The whole series is called the Cycle. 
Under these circumstances the combination is also said to have a 
Uniform Foodie Motion. These terms, however, are used only for 
want of better ones. Neither the word '* Cvclc " nor the word. " Peri- 
odic^^ have any reference to the time required to go through the series 
of motions, nor docs the word '* Uniform " imply that the time occu- 
pied is always the same. 

18. The terms are intended to convey the idea of regularity of 
succession and constancy of relation, as obtaining among the motions 
which make u]) the series. 

To ilhistralc : One revolution of the crank of a steam engine pro- 
duces a reciprocation of the piston and a series of different angular 
])ositionH of the connecting rod, which itself vibrates on a moving 
axis. And if the speed of the crank be uniform, the velocities of 
]K)th piston and connecting rod will vary according to a definite law. 
Now it is clear that the parts will go through the same series of 
motions, in the same relative order, and with the same variations in 
velocity as compared with the speed of the crank, at every turn of the 
latter, whether it go quickly or slowly, uniformly or variably, in one 
direction or the other. 

19. Phases of Motion. — This term is used to designate the successiye 
phenomena of varied motion. Thus, one phase in the movement of a 
steam engine would be represented in a diagram showing the relatiye 
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poeitions of the pistoD^ connecting rod, and cranky at the beginning 
of a stroke ; another if the middle of the stroke had been selected^ 
and 80 on. Such diagrams, representing different phases of the mo- 
tion, are often of the greatest utihty in conveying clear ideas of the 
motion of complicated mechanical movements. Since the order of 
recurrence is the same, we may select at pleasure any phase as the 
beginning of a cycle. 

80. Becapitnlating a little, we see from the foregoing that every 
machine, regarded broadly as a contrivance for utilizing power, con- 
sists essentially of three classes of parts; the function of the first 
being to receive the power, that of the second to transmit and modify 
the force and the motion, and that of the third to do the work. Evi- 
dently, the nature and form of the first class depend directly and 
largely on the character of the motive power, those of the third class 
upon the nature of the work to be done, which also to a great extent 
dctennines the proper actual velocity of the machine while in practical 
operatioi^ It is also apparent that these three classes of parts are in- 
dependent of each other, in so far that any kind of work may be done 
by any kind of power, and by means of different combinations of 
interposed mechanism. 

81. Now in what follows, we shall have to do only with the second 
of these classes. Our object is to investigate the laws which govern 
the determinate motions involved in the action of the machine : and 
the motions as well as the form of the first class are determined by the 
manner of action of the motive power, and those of the third by the 
nature of the work and the manner in which it is to be done. The 
motion of the one class has then to be transmitted to the other ; and 
as the given motion of the former may be and usually is different from 
the required motion of the latter, it follows that, during transmission, 
the motion must be modified according to specific conditions. These 
objects are accomplished by the second of the three classes of parts 
above enumerated ; and it is the province of Pure Mechanism to dis- 
cuss the methods by which motion may be transmitted, and to inves- 
tigate the laws which govern its modification during the process. 

SS. Elementary Combinatioiui. — ^If two pieces be so connected and 
arranged that a given motion imparted to one compels the other to 
move in a determinate manner, these two constitute an elementary 
conMnaiion. Practically, the motions are made determinate by means 
of a rigid frame, in relation to which, as well as in relation to each 
other, the two pieces move. But, obviously, the modification of the 
motion is best seen by comparing the movements of the two pieces with 
each other, so that for our purposes it is sufficient to take note of the 
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motion of which each one is capable, without regard to the means 
by which it is restrained or limited. 

23. Driver and Follower.— That piece of an elementary combina- 
tion to which motion is supposed to be imparted, is called the Driver: 
and the one whose motion is made compulsory by the action of the 
other upon it, is called the Follower. 

A Train of Mechanism consists of a series of parts, composing the 
whole or a portion of a machine, each of which receiycs motion 
from the preceding one, and transmits it to the next in order. The 
train is, therefore, made up of elementary combinations, and each 
piece is a, follower to the one which comes before, and a driver to the 
one which comes after it. As the motion may be modified at each 
successive step, it is necessary to begin by considering the modifica- 
tions which may be effected by means of elementary combinations 
only. 

24. Model of Transmission.— Strictly speaking, if we leaye out of the 
question the agency of attractive or repulsive forces, such as magnet- 
ism, one piece cannot compel another to move unless the two are in 
aciiiul contact. 

But in many cases the motion of one piece is communicated to 
another by the intervention of a third one, under such circumstances 
tlnit tlio movements of the latter are of no possible consequence, the 
pr()j)er action of the wliolp depending entirely on the relative motions 
of tlie first and second : and these two may then be properly regarded 
as forming an elementary combination. We have, then, that motion 
may be transmitted from a driver to a follower, 

1. lij/ Direct Contact. 

2. By Intermediate Connectors. 

25. Links and Bands. — Such an intermediate connector must be either 
rigid 01* flexible. If it be rigid, it is called a Link, and can either 
push or pull, like the connecting rod of a steam engine : being neces- 
sarily pivoted or otherwise jointed to both the driver and the follower. 

If the intermediate connector be flexible, it is called a Band: for 
our purposes it is supposed to be inextensible, and it can transmit 
motion only by pulling. 

26. Modification of Motion. — In the action of an elementaiy combi- 
nation, the motion of the follower may differ from that of the driver 
in kind, in velocity, in direction, or in all three. For example, a con- 
tinuous rotation with uniform velocity may transmit continuous rota- 
tion whose velocity is greater or less, uniform or variable, in the same 
direction or the reverse ; it may transmit rotation intermittently : or 
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the follower may receive a reciprocating motion with a varying velocity 
in a rectilinear or a curvilinear path. In an elementary combination, 
as has been pointed out^ the path of each piece is determined by its 
connection with the frame-work of the machine, and it remains for 
us to ascertain, at each instant of the action, its direction and velocity. 
If this Vc done, the question is already settled as to whether the mo- 
tion has been changed in hind. Hence wo may properly say that the 
most important function of an elementary combination is to modify 
motion in velocity and direction, 

27. The laws which govern this modification are determined by the 
comparative movements of the two pieces. It is apparent on reflection 
that, at every instant of the action, or, in other words, for every possi- 
ble position of the driver with respect to the follower, there will exist 
a certain definite proportion between the velocities, and an equally 
definite relation hettceen the directions, of their motions ; which will 
depend entirely upon the pieces themselves and the manner in which 
they act upon each other, and cannot bo affected by the absolute 
directions or velocities. 

Consequently, whatever the nature of the combination, the analysis 
of its action will be complete, if throughout its range we are able to 
determine, as between the driver and the follower, 

1. The Velocity Ratio. 

2. The Directional Relation, 

28. Now, the velocity ratio of the two motions may remain the same 
daring the entire action, or it may var}' ; and this is also true of the 
directional relation. To illustrate : If two circular wheels gear with 
each other, turning about fixed axes, it is clear that the velocity ratio 
is constant. If one wheel is twice as large as the other, it will at any 
instant be turning half as fast, whether the motions be uniform or not. 
And so of the relative directions of the rotations ; if the wheels are in 
external gear, they will turn in ox)posite directions, if they are in in- 
ternal gear they will turn in the same direction : but the directional 
relaiion, whichever it may be, does not change. If two elliptical 
wheels engage, the directional relation, as before, is constant : but the 
Telocity ratio will change as the radii of contact vary. In the case of 
the piston and crank of a steam engine, neither the velocity ratio nor 
the directioiial relation is constant ; supposing the crank to turn at a 
nniform rate in one direction, the piston travels to and fro with a 
▼arying speed. 

It is this feature of constancy or the reverse, in these two partic- 
iilarSy which distinguishes the actions of elementary combinations 
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from each other^ ud fosma the tme baoa for their proper rlanwfi 
cation. 

281 On^iue Bqtri wmial ioa rfMaUaa,— It hasahm^ hem wiggeBted, 
that the actkm of a combination mar often be meet dearly fflnstrated 
bj drawings which show the parts in their proper xelatiTO poaiti^xis at 
convenient phases of the motion. 

But the motions themsebres of any points in either piece also admit 
cf perfect graphic representation at any given jdiase. For though 
the path of a moving point may be a carve of any kind, yet, as tibe 
direction of a curve at any point is that of its tang«it at that point, 
the direction of the motion at any instant may be indicated by that 
of a right line. And the relociig being an abstract number, may be 
properly represented by the length of that line. 

30. Geometrieal Method of InTfistigatiflB. — Between the lines thus 
representing the motions of properly selected points, and other lines 
closely connected with the moving pieces, definite rehitions may usu- 
ally be established, in such a manner that, by means of diagrams thus 
constructed, the velocity ratio and the directional relation may be as- 
certained in the particular phase represented, and the law governing 
the modification of motion throughout the action deduced, by simple 
geometrieal reasoning. 

The method here outlined is peculiarly appropriate to this subject, 
as directly leading to, if not directly involving, the accurate consbno^* 
tions of the movements considered, which are essential in practical 
operations : and to it we shaU adhere throughout. But there are 
some general principles relating to motion and contact, by a previous 
studv of which the analysis of motion as modified by mechanical de- 
vices will be much facilitated : and these will accordingly receive our 
attention in the following chapter. 
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Composition and Resolution of Motion, 



31. Sesnltant. — If a material point receiye a single impulse in any 
direction, it will move in that direction with a certain velocity. If it 
receiye at the same instant two impulses in different directions, it will. 
obey both, moying in an intermediate direction, and with a velocity 
different from that due to either impulse alone. Now such a point 
may receive at the same instant any number of impulses, differing in 
magnitude and direction. But the point can move only in one direc- 
tion and with one velocity; this actual motion is called the Besultant; 
and the separate motions, which the different impulses taken singly 
tended to give it, are called the Components. These components being 
represented by right lines, which may lie in the same or in different 
planes, the resultant may be found graphically by the following con- 
structions : 

38. ParalMogram of Motions. — In Fig. 1, let the point A have two 
component motions, represented by ABy AC. 
These two lines determine a plane, in which the 
lesnltant must lie. In this plane draw tiirough 
B a parallel U} AC, and through C a parallel to 
AB. These parallels intersect at D ; and AD fio. i. 

is the resultant sought. 

This fundamental proposition may be thus stated : If two compo- 
nent motions he reprsMnted in magnitude and direction by the adjacent 
sides of a parallelogram, the resultant will be similarly represented by 
the diagonal passing through the point of intersection. 
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83. Compodtion of Motions. — ^This process of finding the resultant oi 
simultaneous independent motions is called Composiiian : and auV 
number of them may be compounded by repeating it. Thus in Fig* 

2f let there be three components, ABf 

AC, j^E, all lying in the plane of the 

paper. We first compound any two of 

them, say AB and AC, as in the figure, 

giving a resultant AD, which is next 

compounded with AE, by which finally 

we find AF, the required resultant. The 

process is the same for any number of 

components, and it makes no difference in what order they are taken. 

34. Parallelopipedon of Motioiia. — The above holds true whether the 
components all lie in the same plane or not In Fig. 3, let AB, AC, 
AB, be three components, the first two 
lying in the plane of the paper, while 
the last does not. Proceeding as before, 
AD, the resultant of AB and AC, will 
lie in the plane of the paper also ; but 
AF, the final resultant, found by com- ~ ^o. a. 
.pounding AD with AB, will lie in a different plane, determined by 
those two lines. Had there been a greater number of components, we 
should have continued in a similar manner, compounding AF with 
one of them, their resultant with another component, and so on. But 
the figure sufficiently illustrates not only the process, but also another 
fundamental proposition, relating to three components not in one 
plane, which may be thus expressed : 

If three component motions be represented by the three adjacent edges 
of a parallelopipedon^ the resultant will be represented in magnitude 
and direction by the body diagonal which passes through the point of 
intersection. 

35. Eesolntion of Motion. — ^This is the inverse process to that above 
explained. It is obvious that if two or more independent motions can 
be compounded into a single equivalent motion, that resultant can be 
again separated, or resolved, into its comi)oncnts. This would be 

just as true if the resultant thus found had 
been originally given as an independent sin- 
gle motion. Consequently any motion may 
be resolved into two components, either of 
these into two others, and so on ad libitum. 
And these components may bo given any direction at pleasure. In 
Fig. A\etAB represent the given motion ; through A draw AC in any 
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direction, and through B draw BCy cutting AC\vl any point (7. Then 
<^inpleting the parallelogram, it is evident that AB is the resultant 
of the two motions represented by A (7, AD, Of these the direction 
of the first was assigned ; that of the other is not wholly arbitrary, 
Binoe it must lie in the same plane ^with AB and A C. But AD may 
be again resolved, the direction of one* component being assumed as 
before : and this may be repeated until components of the original 
motion have been found, in as many different directions in space as 
may be desired. 

86. From the above it will be perceived that if the given motion 
and the required components all lie in one plane, whatever the num- 
ber of the latter, the resolution can be exactly effected. If they do 
not, there may be one component in addition to those whose directions 

are assigned : should these all lie in one plane which does not contain 

the given motion, this must obviously be the case. 

But a motion can be exactly resolved into three components not in 
one plane, provided that it does not lie in the plane determined by 
either two. 

Thus in Fig. 3, let AF be the given motion, and Ax^ Ay, Az, the 
directions of the three components. Now these three lines last men- 
tioned determine three planes ; and by passing through F three 
other planes respectively parallel to these, a parallelopipedon is con- 
Btmcted, of which AF is the body diagonal, and the edges pass- 
ing through A are therefore the required components. 

87. Hormal and Tangential ComponentB. — It is often required to resolve 
amotion into two components, of which one shall be perpendicular, the 
other parallel to a given plane : usually a plane tangent to the surface 
of some moving piece under consideration. In this case the former is 
called the normal, and the latter the tan- 
gential, component. They are easily found 
as in Fig. 5. Let A be the moving point, 
AB representing its motion : draw through 
A the plane Iflf parallel to the given 
plane ; upon this let fall the perpendicular 
BC, and draw AC. Completing the paral- 
lelogram CD, it will be perceived that the 

tangential component is AC, the orthographic projection of AB upon 
the plane MN, and that AD, the normal component, is equal and 
parallel to BC, the projecting perpendicular of the point B. 

88. Motioni of Connected Pointa.— If two points be so connected that 
the distance between them is invariable, they may be supposed to be 
connected by a right line. The motions of the points at any instant 
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may be repreaented by right lines, which may be in the E&me or in 
different planes. Encb of these may Iw resolved into two component*, 
^ one of which .a in the dircetion of 

the connecting line, the other per- 
pendicular to it. And the gimnlta- 
neouB motions are subject to this con- 
dition, that thecomponents along the 
line, thus found, must have the same 
magnitude and direction. Thus in 
^^ ■■ ■ Fig, 6, the components A C, BF, along 

the line AB, muBt be ecjual and in the same direction ; otherwise 
the distance AB would change, which is contrary to the hyiKithesiB. 
These components are at once found by drawing through £ and D, 
planes perpendicular to AB, cutting it in C and F. ^M 




The Instantaneous Axis of dotation. ^H 

39. A right line, moving in any manner in space, may at any given 
inatunt be regarded as revolving about some other right line more or 
less remote. The latter may, from iustant to instant, change its posi- 
tion not only in space, hat in relation to tlie line whose motion ie 
under consideration, with reference lo which it is therefore culled the 
Lutantaneont Axis. 

40. If the motions of two given points in a right line are known, 
the motion of the whole line is fully determined. Consequently, if it 
can be shown that the actual motions of these two points, at any one 
instant, are the same as though they were revolving with the same 
nngular velocity and in the same direction about any axis, the motion 
of the line is at that instant equivalent to one of revolution about the 
same axis. 

First, considering the motion of a single point in space : whatever 
the path, the motion is, at any given instant, equivalent to one of 
revolution about any right line in the plane normal to the path at the 
position occupied at that instant Ity the moving point Thus in Pig, 
7, let P be the moving point. PT" the tan- 
gent to its path, and J/A' the normal plane. 
In this plane draw any right line AB, and 
PC perpendicular to it. Then it Phe sup- 
posed to revolve about AB as an axis, it 
will describe a circle whose plane, being 
perpendicular to MI^, will contain the line PT: and tliis line being 
perpendicular to the radius CP at its extremity, will be tangent to 
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the circle thus described. Similarly the actual motion of P may be 
proved equivalent to one of revolation abont HLy or any other right 
line lying in the normal plane MN. 

The angular velocity will depend upon the distance of the moving 
point from the assumed axis, and is conveniently measured by divid- 
ing the given linear velocity by that distance^ since in general we 
have (11) 

«,.« ^^1 lin. vel. 
ang. vel. = = — 

rad. 



Thus if in the figure, Pr represent the linear velocity of P at the 
given instant, we shall have for the equivalent rotations, 



ang. vel. about AB =: 



and 



ang. vel. about HL = 



PT 
PC 



PT 
PD 



41. Now, if the motions of two given points on a right line be 
known, the above reasoning applies to each. Consequently, if we draw 
two planes, respectively normal to the paths at the positions simulta- 
neously occupied by the moving points, the intersection of these planes 
will be the only right line about which both points can at the given 
instant be regarded as revolving. 
But we have already seen that the 
motions of two connected points 
are subject to another condition 
(38), and it remains to be shown 
that these equivalent revolutions 
will have the same direction and 
the same angular velocity when 
that condition is satisfied. 

42. Wc will first consider the case 
in which all the motions of the line 
upon wliieh the given points are 
situated, are confined to one plane. 
In Fig. 8, let AB he the moving 
line, A and B the given points. Let 
w4 Z> represent the motion of ^ in 
magnitude and direction, and sup- fio. 9. 
pose D to more in the direction BE; AD may be resolved int^ 




Fro. 8. 
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two components, ACm the direction of AB, and AF perpendicular 
to it. The motion of B must have a component BG along AB, 
equal to ^ C' and in the same direction. Having set this off, draw 
at ff a perpendicular to AB, cutting BE at E. This determines the 
linear velocity, BE, of the point B, and completing the parallelo- 
gram, this is seen to be the resultant of the two components BO, BIT. 
Suppose all these lines to lie in a horizontal plane parallel to the paper ; 
then AO perpendicular to AD, and BO perpendicular to BE, will be 
the traces of the two normal planes, and their intersection O will 
represent a vertical line. Now draw OL perpendicular to AB, thea 
the triangles A CD, ALO, are similar, and also the triangles EOB, 
BLO ; whence 



and 



AC _AD 
OL^ OA 

BG _ BE 
OL " OB 



>Bu.^C=2.«.-.^ = |f 



But since AD, BE, are the linear velocities of A and B, the frac- 

A /) HE 

tions --— and — — are the angular velocities of the revolutions of those 

points about ; which are thus proved to be equal, and their direc- 
tions are the same by construction. 
43. The same pairs of similar triangles will therefore give 

AL'^ OA"" OB"^ BL 



but CD = 


AF, and GE = 


BH; 




whence 












AF 


BH 






AL - 


ISL 



Therefore the right lino FIl must pass llirough L, the foot of the 
perpendicular from upon AB. This fact is important, for the 
angle between AO and BO may bo so acute as to render it difficult 
to determine the exact point of intersection. In that case, if the rel- 
ative velocities are known, we have only to find the components per- 
pendicular to AB, which may be laid off upon any scale, so that FH 
need not cut AB acutely ; and the point L can thus be found with 
precision. 
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44. The general cuso is thot in ivliich the motions of the two give 
poiut3 jire in dilTcrent jilanus ; in illiistrution of which, Fig, 8, still i 
rrganlcd iis a liorizontiil projection, is to be studied in connection with ' 
the vcrtictti projection given in Fig. U. JD and BJ! are parallel 

, to the horizontal plane, to which AB is inclined, though par- 
lallel to the fortical piano. In Fig. 9, therefore, AB nppoftra 
A'B', and AD is foreshorlenod into AD': and the uctnal 
rnponeut A'3f along the line is found as in Fig. C, by pasBing , 
ilbrough D' a plane perpendicnlar to AB'. Then making B'N, 
fiw com'^pondiug component of the motion of B, equal to A'M, 
And dmwing a pluno through iV perpendicular to A'B', we have B'E" 
thi* vertical projection of the re«nltant ; from this the horizontal pro- 
jectioD lii,', which is seen in its tme length, is determined, and ia ' 
eridently of precisely tlie same length as in the previous case. Now 
Kj^/) and tiE may as before be resolvetl into the components ,'1 F, A C, 
■tOid BG, Sff, lying in horizontal planes. The preceding argument ' 
Ifrjtcndis upon these only, and accordingly applies without change. 

45. In general, then, the inslantu- 
)ous axis of a moving right line may 
e fonnd if the directions only of the - 

mnltanoons motions of two points 
•on it are given : hut this may not he 
stlile if those directions arc parallel, 
(in Figs, lOandll, Ict.lCand^ff, 
D motions of I he points .4 and Sat the 
■<|pvcn instant, bo parallel to each other 
nd to the paper, and pei-pendicular to 
■ ihe moving lino AB. In this case the 
[> nurniul planes coinoido ; yet thero 
I iiu inHtantimeon^ axis, in order to 
»to which we must know nlao the ''"'• "• 

Irritrv relocitiea at least of the two points. Setting these off as AC, 
of tiicir proper proportionate lengths by any scale, CE will cut 
f or iLi prolongation in D. If we conceive a right line perpendic- 
br to the jiRjwr at /), it will lie in the normal planes, and the motion 
tA B is evidently equivalent to one of rotation about it. And this will 
■ obviunsly be trae, whatever may bo tho inclination of the moving 
B to tlio plane of tho paper. Any lino in the norme! plane, thero- 
; which pttssGs thnmgh D, maybe taken as the imitantaneons aria, 
'. Now, in Fi;^. 10 and 11, let AB, AC, be regarded as parallel 
■the plane of tho paper, while i^^ is the projection of a line inclinetl 
Ettuit piano, though perpendicular to AB. Then the planes normal 
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to AC and BE will intersect in the line AB itself ; which is then its 
own instantaneous axis^ aboat which we may for the sake of consist- 
ency say that it is revolving with infinite velocity. It is, certainly, 
the only line about which it can be said to have a motion of rotation 
only ; it does not follow, however, that it will remain stationary in 
space, which it will not do : but, as will be shown subsequently, its 
actual motion will be helical. 

47. Motion of Translation. — From consideration of Fig. 11 it will be 
seen that the more nearly equal A C and BE are, the more remote will 
be the intersection D : and that if they be exactly equal, the instanta- 
neous axis will be at an infinite distance. Since in that case all the 
points of AB are at the instant traveling in the same direction with 
the same velocity, the consecutive position of the moving line will be 

parallel to the present one. This 
will occur whenever the simulta- 
neous motions of the two given 
points are in parallel lines and in 
the same direction, whether per- 
pendicular to the moving line or 
not. Thus in Fig. 12, the normal 
Fio. 12. planes A My BN, are parallel, al- 

though the motions of A and B are inclined to the line AB, It is 
evident that in this case ^Cand BE, the actual linear velocities of 
the two points, must be equal, since (38) the components ^JET and 
BOy along the line, must be equal and lie in the same direction. 
Tlic motion oi AB m Fig. 12 may then be regarded as one of rota- 
tion about an infinitely remote line parallel to BNy and lying in a 
plane parallel to AB : '\i ACy BE, are made perpendicular to ^J9, 
the instantaneous axis will be infinitely remote and parallel to the 
moving line. 

48. The motion of the line, at any instant when it is thus revolving 
about an axis at an infinite distance, is called Translation. It may be 
continuous ; and not only a right line, but any geometrical magnitude, 
is said to have a motion of translation, when all its points move with 
the same velocity and in the same direction, in equal and similar 
paths. Under these circumstances, evidently, all the tangents to 
these paths, at the positions simultaneously occupied by the moving 
points, will be parallel : and the right line joining any two of these 
points will remain parallel to itself during the whole movement. If 
the paths are rectilinear, the motion is called straight transtaiioHy or, 
more commonly, sliding : if they are curvilinear, the motion is called 
circular, elliptical, or helical, translation as the case may be, the name 
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depending on the form of the curye. A familiar instance of circular 
translation is afforded by the coupling-rod of a locomotiye, shown in 
Fig. 13 : the points A and B move as indicated by the arrows^ in the 
circles whose centres are D and E, 
with the same Telocity. And any 
other point C, in a rigid exten- 
sion of the bar AB, will move 
similarly in the equal circle whose 
centre is F. 

49. In relation to a single right 
line, it is to be noted that a mo- 
tion of circular translation, if the 
planes of the circles be perpendicular to the moying line, is identical 
with one of revolution about the axis of the cylinder thus generated. 
Thus, in Fig. 13, the point C may bo considered as a line perpendicu- 
lar to the paper ; and its motion is the same as though it revolved 
about a parallel axis passing through the point F, 

It is also to be observed that the motion of a single right line of a 
rigid body does not determine the motion of the whole body, which if 
sot otherwise controlled would be free to rotate about that line. But 
if the motions of two right lines of the body be given, those of all its 
other points are thereby fully determined. 
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Composition of Rotation and Translation. 

SO. Kow, just as a simple motion in a right line can be resolved into 
two others, so a simple rotation about a fixed axis may be regarded as 
a resultant of two other motions, viz., a rotation about another axis 
parallel to and reyolring around the first, and a translation in which 
the paths are circles whose radii are equal to the distance between 

these axes ; the angular velocities and the di- 
rections of both components being the same 
as those of the rotation which was to be re- 
solved. 

Thus in Fig. 14, let C represent a fixed axis 
perpendicular to the paper, and let MANro- 
yolve about this axis into the position SBT, 
We may also let A represent a right line per- 
peDdicnlar to the paper, about which MKma,y rotate into the posi- 
tion W, afterward moying by circular translation to the position 
ST. Or, MN may move by circular translation into the position PB, 
afterward rotating about B into the position ST: the path of A being 
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in all cases the arc AB. On either supposition the resnlt is the same 
as if both motions progress simultaneously and uniformly, which pro- 
duces the original revolution about C: and the angles MA V, BBT, 

and A CB, are equal by construc- 
tion. In Fig. 15, the traveling 
axis passes through N; now let 
the points M and A, during trans- 
lation from position i/iV to position 
PT, describe circles whose radii are 
\ / equal to (7iV. Then if in the same 

Vo time MK rotate about ^, in the 

^°' ^'' same direction, through an angle 

PTS = KCT, it will come into the same position, ST, as in Fig. 14. 
In short, any axis parallel to the fixed one may be assumed as that of 
the component rotation, and thus the revolution around C may be re- 
solved in an infinite number of ways. 

61. On the other hand, a motion of circular translation may be con- 
sidered as a resultant. For (49) any 
line perpendicular to the pianos of the 
translation, and partaking of that mo- 
tion, may be regarded as revolving 
about a fixed axis. Assuming such ^ 
line as a traveling axis of rotation, 
the component motions arc, first: a \ /' 

revolution about that fixed axis, tho ^ c 

direction and angular velocity being 

the same os those of the translation; and, second, a rotation in the 
opposite direction, but with the same angular velocity, about the as- 
sumed traveling axis. Thus in Fig. 16, if MAN reyohe about tho 
fixed axis C, until A reaches B, and this be its only motion, it will 
have the position SBT. If Ir. tho same time it also rotates in tho 
opposite direction about A, as shown by tlie arrows, through an angle 
TBE, equal to A CB, its new position will be PBR, parallel to tho 
original position MAN; and tlio resultant motion will be one of cir- 
cular translation, in which M, N, and all the moving points, describe 
circles whose radii are equal to A C. 

52. If any geometrical magnitude have a motion of rectilinear 
translation parallel to an axis about which it is revolving, the result- 
ant is a helical motion about that axis. But a motion may be helical 
with respect to one axis, and yet simply rotatory with respect to an- 
other. For instance, tho rectilinear generatrix of an oblique helicoid 
has a continuous helical motion about the fixed axis of the surface ; 
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but in any given position of the moying line, its motion is equivalent 
to one of rotation only about an instantaneous axis^ determined (41) 
by the intersection of planes normal to the paths of any two of its 
points : and either may be regarded as the actual motion of the gene- 
ratrix at that instant, the latter being the less complex. In the ease 
of the right helicoid, the intersection of these normal planes is the 
gen^ratrix itself ; and the motion of that line in space cannot be re- 
duced to any simpler form than that of a helical one about an axis, 
which, in this special case, is at every instant the same, being the 
fixed axis of the surface. 

53. But, in general, if the motions of two connected points are 
perpendicular to the right line joining them, 
and are not parallel to each other, the mo- 
tion of that line will be a helical one about 
an instantaneous axis : which may be de- 
termined, if the relative velocities arc given, 
in the following manner : 

In Figs. 17 and 18, the moving lino AB 
is perpendicular to the vertical plane, and 
B' is its vertical projection. The motions 
of the points A and B are seen in their, true 
lengths and directions in the vertical pro- 
jection as B'C, B'E (for convenience so 
drawn that CE' is horizontal), and their 
horizontal projections are A C, BE. Through 
AB pass a plane parallel to CE*^ and resolve these motions normally 
and tangential! y with reference to this plane. The tangential com- 
ponents are B'O, B'F^ horizontally projected in ACy BE. Draw EC^ 

and produce it if necessary to cut BA or 
its prolongation in Dy whose vertical pro- 
jection is B\ Then the motion due to 
these components, which are horizontal 
and parallel, will be (46) a rotation about 
any axis passing through Z>, and lying in 
the vei-tical plane which contains AB. 
The normal components are vertical and 
equal, the true length, B'H, being seen in 
the vertical projection. The motion of 
AB due to these components, therefore 
is one of vertical translation ; and the 
actual motion in space is a helical one about a vertical axis LL pass- 
ing through D. 




Fio. 17. 
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64. Let the points of a material right line be so connected with 
those of a rigid body that the distances between them cannot change. 
We may then suppose that line to move, and the body primarily to 
move in the same manner. If now the body also rotate about the 
line as an axis, then these two motions may be compounded : and (49) 
if it can be shown that any two lines of the rigid body are at the same 
instant moving in a rotatory or helical manner about any axis, the whole 
body may at that instant be regaixled as doing the same. Evidently 
the moving line itself may be taken as one of these two, and any line 
intersecting it as the other. 

The problem of determining the resultant presents several different 
cases, depending upon the jiature o£ the motions primarily assigned 
to the rigid body and the line with which it is connected ; and these 
will be considered separately. 

65. I. Let the primary motion be one of revolution about an axis 
parallel to the line. 

The resultant will then be a rotation of the bodv about an instan- 
taneous axis, which will be parallel to the other two axes, and lie in 
the same plane. 
In Fig. 19, let C represent the moving line, P the axis about which 

it is revolving, both being perpen- 
dicular to the paper ; and let CD, 
perpendicular to CF, and parallel to 
the paper, represent the linear veloc 
ity of any point of the moving line 
in its revolution around P. Join 
any point of this line with any point 
A of the body : then CA represents 
a line which may or may not be in- 

Fig 19 •/ .» 

clincd to the paper. Let AB, per- 
pendicular to CA, be the linear velocity of A in its rotation about C; 
the motion of A due to the revolution about P will be AB, perpen- 
dicular to AP, the magnitude being determined by making the angle 
APB equal to the angle CPD. Both AB and AB, and therefore 
their resultant AF, the actual motion of A, are parallel to the paper. 
Consequently the normal planes NN, MM, of which the latter con- 
tains the axes C and P, intersect at in a line perpendicular to the 
paper, which is the instantaneous axis. 

The location of this axis may be found otherwise, thus : regarding 
CP as a line of the rigid body (which may be inclined or parallel to 
the paper), the rotation of P around C will be represented by PG, 
the angle PCG being made equal to the angle ACB: then (45) GD 
will cut CP in 0. 
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56. II. Ijet the primary motion be one of translation, in which the 
paths are in planes perpendicnlar to tho lino. 

In this case also tJie roanltant will be a rotation abont an instanta- 
neons axis parallel to the line. 

This will be apparent from inspection of Fig. 20, tho constmctiou 
differing from tho preceding only in 
this; that AB is parallel and eqnal to 
CD, the motion of in its path BS, 
whose radtns of cnrratnre at C is for 
the purpose of comparison made equal _ 
to CPot Pig. 19 : also CD and ^^are ** 
of the same lengths in both diagrams, 
in which therefore themo tions of C at 
the given instant ore identical, and the rotations abont the moving 
line are alike. 

57. III. Let the primary motion be one of reToUition about an 
axis which intersects the iine. 

The resultant will then be a rotation about an instantaneous axis 
lying in the plane of the other two, and passing through their point 
of intersection. 
Id Fig. 31, let CO be the line, OA the axis, both in the vertical 
plane. Draw CA at pleasure, and suppose 
it a line of tho rigid body. Then the mo- 
tion of A is due only to the rotation about 
CO, that of C is due only to the primary 
revolntion about OA, and both are perpen- 
dicular to the Tertical plane. Let these mo- 
tions be represented hj A'E, CD, in the hor- 
izontal projection ; and draw DE, cutting 
CA' in P', whoso vertical projection is P. 
Then (45) CA may be regarded as rotating 
about any axis lying in the vertical plane and 
passing through P, and CO as rotating 
about any 
axis in tho 
'*■*'■ same plane, 

and passing throngh 0. Conseqaent- 
ly OP is the iustantaneons axis of 
both CO and CA, and therefore of 
the whole body. 

W. Draw IPX perpendicnlar to 
OP uul oonnder it another line of 
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the rigid body : then in Fig. 22, draw E6 perpendicular and PL 
parallel to OC, also /// perpendicular and PM parallel to OA, and 
join PG. 
Now lot 

V_^PK ■ 
V = aiig, vel. of A" around OC, ) ( v KG' 



OA, } ThtiQ ■ 
OP. ' 



V 
I' 


PIC 
- KO 


PL 

~ op- 


op' 


I" 


PI 


MP 


OL 


V 


- IH- 


~ op- 


OF 



V = ■■ ■' '■ JorK " OP.) { T^PI 

V IH' 

By construction, OPK, OGK ara right angles, therefore a c 
will go round OGPK, whose diameter = OK; 
in which KOP = KGP, standing on same arc PK, 
and GKP ^ GOP, " " " " GP ; 

but OLP = GOP, by reason of parallels PL, 

. • . triangles OPK, OPL, arc eimilar. 



similarly 



That is to say : that if we lay off upon 
the axea the distances 0^f, OL, propor- 
tional to the angular yeloeities of the rota- 
tion and the revolution about those axes 
respectively, and complete the parallelo- 
gram ML, its diagonal OP will lie in the 
instantaneous axis, and bo proportional to 
the augulitr velocity of the resultant rota- 
tion about it. 
^ In Pig?. 21 

■^ and 23, the 

direction i n 
which the ri; 
body rotates 
about tlio 
traveling axis, 
and that in 
which the 
travcliug axis 
volves around 
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B fixed one, are the same. But the above reasoning applies equally 
wdl if tbey are opposite ; and Figs. 23 and 24 ehow the modilicatioiis 
ID the diagrams due to this cliange iu the eonditioos. In regard to 
vhich it wili be noted that in both cases OM is set oS in the same 
direction from ; but OL is niea^ured in one direction if the rota- 
tion luid the rovolatioij arc alike, and in the other if they arc unlike. 

89. IV. Let the body and the line primarily revolve about another 
line in a different plane. 

In this case tlie resultant will be a helical motion of the whole body 
afMMit an instantaneons axis lying in a 
plane pamlle] to ihe other two lines, 
and iacersecting their common perpen- 
dicnlar. 

Ki Fig, 25, let OA bo the fixed axis, 
the moving one, both parallel to the 
real plane ; being the A'ertical 
and DO the horizontal projection of 
their common peqiendicular. Consider- 
ing DO as a line of the rigid body, let 
tho motion of D be reprcsiniteil by OE 
ix-rpendicular to OA, that of O by OB 
perpendicular to OC ; tho axes being fw. ». 

■rconvenienco so placed that BE is horizontal. 
^Besolvc the^e motions normally and tangeotiuUy with reference to 
^Horizontal plane through 0: the normal components will be vert i- 
wDy projected in OB, the tangential ones in OX, OM, of which the 
horizontal jtrojections iire DF, GU: therefore UF is the horizontal 
projection of a line joining the points M and N. 
^.ftoduce MB to cut OA in A, also XE to cut OC in C; then 
} will be parallel to MN. For the triangles OMA, ONE, are 
lar : so are also the pair OMB, OKC: and BM = EX. Hence 
IlliBTe 

JM OM ,CN OM ,„ „„ 

OX = EN' '^^ OX^BM^ ■■■ ^-^= ^-^' 

E VFi* also the horizontal projection of AC. 
, Moreover, I'F is the trace on a horizontal plane through A, of 

e passing through the point C and the axis OA. The actual 

motion of C about that axis, is j^rpendicular to this plane ; therefore 
ita horizontal projection FS must be perpendicular to UF. Ita verti- 
cal projection CH must (see Fig. 9) bo imrallcl and equal to OE ; 
3 the mn^itude of FS is determined. With reference to the 
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yertical plane, this motion may be resolved into a normal componet^^ 
FQ, vertically projected in C, and a tangential one of which the pro- 
jections are FL^ CH. The latter component being parallel and equ^ 
to OE, may be resolved into the vertical component CI equal t^ 
ORy and the horizontal one CJT parallel and eqnal to ON, The hori-* 
zontal projection of CK is FL, equal to DF, and compounding it wit J^ 
FQy the resultant FS is a horizontal line, vertically projected in CK. 

61. The motions of the two lines D6y OCy then, have each a com-^ 
ponent of vertical translation equal to OR, The motion of OC ha^ 
for its remaining components, DF for the point 0, and FS for th^ 
point C, both horizontal. The resultant of these is a rotation about 
the instantaneous axis OP, whose horizontal projection is T, the inter- 
section of the two vertical planes normal to DF and FS. The re- 
maining component of the motion of 6y is the horizontal line G Uy and 
the resultant of (rZJand DF is a rotation ot DO about an instanta- 
neous axis determined as in Fig. 10 ; which axis is also the vertical 
line through T, And the rotations of the two lines about this axis 
have the same angular velocity ; for, drawing TSy we shall have from 
the similar triangles FLS, FDT, in which DF — FLy the ratios 

TD_TD_ TF 
FL'^ DF'' FS' 

but TFSy TDFy are both right angles, hence those triangles are sim- 
ilar, and the angles STFy FTD, GTU arc equal. 

Combining this rotation with the translation, the final resultant is 
a helical motion of both lines and therefore of the whole body about 

OP. 

62. In the vertical projection, draw PF parallel to OA, and PZ 
parallel to OC, making PY equal to OZy and the triangles PCF, 
A COy similar. 

Let V = ang. vel. of D around OA, 

r'= *^ '' " G " OCy 

^, _ <i a « Dor G '' OP. 

1* 1 

We shall then have, since ang. vel. = — — j— , 

rad. 

^_0E _0N Z. « 0^ ^ 
^ "DG'^'^'DT'''^ V ■" ON^ DG^ 

OF OA 
But from sim. triang. ONEy OPA, -g^ = -^ » 
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from Bm. Iriang. TDF, TOU. DT TF 

' DO VF 



OA 


TF 


OA 


PC 


CIA 


PC 


OP'' 


Tf- 


- op" Af- 


-AC 


^ OP 



. triang. A CO, PVT, . . 



FY PC _PY_ OZ 
' PV ^ 0P~ 0P~ OP 

.... V OY 

Bimilarlv, — — - -=- 

Draw JJ', CW, resi>ectively perpendicular to OP and OA ; then 
n reasuning similar to that usefl in connection witli Fig. 22, it niay 
£ shown that 



r = w""^.r = 



AX 



63. From -which it appears, that in tbe parallelogram ZY, of which 
the adjacent Bides OZ. OY, are parallel to the axes and i>ro]KirtionaI 
t^ the angnlar yelocities of the revtdutiou and the rotation about those 
axes respectiyely, the diagonal OP is parallel to the iiistautaneoua axis 
and proportional to the angular velocity of 
the rotation about it. And that tho seg- 
ments AP, PC, into which ,1C perpendicu- 
lar to OP and limit«d by tho prolongations 
of OZ nnd OY, is divided at P, arc propor- 
tional to those into which DG, the com- 
mon perpendicular of tho two axes, is cut 
by OP. 

' In Fig. 25, aa in Figs, 21 and 22, the ro- 
tation about 00 and tho primary revolution ^ 
about OA arc in the same direction. Should 
they have contrary directions, the argu- 
ment would still apply without change; 
and the modifications in tho diagram caused 
by that change are shown in Fig. 2G, which 
being lettered throughout to correspond 
with Fig. 25, requires no explanation. 



3 of 



V. Let the primary motion be o 



Ifttion, in which the paths are not in planes perjwndi 
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The roaultant is then a helical motion of the body about u 
Btantaneous axis parallel to the line. 

In Fig. 27, let the line OC be vertical, and J) ita horizontal pro- 
jection ; the motions OE, CH, of the points and C, being parallel 
to the vertical plane, ond horizontally projected in DF. These 
motions being equal and parallel, may be resolved with reference to 
the horizontal piano into the equal vertical components OR, CI, and 
the equal and parallel horizontal ones ON, CK, both of the latter 
being horizontally projected in DF. 

Let be the vertical and DG the horizontal projection of a line of 
the rigid Iwdy, aud let OB, GU, be the correepondiog projections of 
the rotation of G- about OC, Now G has also a motion of translation, 
of which OF is the vertical and GL the horizontal projection, which 
may be resolved into a vertical component 
Oli, nod a horizontal one, of which the 
projections are ON, GL. Compounding 
this latter with GU, the resultant is 
ffiS = GU — LG ; the vertical projec- 
tion is OM. Hence the resultant of these 
horizontaf components is a rotation of 
OC and DG about the instantaneona axis 
whoso horizontal projection is T, and 
vertical projection OC ; with which is to 
be finally eompoundod the vertical mo- 
tion of translation, producing the helical 
resultant motion of the whole bodv. 
J""-"' If Oi'and Cff coincide with OC, that 

is to say, if the line primarily movo endlong, the resultant is, obvi- 
ously, a helical motion about an axis coinciding with the lino it- 
self. 

66, VI. Let the primary motion beahclical one about an axiaper- 
pendicular to the line. 

In this case also the resultant will be a helical motion of the whole 
body about an instantaneous axis. For the original helical motion la 
compounded of a rotation about the fixed axis and a translation par- 
allel to it ; this rotation being compounded with that about the trav- 
eling axis, the resultant is (S?) a rotation about a third axis, in the 
plane of the other two, and passing through their common points 
The translation may again be resolved into components respectively 
perpendicular and parallel to the third axis; compounding the former 
with the rotation about that axis, the resultant is (56) a rotation abont 
a fourth axis parallel to the third, which finally compounded with the 
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component of translation parallel to that axis^ determines the instan- 
taucoas helical motion of the body about the fourth axis. 

66. Thus in Fig. 28, let the vertical fixed axis OA, and the hori- 
zontal traveling one OC, both lie in the vertical plane, and let OG, 
CIT, be the vertical compo- 
ncTits of translation of the 
helical motion of OC about 
0^. Draw in the vertical 
plane any lino CA, and con- 
sider it as a line of the rigid 
body; its horizontal projec- 
tion is A' Cr. Let CD be the 
rotatory component of the mo- 
tion of C, in its helical path, 
and let A'Bhe the motion of 
A in its rotation about OC: 
ihfen as in Fig. 21 we find OF 
the instantaneous axis of the pw- 28. 

resultant rotation. Since P lies in this axis, its only motion is one 
of vertical translation, PY, equal to 00 and CK. These three mo- 
tions may bo resolved into P ir, Off, and CB, perpendicular to OP, 
and PZ, OX, CF, parallel to OF. The projections of OCand PC, 
on a plane perpendicular to OP, will coincide in BL, and those of 
the perpendicular components Off, PW, will coincide in RS. In 
this projection, the motion of C will bo represented by L U, the re- 
sultant of LM, perpendicular to LR and equal to CD, compounded 
▼ith LN, the projection of CE. The planes normal io LU and RS 
intersect in T, which represents a line perpendicular to this plane of 
projection and therefore parallel to OP ; this is the instantaneous axis 
about which OC and PC are rotating, and the helical motion results 
from the final addition of the parallel components OX, CF and FZ, 
87. It will bo seen that the preceding cases include every possible 
motion of a rigid body in space. For if the motion of one of its right 
lines bo determined, the body can have no other motion except one 
of rotation about that line as an axis. And whatever tlio law by 
which the movement of this axis may bo governed, its motion at any 
instant is either one of translation, or one of simple rotation about 
another axis in the same or a different plane, or a helical one about an 
axis perpendicular to it. Hence it appears that the most complicated 
motion of which any rigid body is capable at any instant, is a helical 
ono about some right line : that is to say, all its points have at tho 
instant a uniform rotation about the axis, combined with a uni- 
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form motion pai*allel to it, their paths being helices of the same 
pitch. 

Sliding, Rolling, and Mixed Contact. 

68. Sliding Contact — The motions of a piston in a cylinder, of ^ 
journal in its bearing, and of a screw in a nut, afford instances if^ 
which the contact during the action is purely sliding. 

Regarding closely the action of a single point in the surface of tt^ 
piston, the journal, or the screw, we see that it moves over a certaitB- 
path in the surface of the cylinder, the bearing, or the nut, and thai^ 
it comes into contact, one after another, with all the points in thai^ 
path. 

In these instances the contact of the two pieces is superficial, th9 
moving surface being identical with the fixed one. But one piec^ 
may touch another at discontinuous points, or even in only one point, 
and yet the same peculiarity may characterize the action. 

We may therefore define the condition of Pore Sliding Contact to be, 
Such relative motion of (wo pieces that every point of contact in tlie ont, 
is brought into coincidence with all the successive points in their order, 
of a line in the other. 

69. Sliding contact in the nature of things as they are, is attended 
with friction, because there is not any known substuice whose surface 
is absolutely smooth. We might however admit that friction would 
exist even if all surfaces were perfectly polished and free from asperi- 
ties. But its existence even then would imply relative motion of two 
pieces in contact, of such nature that a given point of one should, be- 
fore quitting contact, be brought into coincidence with more than 
one point of the other. 

Could this be entirely avoided, and the action be made such that 
no point of either should touch two consecutive points of the other, 
there would be no friction, which cannot be conceived of as being pro- 
duced by contact alone. 

Practically, this is impossible, owing to imperfections of materials 
and workmanship : but the abstract condition, compliance with which, 
if it were attainable, would effect the result, is an exceedingly simple 
one. 

70. In Fig. 29, let the tangent 
AB remain fixed ; if the circle now 
._ rotate about the fixed centre C, the 
points Cy d, e., etc., of its circumfer- 
ence will successively be brought 

i^ •' ^' •' K 3 •* " 

Fio. 20. into coincidence with the point A 
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F the tangent. Or if the circle be translated without rotating, as 

■'town by the horizontal arrow, the point A of the circumference 

n uotnti into coincidence successively with the points c', il', e', 

'< . , of the tangent : in either cose the action is one of pure sliding 

*> II tact. 

Itdt if we suppose tlie circle to roll, like a hoop, along the tangent, 

fr< i m C Hi D, it is readily seen that the point A will instantly quit 

1 1 tact, and tlie points c, il, e of the circumference will come sacces- 

■ i-iy into contact with the tangent at c', tl', e'. As it ia commonly 

t TQ&jed, the circle mcaeures itself off upon the tangent ; thus it AK 

U- equal to the arc AQ, then the point will come into contact at 

K't and if AB bo equal to the semicircumfcrence AOE, then E will 

mmv into coincidence with S, and so on. 

Xo point of the circumference can however be said to move in con- 
t with the tangent. Tho circlu has in thit^ euso both the motions 
rotation and translation ; and tho movement of the point A to the 
1 . due to the former, is neutralized hy an equal movement toward 
"- right, due to thelatter. Tliat point is therefore for tlie iustant 
Bi rwt ; and (he same will evidently be true of the other points f, rf, *, 

Riu they successively become tlie points of contact. 
Ia Fig. 30, let ML be tho common tjingent. ^V.V the common 
al, of the two plane curves AB, EG, 
itact at P. Let o, o, bo points on theso 
e respct-tively, consecutive io P ; and 
G be fiswl. 
en if AB move so that P goca in the 
diiwtiiiu PL, the effect will bo to bring this 
piint /' of the upi>er cnrve, into coincidence 
' " 1 EG ; but if P goes in the diree- 
■ I'3i, the piuiit of AB will be brought 
I coincidence with the ]iuint /' of tho 
[! EG. Now the motion PL m:\\ 
undercd as either a trauslutimi. m- -.t 
jKuD ahoal any centre /? in A.V. Il j: 
fcc former, evidently tho curve AB can- ' " "'' 

lie at the snmo timo translated in the opposite direction. But in 
r case the motion of P can bo neutralized by an equal and op- 
e motion PM, which may be considered as a rotation about any 
B (other than D) in A'.V, aa for instance C. Tho resultant of 
B twA simultaneous motions of AB will be a rotation about P aa 
tnntMieous centre, the effect of which will bo to bring the point 
o coincidence with o', the poinlB of tlie two curves which now 
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fail together at P, instantly separating: and if these conditions be 
continuouiity maintained, the action will consist uf a rolling contact 
between AB and £G, precisely similar to that in the preceding case. 
The point of contact of the moving curve is always at reet, and con- 
sequently the action is unattended by friction. • 

72. It is apparent that the same kind of contact will ensue if in 
Fig. 29 the circle merely rotates about Caa a fixed centre, while AS 
moves in coiitact with it, if the linear velocities anil directions at the 
point of tangency are the same : bo also in Fig. 30, if the points of 
the two curves which fall together at P, move in the same direc- 
tion at the same rate, as repreBent«d by PM, the consecutive points 
0, o' will come into coincidence, and the action will be that of roll- 
ing contact. 

It is also obvious that these two figures perfectly represent the roll- 
ing of a cylinder upon a plane, find of one cylindrical surface upon 
another, the rectilinear elements being perpendicular to the pa]H?r. 
These illnstrationg sufficiently explain the nature of the action under 
consideration, which may be defined as follows ; 

Fnre Boiling Contact conshis in such a relative motion of two lines 
or surfaces, thai the consecutive jioints of one come successively into 
contact with those of the other in their order. 

73. It will bo readily seen that a double curved surface, like that of 
a ball or an egg, can roll without slipping upon a surface of any kind, 
plane, single curved, warped, or double curved, convex or concave ; 
provided that the curvature of the rolling surfaceattho point of con- 
tact be tbc greater. Tangency existing in this case at a single point 
only, the action in fact consigte merely in the rolling of a lino of one 
surface in contact with another line lying on tiie other surface, and 
one or both of these lines may be of double curvature. 

We are thus led to consider this kind of moving contact between 
lines, in its most general aspect : and in 
illustration, let jVJV, Fig. 31, represent 
the common normal phme of two curves 
of any kind, AB and EO: ML being 
their common tangent at /', and o, o' 
points on those curves, consecutive to /', 
as in Fig. 30. Considering EG as sta- 
Fiu. 31. tionary then, it appears, from the forego- 

ing, that the rolling of AB upon it is effected by communicating to 
that curve two simultaneous motions, one of which imparts to P the 
motion PL, and the other imparts to the same point the equal and 
ojiposite motion PM. Of those two motions, one may, and the other 
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dec! 38 a rotation about a line at a finite distance, lying 
in the pliinu i\'A": their resultant is a rotation about an inatantaacous 
MxUaLio lying in A'iV, and passing through /'. But the directiona 
uf the lutes of the component rotations, and also their diataDces from 
P. are arbitrary : hence any lino UPS, drawn through J' in the 
]ilaue .VA', may be [lasuined as the instantaneous axis ; a rotation 
at»out whicii will bring the points o, o', into coincidence as required. 

74. But though tlio instantaneous axis must pass through /'. it is 
iiot essential that it lie in the plane J^'X. For if any line be drawn 
throHjrh /', then both PL and /'J/ may be resolved into components, 
perpendicular to, and lying in, that line. The latter may be regarded 
IS motions of translation, and, being eqaal and opposite, they will 
"'•ntralize each other. The former will also bo equal and opposite, 
>1 rcgiirding one or both as rotatory, the irresultant will bo a rota- 
n ubimt the assumed line through 
'". man instantaneous axis. 

Thn* iu Fig. 33, let PR, P.S. bo 
ilii' vertical jirojections of two hc- 
liiTs, lying on the surfaces of two 
"ihiulcrs tangent along PB; and let 
V/'Z. be the horizontal projection of 

I lii'ir common tangent, and jVA' the 
iiiirizontal trace of their common 
ii'irmal plane. It will be apparent 
';:it PL, PM", may bo considered as 

.' 'latioiia about an aKie in ^V.V. But 
:\-«, with reference to OPO, wo miiy 

-'ilvo /*£ intotho components /"f, 
i-U, and also PM into the com- *"*■*■ 

■ >:icota PE, PQ. Then r^arding PS, PO, aa motions of tran^da- 
i>ti, tiny neutralizo e.ich other: and PC, PE, may be regarded as 

iivtionij about ases Ij-ing in the plane of which UO is the trace. These 
,!■.■ neutralize each other, leaving P for the instant at rest : and it 

.11 nadily be eeen that na a matter of fact, tlic instantaneous osis 

f I be apper cylinder, in rolling around the lower, must in the present 

II i^ition be the element of contact, uf which PB is the vertical, and 
'jI'O the horiKoutal projection ; iw also that if ouoeylindor rolls upon 

other, the tno helices move iu rolling contiict. 

In wfar then as the rolling of anyone line n[ion another iscon- 

, the mo%-ing line may at any instant be regarded as rotating 

it any right line [Missing through tho point of tongency. This, 

'0 pointed out, includes the case of rolling contact between sur- 
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faces which touch each other in only one point. We have now to 
consider the conditions under which surfaces haying more than one 
point of tangency can roll together without sliding. It has been 
stated by Prof. Eeuleaux,* that helicoids and certain other warped 
surfaces are capable of moving in perfect rolling contact. From a 
practical point of view it is of comparatiyely little consequence whether 
they ai*e or are not : but the fact that such a statement is made by 
such an authority, warrants the presentation of the following consid- 
erations : 

76. 1. The rolling of one surface upon another is a motion of rota- 
tion about an instantaneous axis, which must pass through eiery 
point of tangency. 

2. An axis is a right line ; hence if there be more than one point of 
tangency, all of them must lie upon a rectilinear element of contact 

3. This rotation about the instantaneous axis may be resolved into 
two component motions, of which one must be a rotation about 
another axis. 

4. In this component rotation, each point in the moving surface de- 
scribes a circle with plane perpendicular to and centre in the second axis; 
of which the radius is a perpendicular from the point to that axis. 

5. The other component motion must be such that each point of 
tangency slmll by it be made to move with a velocity equal to that due 
to tlie first component rotation, and in the opposite direction. 

G. If this second component be a motion of revolution, the axis 
must lie in a plane normal to the path of every point of tangency, de- 
termined as above. Hence those paths must be parallel ; which re- 
quires tlie axis of the first component rotation to lie in the same plane 
with the common element. 

7. If the second component be a motion of translation, all the points 
of tangency are in consequence moving in parallel directions. There- 
fore the axis of the first component rotation must lie in a plane contain- 
ing the common element, and perpendicular to those parallel motions. 

8. Consequently the axis of the first component rotation must in 
all cases and at all times lie in the same plane with the common ele- 
ment : and the motions of the points of contact, due to this rotation, 
must at any instant Ix) in parallel directions. 

77. 9. Now the effect of the first component rotation must be, to 
bring the consecutive element of the moving surface into coincidence 
with the present line of contact on the fixed one. But as all the points 
of the line of contact are moving in parallel directions, by virtue of 

« Kinematics of Machinory, 1876, pp. 81, 82. 
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this rotation, ih» cansecutive poBition (that is to say the consGcatiTe 
cicmfnt of the moving snrrace) must lio in the same plane with the 
original one : thus determining a piano tangMit all along an clomcnt. 
■^0. Again the effect of the second component must be, to bring the 
^Baent line of contact on the moving surface, into coincidence with 
^B consecutive element of the fixed one. But whether this motion 
PBonc of translation or of revolution, it imparts parallel motions to 
all points of the common element, which consetiuently will lie in a 
pUne containing tho consecutive position, and toDgcnt to both sur- 
8 all along an element. 
■1. Pare rolling contact, then, is not possible between surfaces 
uhing each other in more than one point, unless tlioy are pliinc or 
^e curved. 

. Nor ie it possible between all euch surfaces. Ko argument is 
ided to show that a cono cannot roll tipon a cylinder, nor ujKm an- 
ier cono unless the two have a common vertos. The rolling of one 
single cnrved surface upon another involves the simultaneous rolling 
of linlb ujion the common tangent plane. Hence it is an essential 
iitjon, that through any point of the common element, it shall 
kf ossibli- to draw two lines, one upon each sarface, of which the 
relopmcnts upon the common tangent plane shall coincide, 
, Xized Contact, — By this is meant a combination of rolling and 
iBding contact ; the nature of encli action will be readily undei'stood 
hy refcvenco to Fig. 2!t, if wc suppose tlio circle to rotate about tho 
JHitre, and at the same time to bo translated, but in such manner 
^■^ the ]K>ints c, d, c, do not come into coincidence with the points 
^H[ e. If, for instance, the circle rotate through an arc AG, and in 
^Btaunc lime be translated through a space ^IS or J rf', greater or 
less than that arc, it is clear that though the action partakes to some 
ntcnt of the nature of rolling, yet there must be a sliding between 
Ihe circumicrcnco and the tangent, to an amount depending npon 
the difference lietween tho arc AO, and the distance AB or Ad'. 
The resultant of the two motions impartetl to the circle will be a ro- 
IPHIo n Bbout un instantaneous axis, which will however not pass 
j^Hpgb the point of tangcncy A : and this atTonls a means of asccr- 
^^Kig wbothcr in any given case the contact motion is of this de- 
^Hhion or not. 

^^pt we may for all the practical purposes of mechanism, disregard 
^Kparticular combination ; and we sliall, in what follows, take noto 
^H (if the distinction between those contact motions in which tho 
^Hpn is pnn4y Tolling, and those in which it is not ; all the latter 
^■y caUtd cases of alidinif contact. 
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79. It hat been shown, that even the simplest motion^ a rectilinear 

one, may be resolved into compo- 
nents. But if there be any motion 
employed in mechanical structures, 
entitled to be called a simple one by 
reason of the ease with which it can 
be produced and continuously main- 
tained, that motion is certainly the 
one of rotation about a fixed axis. 
Naturally enough, therefore, it is more frequently met with than 

any other, and the very mention of nlachinery suggests ideas of levers 

and wheel-work. Nothing can be 

simpler than the means by which 

rotation is determined, nor can the 

axes have a simpler relation than 

that of parallelism : and, accord- 
ingly, by far tlie largest and most 

important class of elementary com- 
binations is that in which both 

driver and follower rotate about 

fixed axes which are parallel to 

each other. In the analysis of their 

action it will be most convenient to 

consider first those in which the 

motion is transmitted by means of a link. 
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Velocity Ratio in Link Motions, 

80. In Figs. 33 and 34, let C and D be fixed axes, about which turn 
the levers AC, BD, whose free ends are connected by the link AB ; 
the axes being perpendicular, and the planes of motion parallel, to 
^^^ paper. 

The motions of A and B are necessarily perpendicular U^ AC and 
^X) respectively ; whence the instantaneous axis, JF, is found by pro- 
lo^kging those radii till they intersect. 

Trom C, i>, E, let fall the perpendiculars CO, DH, EF, on the 
l*^^Kx« of the link ^£ or its prolongation. Also draw the line of centres 
^-^y cutting the line of the link, prolonged if necessary, in the point /• 

3f ow let 



V — ang. vel. of A around C, 


v' = « " '< B " D, 


w = *' '' '' Aor B " E. 


ar triangles. 


V AE EF \ 


w AC CO' 
w BD DH 


V DH DT 
'" v'~ CG~ CI 



BE EF } 



SL This result may be deduced 
otherwise, thus : In Fig. 35, let the 
linear velocity of A be represented 
by AL, perpendicular to -4C: then 
AM is its component in the line of 
the link, to which BN must be 
equal. The direction of BO, the 
motion of B, is perpendicular to BD, 
and its length is ascertained by draw- 
ing NO perpendicular to AB. 

Then by similar triangles we have 



V =-r-5c = 




AL AM ■\ 




AG~ CG' 
BO BN 

BD ~ Dir . 


V DH DI 
"' v'~ CG~ CI 



V =:-—— = 



We have, then, two simple and convenient values for the velocity 
xstio, which may be thus expressed : 
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1. The angular yelocities of the arms are to each other inyersely astb^ 
perpendiculars from their centres of motion upon the line of the linl^ * 

2. The angular yelocities of the arms are to each other inversely ^-^ 
the segments into which the line of the link cuts the line of centres. 

8S2. Directional Eelation. — The perpendiculars CG and DH, froB^^ 
the centres of motion to the line of the link, are called the Effectiv^^ 
Lever Arms. When they lie on the §ame side of AB^ as in Fig. 33, --^ 
the arms will turn in the same direction. When they lie on opposite^ 
sides of the line of the link, as in Figs. 34 and 35, the rotations will ^ 
be in opposite directions. 

Dead Points. — ^It is evident that in the combination shown in Fig. 
33, the shorter lever BD is capable of turning completely round. 
When a lever thus makes entire revolutions, as is very often the case, 
it is usually called a Crank ; but whether it does or not, it is obviously 
possible for the system to come into cither of the positions shown in 
Figs. 36 and 37, in which AB and BD coincide. 
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When tliis happens the system is said to be at a dead point, because, 
the effective lever arm DH having disappeared, and the motion of B 
having no component in the line of the link, the arm AC is moment- 
arily at rest. That arm has a reciprocating circular motion ; and 
the dead points obviously occur at the extreme limits of its travel. 
By way of distinction, the crank BZ) is said to be at an outward dead 
point in Fig. 36, and at an inward dead point in Fig. 37. 

T 83. Momentary Constancy of Ve- 
locity Eatio. — In general, the veloc- 
ity ratio in such combinations is 
varying, as the ratio between the 
effective lever arms changes from 
instant to instant : though if, as in 
Fig. 13, the levers are equal and 
parallel, the velocity ratio is con- 
stant throughout the action. But 
Pio. 38. it may be momentarily constant 

under other circumstances. Thus in Fig. 38, the arms A C, BD, aro 
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parallel, bat not equal. Tbe motionB of the point«^ tmd B are parallel 

to each other, and since they arc not perpendiciilar to the line of tho 

linlc, their linear Telocitiee nmet be equal, whence we have directly 

v^_BD_DH_DI 

v-~ AC~ C0~ CI' 

Ifow, tho positions of the link consecntive to the present one will 

be pardlel to AB, and cut the line of centres in points consecutiTo 
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to and practically coincident with /. Hence during such elementary 
QotioQ the variation in the velocity ratio will be inappreciable. 

84. Again, the line of the link in Figs. 33 and 34 is, tangent at Fio 
the circle described by that point about tho instantaneouB axis E. 
The consecntive positions of AB therefore in- 
tereect each other in .f : aa may be seen very 
clearly in Fip, 36 and 37, where F coincides 
with A, which is momentarily at rest, while ' 
BD mores in either direction to its consecn- 
tive position. 

Kow in Figs. 39 and 40, the foot F of the 
perpendicnlar upon AB from the instanta- 
ncona axis, coincides with /, tho intersection 
of the link with CD tho line of centres. In 
its consecutive positions, therefore, the line of 
the link will cut the line of centres into, prac- 
tically the same segments as in its present 
one, and the velocity ratio is momentarily 
onutant in this case also. 

Band Motiont. 

9. Let the two curved pieces whose fixed 
eentrea ot motion arc C and D, Fig. 41, be Pre.'n. 

connected by a flexible and inextensible band or cord, wrapped upon 
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their conTex edges, and fastened to them at the points ^and F. Let 
the lower curve turn to the right, as shown by the arrow : the band 
will then be wound upon AE, and unwound from BF, thus com- 
pelling the upper curre to rotate. It is evident that the parts which 
ore wrapped upon the car\es being always idle, the effective length 
of the bond is the distance between the points of tangency ; which 
may or may not change during the action. 

In the position shown, tlie points of tangency are A and B, whose 
motions at the instant must be perpendicular to the contact radii, A C, 
BD. Their linear telocities, AL, BO, must be sucli that the com- 
ponents AM, BN, along the line AB, Ghall be equal, because the 
band is inextensible ; the componenfa AR, BS, perpendicular to AB, 
are ineffective, because the band is flexible. Now drawing the per- 
pendiculars CG, DH, from the centres of motion to the line of the 
band, and also tlie line of centres CD cutting AB in 7, it is cndent 
on comparison that this combination at the instant differs from that 
of Fig. 35 in no particular except the flexibility of the connector AB. 
And wc shall have, precisely as in that case, 

v^_OH_DI 
v'~ C0~ CI' 



And also as in that case, the rotations will be in the same direction 
if CO and JPfflie on the same side 
of AB, and in contrary directions if 
they lie on opposite sides of that line. 

Contact Motions. 

86. In Fig. 42, let Cand i> be the 
fixed centres of motion of the two 
curved pieces in contact at P, their 
common tangent being T2\ and 
their common normal NN: it is 
evident tliut if the appcr curve turn 
as shown by the arrow, the lower 
one will be compelled to rotate. 
Draw the radii of contact, PC? and 
PD ; then the motion of P, con- 
sidered as a point of the upper piece, 
will be in the direction PA, perpen- 
Fm. «. dicular to PC, while the direction of 

the motion of P on the lower curve must be PB, perpendicular to PD. 
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Besolye PA into the components PM, PO; ot these the former 
obrioasly does not tend to moTO the lower curre, and it is also evident 
that the magnitude of PB must be such that its normal component 
shall be PO ; for were it greater than PO, the lower curve would 
quit contact with the upper, and if it were less the two curves would 
intersect, both of which arc contrary to the hypothesis. Draw CG, 
DHy perpendicular to NN\ then the triangles PCQ, APO, are simi- 
lar, as also are PDH, BPO. Draw CD cutting NN at / ; then ICO, 
IDH are similar ; and letting 

V = ang. vel. around C; 
t;'= " " " D. 



wehaye 

V =PA PO>i 



PC "CO 
v'=z PB PO 



^' 'v'" CO'" CI^ 



PD "DHJ 

Which may be thus expressed : 

1. The angular velocities of two pieces in contact are to each other 
inversely as the perpendiculars let fall upon the common normal from 
the centres of motion. 

2. These angular velocities are to each other inversely as the seg- 
ments into which the common normal cuts the line of centres. 

87. Condition of Constant Velocity Eatio. — This is at once deduced 
from the second of the above values, viz ; 

v^_DI 
v' ■" CI • 

for DI -f CT = CD, which is constant, therefore / must be fixed, and 
the two segments at all times the same. 

In other words, the curves, in order to maintain a constant velocity 
ratio, must be such that their common normal shall ahvays cut the 
line of centres in the same point. 

8& Condition of Compulsory Botation.— A rigid link can both push 
and pull, so that the direction of the driver's motion is arbitrary. A 
band is capable of pulling only : while on the other hand one piece 
can drive another in direct contact with it only by pushing. In Fig. 
43, the lower piece is the driver, turning as shown by the arrow. Let 
X, z, be points consecutive to and on opposite sides of P, the former 
being in advance. Then CP is greater than Cx, but less than Cz ; 
and it is clear that in order to produce compulsory rotation, the 
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curves ftnd their motions must be eiioli tfiat the contari radius e/^ 

driver shall be on /he increase. 
89. Rate of Sliding.— The tangential oompononta PM, PL, n-pj 
sent the linear velocities i 
which the curves ore at iho I 
staut sUcling on the com 
gent. In Figs, 42 and 43, i 
componcnta lie in the same fl 




rection from P, and consequently their diJIerenco LM ropresonta fl 
rate nt wluch tho two curvea are sliding upon each other. ~ ~ 
44 and 4o these components fall in opposite directions, and the n 
of sliding is represented hy their sum. 

Directional Eelatioa.— From these rarious diagrams, which | 
lettered to corrcsi>ond throngliout, we also perceive that the di^ 
tiunal relation depends upon the positions of the perpendiculora C 
DH, v/\i\i reference to the common normal ; if they lie upon the 8 
side of N\, the rotations will be in the same direction ; if on oji 
site sides, the rotations will lie in contrary directions 

90. Condition of Boiling Contact. — In order that there m&y l 



^1 sliding between tho two moving ])iecc3, the tungcntiul comfx 
^1 PM, PL, must have tho same magnitude and the same directioi 
H in Fig. 4a. The normal components PO being the same in 1 
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motions^ the resultants PA and PB must also be alike in magnitude 
and direction ; and these being perpendicular to the contact radii PC, 
PD, the latter must also coincide in one right line, which can bo no 
other than CD. 

That is to say : the condition of rolling contact is, that the point of 
contact shall lie upon the line of centres. 

The curves may be of such a nature that this condition is continu- 
onfilj satisfied, the point of contact traveling along the line of centres, 
and the velocity ratio varying accordingly. 

On the other hand, that point may travel across the line of centres, 
the action taking place partly on one side and partly on the other ; in 
which case the velocity ratio may or may not vary ; but whether it 
does or not, there will bo more or less of sliding between the curves, 
except at the instant when the point of contact crosses that line. 

91. Similarity of Action in all the Modes of TransmiBsion. — It will be 
observed that the common normal in contact motions has a very 
striking resemblance to the lines of the link and the band, previously 
discussed. In fact, we may select any two points in this normal, 
and, drawing right lines from them to the centres of motion, form 
thus a pair of arms and a link, which combination will at the instant 
have precisely the same action as the original contact pieces. 

We perceive, in short, that the motion of the driver is transmitted 
to the follower m a right line, whether they be in contact or not ; and 
that the action of all elementary combinations in which the two pieces 
rotate about fixed parallel axes, is governed by these laws : 

I. The angular velocities are to each other inversely as the perpen- 
diculars from the centres of motion upon the Line of Action ; or, in- 
versely as the segments into which the line of action divides the lino 
of centres. 

II. The rotations have the same direction if the centres of motion 
lie on the same side of the line of action ; and contrary directions if 
they lie on opposite sides. 

III. The rate of sliding, in contact motions, is the difference of those 
components of the actual motions of the common point about the two 
centres respectively, which are perpendicular to the line of action, 
when they lie on the same side of that lino ; and their sum if they lie 
on opposite sides. 

92. We may now proceed either to examine separately the action of 
given combinations, or to ascertain, by the aid of the principles tlius 
far explained, the forms and proportions which may or must be given 
to the elements in order to satisfy assigned conditions. The latter is 
plainly the more systematic and fruitful course ; and wheels whose 
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axes are parallel, enter so largely into the composition of mt 
of all descriptions, that the fact is a sufficient reason for at 
confining our attention to the transmission of motion by dir 
tact ; considering first those cases in which the action is pui 
ing, and taking up afterward those in which the contact i.« 
mixed yariety. 
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t, Teuxttt Ratio t'o^sTi^T, — Toothless Circular Whwla Frioliou Geftriiig. 
"Vbuihtv Hatio Varvinq. — The I»gsnthmic Spiral, and Toolhlpss Lobed 
Whrals fonDed from it. Tbe Rolling Ellipses, anil Lobeil Whrcls dprivrd 
frora them by Contraction ot Angles. Interchangeable MulIilulH-s. derlvMl 
from Ellipse and fcDm Logsrithmic Spiral. Inv^lnr Lobed Wheels. 

^M 1. Velocity Hatio Conntant. 

93. If the teeth of a pair of ordiiuirv ciriiilar spur wheels be in- 
definit^-ly reduced in size and in- 
creased in number, they u-iU uUi- 
maU-Iy become mere lines, or rec- 
tilinear elements of cylinders of 
revohilion, as shown in Fig. 47. 

These are technically called the 

^iteh Surfaces ot tbe wheels. Evi- 

Btly they are capable of moving 

parfect rolling contact about 

eir axes, the linear velocities of *■'"• ■•'■ 

(if circumferences being the same, and the angnlar velocilieM in- 

lely proportional to the radii, or to the original numticrB of the 

rth. Which Hgrccs with the deductions of the preceding chapter ; 

e condition of rolling contact is (90), that the point of tungency 

ill always be upon the lino of centres : and the condition of n con- 

lOt velocity ratio is, (S7), that the common normal, which ])aaBCB 

Diigh tliat point, shall always divide the lino of eontrcs into the 

e flcgmenta Hence in order to satisfy both conditions at oneo, 

the contact radii must be constant ; or in other words the contact 

curves mnst bo circles whose centres are in the axes. 

_ 94. But it is important to note that although circles are the only 

nres which can move in rolling contact about fixed axes, yet one has 
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no tendency to drive tlie other. Tho sonttitioQ of compulsory i 
tion is, (88), that the cooinct radina of the driver shall be on the ll 
crease ; wliich is here impossible. 

And again, in Fig. 47, let the upper circle turn as shown by the s 
rnn-, ttie motion of tho contact point being represonlcd by PB ; Uicn 
this motion, being tangent to both circles, has no normal compoiifiil 
at all. Conaeiiuenlly the driver tends merely to slip uiwii the tii\^— 
lowor, not to cause the latter to move. And it is a well-known t 
that two j)oli8hed rollers cannot be used to transmit rotation witkJ 
constant velocity ratio : the more nearly they approacli theore 
perfection aa cylinders, tho farther they depart from practical perl 
tion as wheels, and if motion bo transmitted at all, it ia by n 
adhesion between them. 

66. Friction Gearing. — Kovertholoss such toothless wheels arc qtiit# 
extensively used in pnictioe, constituting what is known as Friciinn 
Gearing, The axes are pressed together with considerable force, and 
in order to secure the greater adhesion, the peripheries in contact are 
usually made of different materials : thus if one wheel be of )r(»n, 
the other may be made of wood, or have ita rim covered with leather 
or indiu-rubber. There is, of conrso, always a iM>ssibility that such 
wheels may slip upon each other ; in point of fact they usually do. 
and the amount of slip, moreover, varies under different conditions of 
pressure and speed. There is, then, no certainty that a constant ve- 
locity ratio will be preserved, and they cannot bo employed where 
that is imperative ; but there are many eases in which it is not. 

96. Qrooyed Friction Gearing. — Another arrangement of frictl 
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gearing, very generally used in hoiff 
machines, especially for mining [ 
jioses, is shown in Fig. 48 ; tho f 
wheeld having a seriea of 
gniovea turned in their peripheriest'l 
that by pressing them together an e 
tivc degree of adhesion is secured t 
wheels are usually inado uf cast 1 
The action is evidently attended 1 
considerable sliding in any c 
amount may vary between wide Uni 
PiB. ta. but for such work a constant TClot 

ratio is not requisite, and the possibility of slipping is a practical 
Tantage, aa it reduces tho shock if the machine be suddenly si 
or stopped, tlm* diminishing the risk of breakage. Tho velocit^f : 
tio when in full work i» substantially the same as that between 
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pM cjlindera whose line of fangency is midway between the tops 
ud bottoms of the grooves, as LM in the figure. 

a. Velocity Ratio Varying. 

97. If the contact cnrres are not required to maintain a constant 
<vlocity ratio, then, since the point of tangency must still be always 
upon the lino of centres, the contact radii will vary. But their sam, 
BTidently, remains constant, if the point of contact lies between the 
centres ot motion ; or if those centres lie on the sumo side of that 
point, the difference of tlie contact radii must be constant. 

And by reference to Fig. 46, it will be seen that if PR, PS, be two 
^ul arcs of the cnrres, the latter must bo of such form that 

CR + DS= CP + DP= CD. 

We proceed now to show how some curres may be constructed, which 
'ill satisfy the above condition, and the manner in which various 
changes in the velocity ratio may be effected by means of them. ' 

88. HbB Logarithmio Bpiral.— In Fig. 40, let the parallels rU, TW, 
be cat at any angle by TB, and , 

perpendicularly by the other \ w I 

parallels CD, IM, BN, etc. -■•■ '\\--\^K^-.'f' ~ >^ ^ 

Aboat C as a centre, describe i<'^'^^^^it /^'^"'^^ 

an arc with radios CE = AM ; \ ; ..-■^ ; /S. ^^P | I^ ^:^^S~^ ! 
and about P as centre, describe ^~^~-^--,jJ-^n" /'- /^^ 
an arc with radius PA, cutting j ^.^^|n '■R^-^-J / \ 
the first in ^, thus constmcting "^ / \ //' 

the triangle CPE. With cen- \ ~ lV::::-<l^ ! L 

tres C and E, and radii CQ, I 

EQ, respectively equal to BN ^"' "' 

and AB, describe arcs intereccting in G. Continuing in a similar 

manner, the result is the formation of the broken line RP V. 

Xow let ns imagine C to turn first about P until i'^ coincides with 
PA, and then about A until EC coincides with AM; then RPV 
will have the position shown in dotted lines, the triangle ^PC ap- 
pearing 08 A OM. After which in a similar manner G may be brought 
to coincide with B, the point C meantime advancing to 3', and soon. 

99. The polygon RPVi)xiis travels with n sort of imperfect rolling 
action, measunng off its perimeter on TB, since PE, EG. arebycon- 
sCmction equal to PA, AB, respectively; also /']'"= /'//, etc. 

Now if the sabdivisions on TB be made indefinitely minute, so that 
A and H are points consecutive to P, then RP Fwill become a curve 
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to which TB is tangent at P. This curre will rot, however, 
through the angles of the polygon here shown ; since the arc EP, for 
instance, must be equal to AP, the angle ECP will in the curve be 
less than it now is. 

By reason of the imrallels LH, CD, etc., the angles LHT. CPH, 
MAP, etc., are equal ; hence the curve must he such that ila tangent 
at any point shall make a constant angle with the radiant from C to 
that point. It is apparent fi-oni the mode of derivation that the radi- 
ants from C will increase as we go from CP to the left : and tliese 
conditions determine the curve to be the logarithmic or equiangular 
spiral, of which C is the polo and TB the tangent, at P. 

Supposing this curve to replace RPV, the rolling action will be 
perfect, C traveling in a right line to M and K, while E and O go to 
A and B. 

100. The same process being repeated below TB, with D as the 
pole, we shall have a polygon of the same description as HP V, but in 
a reversed position. We have in this second one, P/" equal to PA, 
and /J/" equal fo lA. In the upper one, PE = PA, and CE = AM; 
hence if the two rotate in opposite directions about Cand J) us fixed 
centres, E and F will come together at S on the line CD. So in like 
manner will G and Z, or Tand H, meet upon CD. 

It is apparent that these two broken lines will at the limit become 
parts of equal, similar, and opposite equiangular spirals. The curves 
cannot be constructed in this manner, except approximately ; but this 
mode of derivation exhibits in the clearest light the fact that they will 
move in perfect rolling contact about fixed axes passing through their 
poles. Referring the reader to the Appendix for detailed instructions 
relating to tlie accurate delineation of these and other curves, we 
proceed to consider the conditions which may be assigned in some ap- 
plications of tliis spiral in mechanism. 

101. Since tlie curve does not return into 
itself, continuous rotation cannot be trans- 
mitted from one shaft to another by means of 
a single pair of the spiral arcs. But for 
reciprocating circular motions they are well 
adai)ted ; of which two cases are illustrated in 
Figs. 50 and 51. 

In the former, let the centres C and D be 
given ; and suppose it to be required, that while 
the upper piece rotates through a given angle, 
the velocity ratio shall vary between two a^ 
signed limits. 
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Diyide CD at A into two segments^ whose ratio is one limit, and 
at into two others whose ratio eqnals the other limit. Set off 
the gi?en angle A CBy and make CB eqnal to CO. We have then two 
given radiants CA^ CB^ and the pole Cy to constmet the spiral AB. 
The other sector is a portion of the same curve ; of which one radiant 
u ADy and the other EDy is equal to OD : whence the angle EDA is 
determined by simply cutting the spiral by arcs described about the 
pole Dy with those given radii. 

# 

Letting v = ang. vel. of Upper Sector, 

v' = '' '' Lower " 

we have in the position shown, 

V _AD , 
v' AC' 
and when B and E meet at (?, 

v_^OD 

v' GC ' 

102. It may be required that the two shafts shall turn through 
equal angles. In that case one limit 
may be assigned to the velocity ratio, 
but the other will of necessity be the 
reciprocal of the first. 

For, as shown in Fig. 51, we must 
have CB = AD ; also the angles 
BCAy EDOy are to be equal, whence, fio.si. 

from the nature of the curve, ED z=z ACy and the velocity ratio will 
vary between the limits. 




V AD V 


QD AC , 


vT AG' v' 


GC AD * 



of which the one is determined when the other is assigned. 

lOS. Lobed Wheels. — In the transmission of continuous rotation, it 
may be required that a certain number of determinate changes in the 
velocity ratio shall take place during the revolution of one of the 
shafts. If the same number of changes is to occur during the revolu- 
tion of each shaft, the equiangular spiral may be employed as follows : 

In Fig. 52, let Cy Dhe the given centres, and let the angles ACB, 
ADEy each be equal to 60°. Make DE = ACyOnA CB =^ AD: con- 
struct the equal spiral arcs AEy AB ; draw Aff, BF, similar curves 
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synimetrically placed with reference to AD and BC. The Tel« 
ratio in tbe ixisition shown ia 



when S and E meet at G, Uie ratio wiU 



AD' 



The angles ED If, A CF, each incln^ 
one-third of a circumference, 
of trilobes may be completed as ehoi 
They will roll together, the velocity n 
varying from maximum to minimum amT 
back again, tlireo times in each revolution 
of each abaft 

III thia construction the limits are tiac 
sadly reciprocals of each other, eo that oi 
one of them is arbitrarily assignable. 

The angles -1 CB, A DE, may include I 

aliquot part of the circle whose denomin 

is even ; and in tliis way pairs of vrbj 

may be miide with any desired numbi 

loboa, which will roll together. In Figi 

those angles are each equal to 180°, Ui^ 

Sia.^. suit being a pair of unilohos ; in Fi^l 

they are mode ei|tial to 00°, for constructing bilobcd wheels. 

It is to be obeerved that the wheels laid out aa above will world 
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getheronly in eqnal and similar paire, trllohc with trilobe, one 1 
lobe with another one, and so on. 




THE ROLLING ELLIPSES. 

104. The Rolling Ellipses. — Two equal uud b 
(•cf<Mitricity, will also work in per- 
rolling contiM^t, I'uoli revolving 
It Olio of iu foci a& a fixed centre ; 
digUnce lietween the centres being 
Iqnal to (he major axis. 

In Fig. 55, let Caud jO bo the fixed 
iflratres, A and B the free foci, and E 
point of cimtact. It ie to be proved' 
It E will always lie upon the line of 
Itrcs CD. 
iTrom B draw lines to both foci of 
eUijMe. Then bIqco the common 
igent yO makes equal uugles with 
these linea, we have AEG = JJEF, 
DEO = CEF, tliereforc AEB, 
'D, wc both right lincB. 
Also. EC + EA = EC ■VED=EB """ '"■ 

£D. Couse-piently AB = CD, and EC = EB. 
The lutt«r equality shows tliat the elliptical arcs EL, EM, meas- 
^m any point of tangency to those eitremities of the major 
which will come together, are cqnal. The rolling action is there- 
ire jwrfi-oL 

106. From the fact that AB is constant, we arc enabled, when the 
rolling ellipses are fixed on the ends of shafts which overhang their 
ings» to connect the free foci by means of a link, ax shown in the 
bich is Bometimea advantageous iu practice, as will subse- 
(ntly appear, even when the ellipses are provided with teeth. These 

foci, obviously, describe circles of which the radius is AC. 
106. During each revolution of either ellipse, the velocity ratio va- 
ries once from maximum to minimum and back again. The limits 
evidently, mutually reciprocal, and determined by the ratio of 
Mgroents into which either focus cuts the major axis. Hence if 
limit he assigned, and the distance betwc-cn the axes given, it is 
ly nw«SMiry to diride that distance into two pnrtswhose ratio is the 
ligned limit : wc have then the major axiM and the foci, whence the 
ipnea are determined. 

,107. Transformation of Boiling Cnrrea — Contraction of Angles. — 

any two curves are capable of rotating in rolling contact about 

am, producing a given variation in the velocity ratio during 

loite nngnlar movements, they may be transformed into two others, 

■1)0 rolling in contact about the same axes, and producing the same 
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Fio. 56. 



Fio. 67. 



yariation in the Telocity ratio, during angular moyements which are 
greater or less than the original ones in any assigned ratio. This is 
effected by a process called the Contraction of Angles^ since usually 
the angular movement of the derived curves is less than that of the 
original ones during the same variation in the velocity ratio. 
In Fig. 56, let -4 be the point of contact of the rolling curves AHy 
Aly which turn with given angular velocities 
about C and D : then at tlfb end of a definite 
time the points / and H will meet at G, In 
Fig. 57, let the lengths of the radiants be the 
same as in Fig. 56, but the angles included be- 
tween them only half as great. Let these new 
curves turn with the same angular velocity as 
the original ones : then in half the time, H and I will also meet at O. 
All the angles being reduced in the same proportion, while the radi- 
ants remain the same, it follows that intermediate points, as E^ B, 
which meet on CD in the first pair, will do the same in the second ; 
which, therefore, will move in pure rolling contact. 

108. Lobed Wheels Derived from the Ellipse. — By applying the 
above process to the rolling ellipses, pairs of wheels may be con- 
structed which will roll together, the velocity ratio varying between 
the same limits and according to the same law as in the ellipses them- 
selves, but the maxima and minima recurring two, three, or any de- 
sired number of times in each revolution. 

The operation is illustrated in Fig. 58, in which C is a focus of the 

ellipse whose major axis ib AB. 
For convenience of construction, 
a circle is described around (7, of 
which the upper half is divided 
into any number of parts at /, 
//, ///, etc., and the lower left- 
hand quadrant is divided in a 
similar manner, at 1, 2, 3, etc. 
Badii are drawn to the points of 
division, the upper ones cutting 
the ellipse at Z>, E, Fy etc. : and 
the segments intercepted between 
the focus and the curve are set off 
from C on the corresponding radii in the quadrant below, as CW = CD, 
on 01, Ce = CE, on (72, and so on, CB going to Off. 

109. Regarding the ellipse as a unilobe, is is evident that the curve 
AeH, thus determined, is one fourth of the outline of abilobed wheels 
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which when completed will roll in contact with an eqoal and 
similar one, as shown in Fi^. 59. 
Bj contracting the angles to one 
third instead of to one half, ae 
abown in Fig. GO.'the contour of 
a. trilobe is determined, the com- 
plete wheel with its rolling mate 
"being shown in Fig. 61 ; and in 
like manner wheels with any 
number of lobes may be con- 
etracted. 

110. Bat these wheels, like 
those previonslj constructed from 
the eqniangnlar spiral, will work 
only in eqnal and similar pairs, 
1>ilobo with bilobe, trilobe with 
trilobo, and so on : consequently 
they can only be Qsed when the 

number of changes in the 

Telocity ratio is to be the same 

during each revolation of each 

shaft. Now, the above pro- 
cess may be so modified that 

from a pair of rolling ellipses 

k dissimilar pair of wheels may 

be derived, as for instance, a 

bilobe rolling with a trilobe, or 





a tinilohe with a wheel of two or more lobes ; so that the numbers of 
changes in the velocity ratio will be different in the two revolutions. 
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Hi. For examplo, in Fig. i 



The eccentricity of the original ellipseB, however, is not entirely arbi- 
trary, bnt will vary between limits determined by the conditions of 
each particular combination. 

The modification just mentioned consiste merely in this, that a part 
only, instead of the whole, of the elliptical outline, is transformed into 
a new curve. It will bo readily apprehended that equal area of two 
rolling ellipses may subtend at the fixed foci unequal angles, the ratio 
of whose magnitudes shall be that of two integers : and that when 
this is the case, those arcs may be transformed as above into portions 
of the contours of lobed wheels. 

, let C be the fixed and A the free 
focus of the ellipse whose major 
axisisi/'P; let i> be the fixed focus 
of its rolling mate, and B and E, 
two points which will meet at G, 
the elliptical arcs PB, PE, being 
equal. Now if the angles BCP, 
EDP, are to each other as 3 to 2, 
then by contracting them in the 
same proportion, the former may 
be reduced to 90° and the latter to 
60". Thus the elliptical arc PB 
will be transformed into PI, one 
fourth of the outline of a bilobe, 
and PE into PM, one sixth of the 
contour of a trilobe, and these new 
surves will roll together. 

Let be the free focus of the 
second ellipse, then, drawing OE 
and AB, it is evident that the 
angles EDP, BA C, are equal. 

If, therefore, on the indefinite 
right line HD,-«e construct any two 
angles BAC, BCD, whose magnitudes have the ratio of 2 to 3, and 
produce the lines which limit them, till they intersect ai B ; then 
from the ellipse whose foci are A and C, and major axis is equal to 
AB + BC, a bilobe and a trilobo may be derived, which will roll 
together. 
The velocity ratio in the position shown, ia 
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lABED VHEELS DEBITED FBOU ELLIPSE& 
ind when B and JE meet at Q, it vill be 



^D_ED_AB 
= W ~ BC~ BG' 



lit In Fig. 62, the angles BCP, BA C, are both obtnse ; but the con- 
Btniction holds true if the; be modo acate, as in Fig. G3. But whereas 
they were contracted in tlio first case, 
they have in the second case to be ex- 
panded in order to produce the re- 
quired contours of the lobcd wheels ; 





Fro. tt Flo. M. 

a circumstance which points directly to the conclusion that there 
must be one ellipse eo proportioned that it is not necessary to do 
cither. This is shown in Fig, Hi, where the angle BCP Iwing 90% 
and EDP, or its equal BAC, being GO", the equal elliptical arcs PB 
and PEiorra at once portions of the outlines of tlic bilobe and the 
trilobe respectiTely, 

From these same ellipses another pair of dissimilar miiltilolxis can 
be constructed. Erecting the perpendiculars AI, DK, and drawing 
Cf, OK, the elliptical area PBI, PEK, arc cfjnal. Jfut tho angles 
ICP, KDO, measuring 120' and 90" respectively, arc to each other 
in the ratio of 1 to 3 : therefore, contracting them to one half, as in 



56 OENSKA.L FB0CES3 OF CONSTRUCTION. 

Fig. 65, we haTe portions of tho contours of a trilobe and a qaad- 

rilobe which will work in rolling contacL 

113 In general, then, we may pro- 
ceed aa tollowa : If it be required to 
cpnstnict a wheel with m lobes, to roll 
with another having n lobes, supposing 
m to be the greater number : Aeeuming 
an; two poinffl A, C, on the indefinite 
right line BD, Fig. 6fi, construct the 
angles SOD, BAD, with magnitudes 
whose ratio is that of m to n, the lines 
\B CB, intersecting at if. Then the 
sum of those two lines will be the major 
axis, and the points A and C the 

iV "^^v/fTN-^ 'V '*"" °^ *" ellipse from which the 

A \% ^ A wheels can be constructed as above ex- 
. I \ . J^rmm. I \ plained. 

Other pairs of angles having the 
same ratio may be constructed, deter- 
mining tho points /, Q, etc. ; these 
points will lie in a curve, AID, and it 
is evident that if from any point of this 
curve, linos be drawn to A and C, they 
will form with HD, angles in the required ratio, and their sum may 
be taken as the major axis of the proposed ellipse : as for instance, 
SP = EA -^ EC, if ^ be the point selected, 

114. The curve itself maybe constructed eitlier by determloiDg a 
snfBcicnt number of points 
as above described, or by 
aid of tho following prop- 
erty. Tho centre of the 
circle circumscribing any 
one of the triangles whose 
base is AC, and vertex in _ 
the curve, as for example " 
ABC, must lie on the 
line LM perpendicular to and bisecting AC. 
Now let the angle BCD = m, 
then " " BAC=n, 
and " " ABC = m- n; ' 





we shall have 



and in the circumscribing circle 
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m — n measured by i arc -4 (7, 
n " "i " Ci5, 

m '* ''I '' ACB: 

that is to sajy 

arc CB : arc -4 (7 : : « : wt - w. 
If then we had taken the centre at pleasure on LMy and, de- 
Bcribing the circle through A and Cy had set off the arc CB in the 
abore ratio to the arc A Cy the point B would have been thus de- 
termined. 

116. Now, this curve springs from the point A ; for when m 
becomes 180% as shown in the two small diagrams marked x and Zy 
.^Cwill divide the circle whose centre is 0, into segments sucli that 
CRAy above A Cy is to A SC below that line, as w is to w — » : and the 
cunre will be tangent at ^ to that circle. 

The limit D of the curve will be reached when m becomes zero : 
that is to say when the radius of the circle A CB becomes infinite, in 
which case the circle itself will coincide with the right line A CD* 
We shall then have 

CI)= AC( ^ V 

\m — /?/ 

But 

AD + CD = 2 CD ^ AC 

= 2AC{ ^ ] 4- AC 
jn - w, 

\w — n J 
or, 

\m — n J 

whence 

AC __ m — n 

AD + CD ~ m + n * 

We have, therefore, this limit to the eccentricity of the ellipses 
from which dissimilar wheels with assigned numbers of lobes can be 
derived, viz : that the distance between the foci, divided by the 
major axis, must be greater than the difference of the numbers divided 
by their sum. 

116. Each wheel derived from the ellipse has thus far been sup- 
posed to oonsist of two or more lobes. But the construction last dis- 
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cueeed will hold good when n is to m in the ratio of unity to any 
integer ; therefore by expanding tho elliptical arc eabtending the 
angle n, until the latter equals 180°, it Till be seen that a unilobe 
may be formed, which will roll with a. wheel having any given Dum- 
ber of lobes. Thid is Bufficiently illustrated by Figs. 67 and 68, 
which represent respectively a unilobe rolling with a bilobc and one 
rolling with a trilobe. 
In the former case, it will be observed that since the angles ABC, 




BAC, are each equal to 4^ BCP, the curve, AID of Fig. 66, in Fig. 
67 becomes the semicircle ABO, of which the centre ia C aod radius 
AC, the distance between the foci of the primitive ellipse. The 
elliptical arc PB, becomes by expansion the curve PLA, forming half 
the outline of the unilobe ; while the equal are PE is expanded into 
PM, bounding one quadrant of the bilobe. 

117. Interchangeable Mullilobes.— It appears, then, that from a 
given ellipse there can be constructed pairs ot similar wheels having 
any number of lobes ; and if the eccentricity be great enough, several 
different pairs of dissimilar wheels may be derived from the same 
ellipse. But these wheels will work only in pairs as constructed, and 
are not interehangeable ; thus, the bilobe which rolls with a trilobe, 
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« not the flame as the one which works with a iinilobo, though derived 
from the fiumc ellipse, und if a unilobe and ii trilobo be derived from 
the Bume primitive ellipse, they v.ill bo difleieul from either of the 
othors. 

There arc, however, two methods by which a eeries of lobed wheels 
may be constructed, which arc intercbaugeable, any one working in 
perfect rolling contact with any other one of the aerioa. 

lis. In the firet of these methods, which was discovered by the 
Kov. Hamnctt Holditch, the multilobes arc derived, each from one of 
a scries of different ellipses. Their rolling properties do not appear 
to admit of geometrical demonstration, but the proeess of conBtriict- 
inj^ them la simple ond procticoL 

A series of ellipses is flrat made, having the same foci, hut with 
minor axes which are to each other iia 1, 2, H, 4, etc. Then the 
primitive ellipse, whose minor axis is 1, will roll with a bilobo con- 
strncted as in Fig. 58 from tho ellipse whose minor axis is 3, with a 
trilobo derived as in Fig. GO from the one whose minor axis is 3, etc., 
and these with each other indifferently. 

119. In Fig. CO, let be the centre, 
A and (' tho foci, and ///' tho major 
axis of the primitive ellipse. Draw 
C'tf pt-rpeudicular to IfJ', and cut it 
at If by no arc with centre and 
radius OH, then setting off BD, DE, 
etc., each equal to <!'i7theeemi-minor 
axis, describe area about through 
D, E, F, etv., thns determining OK, 





', OR, tho aemi-major axes of the ellipses from which the bilobe, 
trilobo, and qnodrilobc are to bo derived. In Fig. "0, tho first three 
uf n series arc shown in action, tho unilobe, or primitive ellipeo, 
being tho same aa in Fig. GO. Since the difference between tbo 
greut«et sml the least mdii is the same in all the wheels, being eqtul 
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to the diatnuce betweea ihe foci, it; will be seen that if one mulliV 
be given, the origical ellipse may be found by reversing thn priM 
and wheels with any desired numbers of lobea constructed, which " 
roll with the one given. 
120. The otiier method of conatructing a set of lobed wheels i :i| 
ble of rolling with each mli 
indifferently, was devised 
tlie iiutLor, and the ftirn 
mental curve is the equianp!' 
Hljiral. The process ia ilJi 
fi;iteil io Fig, 71, where ' 
'\u' ]iole of the R}iirul ^1/ 
Hniwing tlirough (' any n- 
hill', culling the ciir^o li; 
..ini /i. Ihe portion J,SBis.. 
[i^ilf the outline of a nnili 
which will roll with a simi 
and equal one, as aln :i 
shown. In order (n con!<lr 
a bilobo which shall roll v 
this unilobe, it is necci'-: 
to tind two radiants at ri;. 
angles to each other, whow 
difference ia the same 
Ijetween CB and CA. 
duce JfA, and intersoct 
prolongation at ff by a circle 
through B, with centre at tliP 
pole; and draw f'Fperpcndit- 
uIju to JiA, cutting this circle 




at /'and the 


spiral lit If, 








Then 














CB~ 


CA - 


AG, 


and 




CB — 


VII = 


HF. 



If, now, two radiants bo found, which are to C!i and Pff respcrt 
ively, in the same proportion that AO bears to HF, they will ■ 
periwndicular to each other, and their diflorence will be equal to -H 

121. This may he done graphically, as it involves merely tho c 
struction of a fourth proportional to three given lines, thM, 



AG:HF: 
AU-.BF: 



: CB : CM, 
: CH: CS. 
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The arc SBJU of the spiral thus fonnd is one quadrant of llio con- 
tour of the required bilobe ; the triangle AUK is tlierefon^ made sim- 
ilar and equal to MCS, and the completion of tho wbecl reqiiirua uo 
explanation. 

For the trilobo, draw any two radiants including an angle of 60% 
sscertaia their difference, and, comparing it with AG, procei'd nfi above 
to increase or diminish the assumed radiants, us Itie case may he, in 
the same proportion, until the difference ia equal to AG ; the leiigths 
thus determined will be those of tho greatest and least radii of tho 
trilobe ; und in a similar manner wheels of any number of lobes may 
be constructed. 

12S. Since in any system of inlercliangeuble multilobes, tho differ- 
ence between the greatest and least radii must be constant, while their 
actual lengths vary with the number of lobes, tho limits of the ran- 
ation in tho velocity ratio will not bo the same for diflcrent pairs ; and 
obviously the law which governs tho rates of variation aa woli as the 
differences between those limits, depends upon the peculiarities of tho 
fundamental curve — upon tho eccentricity of the primitive ellijtec or 
the obliquity of the original spiral. 

123. bngnlar Lobed Wheels. — The non-circular wheels thus far do- 
scrilfcd, whether consiatinf,' of one lobo or many, are symmetrical ; nnd 
moreover, the whole conlour of each is made up of curves of tho same 
kind, Xcithor of these things is so of necessity ; and aa illnstrating 
the possibilities of varied motion in rolling contact, we give a few eit- 
amplea of irregular wheels composed of different curves. 

In Fig. 72, let (.' and D be the poles of tho equal and similar logo- 

rilbmio spiral arcs ALB, AME ; ^^ ^ 

llien these arcs will roll together, U 
und E meeting at (?. Now, .1 B may 
be tuken a« the major axis, and (' aa, 
OHO focus, of the semi-ellipse ASH, ' 
which will roll with the equal and 
Hmilarone JO^. 

In each rcvolntion, then, the vektc- 
ity ratio will vary between the reciprocal limits 




CB 



CA 



but by reason of the different natures ct tho cnrvea, the rates of Tari- 
alion during the decrease, will not be the converse of thoeo daring 
the iocrewe. 
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124. In Fig. 73, let C be the pole of the logarithmic spiral arc 
AFB. With centre C, and radius eqaal to ^^ if, describe an arc cat- 
ting the spiral at F', draw FA, 
FB, FC, also FP perpendicular 
to AB, and on BA produced set 
off PL, PM, each equal to FC 
Then because CF— CA - CB- 

^ CF, tlie spiral area AF, FB are 

Fia. n' equal. Consequently the chord 

FB is greater than the chord FA, whence PB is greater than PA. 
That is to say, P ia not the middle point of AB; but it iethemiddle 
point of ML by construction, therefore PL 13 greater than PA, and 
PM is lesH than PB. 

The spiral arc AFB, turning round (7 as a fixed centre, will roll 
with an equal and similar one, the distance between their centres of 
motion being equal to ylfi. Setoff PR = PC; then B and Cm 
the foci of tho ellipse whose major axis is ML, and semi-minor aiis 
PF '. which also will roll with an equal and similar one, turning 
round the aamo centre C, the distance between centres being equal to 
ML, which by construction is equal to AB. 

125. From these data we can construct, as in Fig. 74, two dissimilar 
unilobes, whose contours arc com- 
posed partly of the spiral and 
partly of tho elliptical arcs. We 
have first the semi-ellipse FLO, of 
which C is the focus and P the 
centre, PL being tho semi-major 
axis ; this rolls with the equal F"- '*■ 
semi-ellipse GLS: then the spiral arcs OB, FB, coiTesponding to FB 
of the precedingdiagram, and these roll with the eqaal arcs SA, OA, 
which correspond to FA of Fig. 73. 

During the rcTolution, the velocity ratio varies between the 
limits 




DL 



AD 

'■ BV 



which, it will be observed, arc not reciprocals, as in the nnilobes 
previously described. 

128. In Fig. 72, tho wheels, though similar, arc not B3rmmetrical; 
in Fig. 74 they are symmetrical but not similar : and finally, those 
represented in Fig. 75 arc neither the one nor the other. Above the 
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e of centres, each wheel is formed of a 
Bpiral, AMB rolJing with 
,1-VA'. Below that line, we 
have BH, which roUa with £F, 
each being a quadrant of the 2J 
bilobe derived, as iu Fig, 58, 
from the ellipse whose major 
aiia is A B, (' being one focus ; 
AL, which rolls with Al, these 
currea being parts of qiiadri- Fi«. ts, 

lobes derived in tho same way from the same cllipBc : and LH, roUiog 
with IF, these two lieing cqnal urea of another logarithmic spiral. 

127. It may be added, that there are a nunilwr of other ouryes 
cupahlc of rolling in contact about fixed axeM, But it is tho provineo 
of the mathematician rather than of the mechanician to invcBtigato 
their properties, which do not admit of simple geomotricul demon- 
Gtmtion ; nor are they so easily constructed and adapted to uso in.mo- 
chanicul devices. It may bo aifely said that in general tho number of 
changes in tho Telocity ratio, and tho limits of ita variation, are of 
greater importance than tho precise law according to which it Yiiries 
between those limits : and it ia believed that the principles involved 
in the examples already given will be found to meet most if not all 
>the requirements of praclicid mechanism, 

126. These various cunes, whoso action baa been discussed m 
igb they were mere linea rolling with each other in their own 
plane, are of cuurae practically to be considered as tho hoses, or tran»- 
verse sections, of cylindrical snrfaccB, tangent to each other along an 
clement. )Strictly, therefore, the expression that "tho point of con- 
tact lies always on tho line of centrcB," means that "the clement of 
ttuigency lies always in tho plane of the axes," which is one condition, 
OS shown in Chap. II., of pure rolling contact between two snrfaccB. 

And Gfiually of course, the consideration of these ourfaccs is only 
the step pn-Iiminury to the investigation of the surfaces of teeth to 
be formed upon them : for, the motion of the followers being com- 
pulsory only so long as the contact radii of the driver are increasing, 
continuous rotation can not be transmitted by means of thenc rolling 
surfaces themselves, with any certainty that the desired velocity ratio, 

letber constant or varying, will be exactly maintained. 
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CHAPTER V. 



BOTATIOlSr BY BOLLINQ CONTACT, AXES KOT PABALLEL. 



1. Axes Intersbcttno. — Velocity Ratio Constant or Varying. The Rolling Com 

or Pitch Surfaces of Circular and Elliptical Bevel Wheels. Conical 
Wheehi. 

2. Axes in Different Planes. — Velocity Ratio Constant. The Boiling Hype^^ 

boloids, or Pitch Surfaces of Skew-Bevel Wheels. 




1. Axes Intersecting. 

129. Velodty Eatio Cronstant. — It follows directly from the dedne 
tions at the conclusion of Chap. 11, that the only surfaces capable o 
rolling in line contact about two fixed axes which intersect each other 

are cones, the common yertex 
the point of intersection, and the com^ 
mon element lying in the plane 
of those axes. And in order to 
maintain a constant velocity ratio, 
the transverse sections of these 
cones must be circles. Thus^ in Fig. 
76, let AB, AC, he the axes, and AP 
the common element, all lying in the 
plane of the paper : then in the rota- 
tion indicated by the arrows, the 
motion of the common point P will 
Draw PD perpendicular to AB, PE 



Fio. 76. 



be perpendicular to the paper, 
perpendicular to A C, and let 

V = ang. vel. about AB , 

v' = '' '' " AC; 



then at the instant we shall have 



V 
V 



PE 
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udjn order that this ratio may be Ronstant as required, the contact 
ndii PD, PE, mast be cooBtant also. That is to say, the phine 
bues of the cones, PDF, PEG, perpendicnhir to the axes, must 
be circles ; and the cones tbemselTes are generated by the retolution 
of the common element AP about each axis in succession. 

130. These then are the pitch surfaces of the ordinary conical or 
berel wheels. In practice it is of coarse sufficient to use compara- 
tively thin frusta of the cones, as indicated in the figure : in the great 
majority of cases they are provided vith teeth, but are to some extent 
lued vithont, conetitnting what is called BctcI Friction Gearing. 

As aboTe deduced, the angular velocities are always inversely pro- 
fortional to the perpendiculars let fall from any point of the common 
element upon the axes, whatever the relative positions of those three 
lines. But it is easy to see that those positions may be very different 
from what they are in Fig, 76 ; and it is of interest to consider what 
nmlts may follow from various assigned or assumed conditions. 

131. First, however, it may be remarked that in practice two cases 
mty present themselves for solution. Thus, the axes AB, AC, being 
given, as in Fig. 76, anppose it to bo required to construct a pair of 
Tbeels so proportioned that m revolutions about AB shall produce 
« rerolntions about A C. Draw xx parallel to AB, at a distance from 
it measuring n part« on any convenient scale of equal divisions, and 
n parallel to AC, at a distance from it equal to m purts on the same 
scale. These two lines intersect in o ; and AFo is evidently the com- 
mon element of a pair of cones which will roll together with the re> 
quired velocity ratio. 

Or, the cone APF being given, it may be required to find another 
which will roll with it, the velocity ratio being also assigned as above. 
In that case draw xx as just ex- 
plained, cutting AP in o; then 
about aa centre, describe an arc 
yy with radius equal to ih parts on 
the scale, and the axis ^C of the 
required cone will Ihi tangent to 
this arc as shown. 

132. Now in Fig. 77, let the axes 
AB, CD, cut each other obliquely 
at V, thoangleof inclination being 
given and the velocity ratio as- 
signed. Drawing ara; and 22 as tic- " 
scribed in the preceding article, Vo is determined and ■ 
constracted. 
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It is to be noted in this case, that these surfaces are tangent along 
the single line oVl; and that if ono shaft be carried past tlie vertei, 
two pairs of frusta may be used at once, cut from oppostto nappes of 
the cones, as £, F, and G, H. These two pairs may be equidistant from 
the Tertex and therefore exactly alike, as shown ; or either pair may 
be placed nearer the Tertes if desired, as they roll together without 
any interference, with the same velocity ratio, and as iodicated by the 
arrows, with the aime directional relation. 

133. In this instance the lines zr, zz, are drawn within the acute 
angle formed by tlie intersecting axes. But in Fig. 78, they are 

,2 drawn within the obtuse an- 

gle, the inclination of the 
axes and the velocity ratio 
being the same as before. 
The result is a different pair 
of cones : tho velocity mtio 
is tho same as in Fig. 77, by 
construction ; but tho direc- 
tional relation ia changed. 

Also, the opposilo napiies 
of these cones intersect each 
other in such a way, that 
Fin- 'S- though under the condi- 

tions here assumed one shaft can bo curried past the vertex, and two 
pairs of frusta employed at once if desired, they cannot I>o jilaced at 
equal (tiatancea from the vertex : the wheels, therefore, will not he 
alike, but ono pair must be larger than the other in order to avoid 
interference. 

134. But it may not he possible to nse two pairs at once, whatever 






their distances from the vertex. Thus in Fig, 79, the cones being 
constructed so as to produce an assigned velocity ratio and also an 
assigned directional relation, it is clear that neither shaft can be o 
ried past the other wheel. 
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hgm, it is to be obaerred that in all theao cases the taogeDcy ia 
titernal : and it obvionsly always will be when the common element 
lin within the ocate angle formed by obliqaely intersecting -ases. 
Bnt when it lies within the obtnse SDgle, it may happen, ns in Fig. 
80, that one cone shall touch the other internally. Or, the common 
eloneDt may be perpendicular to one of the axes, as in Fig. 81, the 
pilch cone d^enerating into a plane. 

ISB. ThoB far the axes have been supposed to cut each other 
obliquely ; and whateyer the forms of the piteh surfaces, it will be 
noted that in each they are tangent along one line only. Wo havo 





yet to consider the case in which the axes are perpendicular to each 
other, as in practice they are, more frequently than otherwise. And, 
as shown in Fig. 82, we are confronted by the singular circumstance 
that the pitch cones are tangent along imo clemente, or, mn. G'ho 
fmstnm J? can then roll simultaneously with the fmsta F and O, 




cnt from opposite nappes of the other cone, but these t\ 
to M along different lines, and conseo"'">H" they will 
site directions. Eqnal and oppod' ^hoti, 
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cannot, of conrsG, be aimultaneonBly employed : bnt either of the 
ahaf ta can be carried past the vertex, and the tinequal pairs of wheels 
cut from the opposite nappes, being tangent along the same line, will 
have the same directional relation. And, as ahown also in Figs. 83 
and 81, this directional relation is optional, since either of the two 
common elements of tho cones may be eetected as the line of prag- 
matic contact. 

136. In the case of internal tangency, eqnal fmsta of the opposite 
nappes of tho hollow cone may be combined in a single wheel, as 

shown in Fig. 85. Here the fmsta 
F and H are formed in opposite sides 
of a solid ring, which is carried by 
arms LL, so curved as to avoid 
interference with the wheel G", wliich 
engages with H, and is fixed on the 
-^ same shaft with E, engaging with 
F. By this arrangement,* the forces 
transmitted act upon the large wlieel 
in the manner of a couple, in oppo. 
site directions, on opposite sides of 
and equidistant from the axis AB • 
Fia. gs. thus relieving the bearings from side 

pressure. 

137. Wo find, then, that whatever tho angle included between the 
axes, it is always possible to construct two pairs of cones, rolling to- 
gether with the same velocity I'atio, but having different directional 
relations, and we are at liberty to employ whichever may best serve 
the purpose to be accomplished. 

The cones can always be determined when the axes, velocity ratio 
and directional relation are given, by tho process described in (131). 

Another method, differing slightly in detail, ia shown in Figs. 86 
and 87, which alsn illustrate the following property, viz : that if dis- 
tances be set off on tho axes from the point of intersection, directly 
proportional to tho angular velocities, and tho parallelogram com- 
pleted of which thoso are the adjacent aides, the common element 
will lie in the direction of the diagonal. 

Thua let v' the angular velocity about AB' bo represented by VL, 
and f ', that about CO, by VM, then VP will be the common element 

For, draw Pi> perpendicular to .^5, P5 perpendicular to CQ, and 
join DB. Now VP. divides the parallelogram ML into two triangles 

■ Which was fint suggested b^ Mr. U. A. Benton. 
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vhich ire rimilar to eacli other ; and also to DPE, becanEO a circle 
vill go round YEPD, in which the angles DEPt D 7P, stand on the 





**iiK arc, and are therefore eqaal. For a like reason the angle EDP 
« eqoal to EVP, which is eqnal to VPL. Tlion if VP be the com- 
mon element, wo have 



PE 
PD' 



LP 



YL 



It the angle between the axes be acute, it mur bo better to set off 
fZ representing v, and then to draw LP pnmllcl to CG, and of a 
length representing »' on the same scale ; tlma avoiding the uncer- 
tainty arising from attempting to locate P by nn acute intersection. 

In these two diagrams the inclination of Ihc axes, and the Telocity 
ratio, are the same, but the directional relations arc unlike. Conse> 
i]aently FJf has the same ratio to I'T^ in both cases, but issctoffso that 
in one diagram the angle J/TX is acute, while in the other it iBolitnsc. 

138. Telodty Batio Varying.— In Fig. 88 let E, F, \k two pins 
fixed in the sphere whose centre is 0; 
let EFP be a loop of fine inextcnsl- 
ble thread, passing around the pins 
and a marking point at /'. Then as 
P is moved along, the thread being 
kept always taat and in contact with 
the sphere, it wilt trace the curve 
APBH, which iathc sp/ierualfllipsf. 

Evidently, EF, EP nad FP will 
always be arcs of great circles ; and 
since the part EF of the thread is 
always the same, and always idle, 
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while the total length is invariahle^ this curve may be defined as the 
locus of the vertices of a series of spherical triangles, of which the base 
is common and the sum of the other two sides constant. This sum 
will be equal to the major axis AB ; now let AD be the major axis of 
an equal and similar curve tangent to the first at -4, of which O and 
H are the foci : then BD will be a continuous arc of a great circle, 
and EHviiW be equal to AB ot AD. 

Next, let these two curves be taken as bases of cones whose com- 
mon vertex is 0, the centre of the sphere : then they will be tangent 
to each other along the element OA, and they will roll in contact 
about OJS^and OH as fixed axes. For, let AP, AR be any equal arra 
of the two spherical ellipses ; then we shall have 

PE=:RG, PF^RH, 

whence, 

PE -{- RH=z PE -{- PF^ ^EH\ 

consequently the points P and R will meet on the arc DABy or in 
other words, the common element will always lie in the plane of the 
axes. 

139. We have, then, a pair of non-circular cones, capable of rolling 
in contact about fixed intersecting axes, with a varying velocity ratio, 
and forming the pitch surfaces of what may be properly called Ellip- 
tical Bevel Wheels, since their bases, as thus constructed, are spheri- 
cal ellipses. But though these curves are easily traced upon the sur- 
face of a sphere in the mechanical manner above described, it will be 
found practically more convenient to employ others, which may be 
constructed as follows. Referring to Fig. 88, it is seen that the sides 
of the spherical triangles are the measures of the faces of a series of 
trihedral angles whose common vertex is 0. Join with the 
centre Cof the spherical ellipse; then a plane perpendicular to 00 
will cut the edges of these pyramids in points readily determined, and 
the problem of finding the plane base of the cone resolves itself into 
the construction of a number of trihedral angles, of which one face is 
common and the sum of the other two constant. The base thus found 
will not be a true ellipse, but it will closely resemble one, and evi- 
dently will be symmetrical about two lines at right angles to each 
other. 

140. The processes of constructing one of the trihedral angles in ac- 
cordance with the above conditions, and of determining by means of 
it a point in the required curve, are illustrated in Figs, 89 and 90. 
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TheliaeeOE, OC, 0^, of Fig. Sdcorrespond to those eimilarlj lettered 

in Fig. 88 ; they all lie in the hon- 

lOQtal plane, and OE is perpeadjcn- 

]u b>OL the gronnd line. EOF, 

tbcn, is the common face of the tri- 

bedtal angles, bisected by OC. As- . 

nune one of the two remaining faces, 

u EGA, prodncing OA to cat OL 

ia A. Subtract this assumed face 

from the given constant snra, thna 

detennining the third, which lay off 

inthe horizontal plane as^O^, mak- 
ing OB cqnal to OA. 

Draw SS perpendionlar to OF, 
prodaco it to cat OL in p ; erect 
pp' perpendicnlar to OL, and of ""■ ^ 

tlcDgth equal to the altitude of a right-angled trtanglo of which IIP 
is the base and HB the hypothenuKO : then p is the horizontal and p' 
'8 the vertical projection of the point where li will fall in the lortical 
plane if OB ia revolTcd about OF. 

Also, if OA be revolved about OE, A will describe a circle in the 
Tortical plane ; which will pass througJi p', because OA = OB ; 
hence OP la the horizontal and Ep' is tJio vertical projection of the 
third edge of the trihedral angle required. 

141. Now let JfJV" be a plane perpendicular to OC; it will cut this 
third edge in a point whose horizontal projection is r, and rV will 
be the vertical projection of a perpendicular lot fall from this point 
to the horizontal plane. 

In Fig. 90, which is a projection upon this new vertical plane Afy, 
the horizontal plane is seen as G'L', and the point r appoara at H, 
the diatance ^5 being equal to r's' of Fig. 80 : the lino OC ap])oara 
as the point C, and land k, the points in which O^and O^are cut 
by ify, are seen as I and K. 

In this projection the required plane base of the cone ia seen in its 
tme form ; as many points aa may be necessary to determine its con- 
tour with precision, being foand exactly as R was, by the construc- 
tion of other trihedral angles. 

142. In Fig. 91, OE ani OH ara the fixed axes of a pair of frusta 
cat from cones of this description ; the estremitiea of the major 
axes of the bases are shown in contact at A, tho plane of the [lapcr 
in this figure corresponding to the plane ODAB of Fig. 88. 

The action is obviously akin to that of two ellipses rolling 



their own plane ; 
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letting fall upon the fixed 
the perpondiculara AM, .1.1 
tlie Telocity ratio iu tlie pn-stii 



5 



& -rif' and at Iho eiic^^ 
AN 



poBition 

of a hulf icvolutioii it will I 

AX 

AM' 

This combination also reset 

bles the elliptical epur-ivheeli 

in liie respect that if these con^ 

ical frusta oveilmng their )>ei 

ings, OS here bhown, a link, 

may be usod to connect wh6t=^ 

it is pro]>or t« citll theirfreefocl ^^ 

the axes of the pina by whiel^^ 

this link ia pivoted to the ■*•'""''. 

of course converging in O th^=^ 

Fio, 01. common vertex. 

143. Any reciprocal limits may be assigned to the velocity mtio - 

and if the anglo between the axea bo also given, the pitch cones idm^^ 

be constrnctfid as follows. 

Let the assigned values of the velocity ratio be 

Off, Fig. 92. be the given axes. 
Draw XX, tz, parallel to the 
axes, and at distances from 
thcim which are to each other 
in the ratio of m to n ; these 
linos intersect at P. Draw PO, 
and lay oft the angle POB 
cqnal toEOII; draw 0(7 bisect- 
ing /*OAf. and from any point 
A gf PO, draw A B per[K'ndic- 
nhir to OC. catting OH in B. 
Then AB may lie taken as the 
major axis of the piano base of ^"i- "■ 

the cone, which from tlicse data can now be constmctcd in tbo 
manner previously explained : for making the angle JIUF et\aai 1 
AOE, wo have EOF the common face, and AOB tbo constant BO^ 
of the other two faces, to be used in determining llie triliiKlml a 
whose edges are the elements of the cone. 
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IM In Fig. 93, the inclinatioD of the axes is the same as in Fig. 
H, but the lioes xx, zz, aro bo drawn that their intersection P fnlls 
within the obtnse instead of la the 
acut« angle : the result being that 
the directional relation is difiFerent. 

From the very natnre of the ease, 

an engaging pair of elliptipal bevel 

wheels must be eqnal and similar, 

and always in external contact. 

And it will be seen that, since the , 

angle subtended at the vertex by the 

major axis of the base, is eqnal to 

that included between the fixed axes 

of rotation, neitlier cone can degen- 

" erate into a plane, until tJiat angle 

^"'- *■ becomes 180°, and the axes coincide : 

"inch less can either he hollow. 

ffe have then alwaya the choice between two pairs of wheels, hav- 
'Qg different directional relations but the same action in respect to 
ttie velocity ratio. 

If the axes be perpendicular to each other, us in Fig, 94, the pitch 
Cones will, like the circular 
Ones Qoder the same condi- 
tiuD, have two common ele- 
ments, either of which may 
be selected as the line of prsg- ■ 
matic contact. 

145. Conical Lobed Wheels. 
— From these elliptical bevel 
wheels, it is possible to con- 
stract conical wheels with 
various numbers of lobes, by 
a process of contraction or ex- 
pansion of angles analogous to that applied to tlic jdanc ellipses. 

Let the elements cut from one of a pair of these pitch eonos by a 
series of radiating planes through the fised axis, be revolved about Ibut 
axis until the dihedral angles between the planes are expanded or cun- 
tracted in any desired proportion. Any part of tlie elliptical cone 
may be thus transformed into a new conical surface, which will roll 
in contact with the one formed by treating in like manner the corrc- 
spouding portion of its rolling mate. 
The bases of these lobed cones will be similar to the outlines of the 
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multilobes derired from the plane ellipses. By applying the process 
of contraction to one half the perimeters of the spherical ellipses^ pairs 
of similar wheels, with any desired number of lobes, may be con- 
structed analogous in form and action to those shown in Figs. 59 
and 61. 

146. It is also practicable to construct conical lobed wheels which 
will roll together in dissimilar pairs, unilobe with bilobe, trilobe with 
quadrilobe, and so on. Eeferring to Fig. 88, it will be seen that the 
dihedral angles PFEy BHO, are equal. Hence if the spherical ellipses 
be such, for example, that the dihedral angles BOA, BHG, are to 
each other as 3 is to 2, the former may be contracted to 90'', and the 
latter will by contraction in the same proportion be reduced to 60° ; 
the result being the formation of a bilobe rolling with a trilobe, the 
bases resembling those of Fig. 02. 

It is sufficient merely to state that by constructing a series of spher- 
ical triangles, as was done with the plane triangles in Fig. 60, a spher- 
ical curve, analogous to the one there shown, may be drawn, by the 
aid of which we can determine the limits of the eccentricity of the 
spherical ellipses from which it is possible to derive such dissimilar 
pairs with assigned numbers of lobes. It may be said, and no doubt 
with truth, that the difficulty of making such wheels would prevent 
their being used under any ordinary circumstances. But it is equally 
true that only extraordinary conditions would require them to be used : 
and should cases occur in which it would be desirable, it is worthy of 
note that very many of the combinations of non-circular cylindrical 
wheels described in the preceding chapter, may be replaced by combi- 
nations of conical wheels nearly identical in their action. 

147. Of these, it is probable that the ones derived as above suggested 
from the spherical ellipse, would be found practically preferable, as 
being the ones most easily constructed, and also as allowing a wider 
range in the selection of the limits of variation in the velocity ratio. 
But the equiangular spiral has also its spherical analogue, which may 
be made the base of a conical surface, capable of rolling in contact 
with an equal and similar one, the fixed axes of rotation passing 
through the poles of the bases and the centre of the sphere upon which 
they lie. 

If from any point on the sphere arcs whose lengths arc in geometri- 
cal progression be set of! successively on equidistant meridians passing 
through the point, the curve drawn through the extremities of these 
arcs will be the one required. 

148. This will be readily seen by the aid of Fig. 95. In the side 
view let 0(7 be a vertical radius of the sphere, and AB a plane tan- 
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gent to it at C. Let C in this plane be the pole of the logarithmic 
tpirat nnilobe shown in dotted outline, ae A MN in the horizontal pro- 
jection. 

Tiie radiants of this spiral which include equal angles, arc in gcomet- 
linl progression ; and planes passing through them and also through 
Of, cnt equidistant meridians 
froni the sphere. On each me- 
ridian set off from (7 on arc 
cqnal in length to the corre- 
iponding radiant of the spiral : 
tbe result vill be the spherical 
cnrre shown in full lines; the 
rertical projection being A'PB'. 
Xow let A' RE be the Torticol 
projection of an equal and simi- 
Ur curve, of which D ia tbe 
pole : the Tcrticai plane being 
that of the great circle contain- 
ing OC, OD, and also the arcs 
ACB", A'DE. It ia then obvi- 
ODs that these currcs will be tan- 
gpn' to each other at A'; also, 
that if A'P, A'Bho equal arcs 
o{ the two, then P and Ji will 
meet in tbe plane of the axes, if 
thecurres revolve about OCand 
OD respectively, aa shown by 
the orrowa. For the angular 
distances of these points from *"'' ""■ 

that piano are tho sumo as in the original i^pirals, which nra known 
to roll together, and by construction the sum of the arcs CP, DR, is 
<}qual to tho arc CD. 

14d. It will be seen, then, that if these curves be mado the direc- 
trices of cones whose common vertex is the centre of the sphere, 
those surfaces will work in rolling contact about OCand OD as lixud 
axes ; and that the velocity i-atio will vary from maximum to mini- 
mum and back again once in each revolution, this combination l)oing 
analogous to that of tho two logarithmic spimlunilobes shonn in Fig. 
53. 

In fact tho piano original AMX is identical with one of those 
unilobes. But the actions of the two combinations, though very sim- 
ilar, are not identical. Dtvi A'S, A'T, perpendicular to 0(7 and 
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ODy the limiting values of the Telocity ratio in Fig. 95 are 

A^S AT, 
AT' A'S' 
while in Fig. 63 they are 

AC _ arc A'C 
• BC' arcB'C 

and 

EC _ arc EC 
AC' arc AC' 

By comparing in a similar manner the values of the velocity ratio 
for intermediate positions, it will be found that neither the limits nor 
the lawB of variation are precisely alike in the two cases. 

160. If the angle COD between the axes be given, and the values of 
the reciprocal limits of the velocity ratio be assigned, the cones may 
be constructed, by processes closely resembling those employed in pre- 
ceding cases. 

Thus, it is evident that OA' must pass through the intersection of 
two lines zx, zz, drawn parallel to OC and OD respectively, and at 
distances from them which are to each other in the proportion of A'S 
toA'T; then CE' = A'D, and the arcs A'C and CE' being rectified 
give AC and CE, whence the original spiral AME may be recon- 
structed, and the spherical curves derived from it as just described. 

Like preceding combinations, too, this might be discussed, with 
reference to the effects of dividing the obtuse instead of the acute 
angles, of placing the axes of rotation at right angles, and in short, of 
assuming any special conditions. It will also readily be seen that the 
bilobes, trilobes, etc., derived from the equiangular spiral and rolling 
in contact about parallel axes, have their analogues in conical multi- 
lobes whose axes intersect. All these matters, however, we shall leave 
the reader, if so disposed, to pursue farther at his leisure : the exam- 
ples already given illustrating sufficiently the principles involved in 
the construction of this class of combinations, which, it is proper to 
add in conclusion, we believe to be a new one. 

2. Axes in Different Planes, 

151. Velocity Eatio Constant. — If a right line revolve about an axis 
in a different plane, the surface generated is the hyperboloid of revo- 
lution. Any normal to this surface will intersect the axis ; it will 
also be perpendicular to both generatrices through the point of nor- 
malcy, since these two elements determine the tangent plane. 

If then a series of normals be drawn through different points of the 
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rerolring line^ they will lie in planes perpendicalar to that line, and 
therefore parallel to each other. They are, consequently, elements 
of one generation of a hyperbolic paraboloid, of which the directrices 
ire the axis and the revolving line, and the plane directer is perpen- 
dicalar to the latter. 

Any plane parallel to those directrices will therefore cut the series 
of normals in points which will lie in one right line, an element of 
the second generation of the hyperbolic paraboloid. 

Now the line thus determined may be taken as a new axis ; and by 
revolring around it, the same line which generated the first hyper- 
boloid will generate another. These two surfaces of revolution, hav- 
ing, at every point of a common rectilinear element, a common nor- 
mal and a common tangent plane, will be tangent to each other all 
ftlong that element 

152. Since these hyperboloids are -warped surfaces, perfect rolling 
contact between them, as has been shown, is not possible under any 
circumstances whatever. 

But they are capable of rotating 
in contact about fixed axes, with a 
constant velocity ratio; and the 
sliding between them is quite dif- 
ferent from that between two tan- 
gent cones or cylinders whose peri- 
metral velocities are not the same, 
in the respect that it is wholly in 
the direction of the common cle- 
ment. And these hyperboloids, like 
the cylinders and the cones, are 
practically used as the pitch sur- 
faces of toothed wheels. In view of 
these facts, it is proper to consider 
their action in this place, notwith- 
standing the imperfection in their 
rolling. 

153. The form of the surface, and 
the manner of constructing it, are 
ehown in Fig. 9G. As the inclined 
line AB revolves about the vertical 
axis, every point in it describes a 

circle in a horizontal plane, whose radius is seen in its time 1 
the horizontal projection. In that projection, the axis appei 
point C, and CD is the common perpendicular of the axis 
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revolving line. Then the point D describes the cirth of the j/or-r/" 
BDE', A describes tho circle of the upper base, FAF; B, that -^ 
the lower base, QBQ, in this case eqnal to FAF, because -1 and ' 
arc equidistant Irom D : and any intermediate point L describes i 
ciitile 00, wlioso radius is CL. In this way any number of points ii' 
the meridian outline GOEFraay be determined. 

The same surface may Iw generated by the revolution about tl'' 
same axis, of another right line MDN; JfiVand AB having tlJfl 
same hnrizontol projection, and being equally inclined to tho plane ct 
rotation, but in opposite directions. 

For tho paths of A and U, also those of B and N, coincide, and /' 
is common to both lines: consequently any two points, one on ki''<' 
line, eqaidistunt from D, aa for example L and P, will describe il" 
same circle. 

154. Through any.point of the surface, then, two rcctilineur de- 
ments, or companion generatrices, may be drawn ; wboso projections 
on a plane iwrpendicular to the axis will he tangent to that of f 
gorge circle on the eamo plane- 
Thus >4/f, tangent at A' in the horizontal projection to the c 
EDE, is the second generatrix tlirough A, In this figure, the 

, cal plane contains the axle ; . 

pierces this plane at /, as dol 
mined from the horiiODtal pi 
tion : and in the vertioal proj 

'^tr-^^^rtw *''"' -^^ '^ tangent at / to 

^ I ^T^vxNv^;^ hyperbolic outline, of which E a 

\ ,1 ,^*w^ *'^^ vertex, and AB and J/A' are 

,)i " ^^^ the asymptotes. 

These two linos, AB and A- 
determine the plane tangent to 
hyperboloid at A : the borinoal 
trace of this plane is tJiereft 
pjirallel to BH; and its vertical 
truce is parallel to AB, since that 

Iline is parallel to tlie vertical ph 
I m \f- j* Consequently AC, perpendii 

'S^ to BH, is tho liorjzontal, 
—-^^^B perpendicular to A B, ie the 
^^^_ cal, projection of the Qormt 

llie surface at A. 
•'■" " 165. Xow in Fig. 

porboloids arc shown in contact, the axca AC awA FE, and the 




i 
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fflon element AB^ being parallel to the yertical plane. In the hori- 
zontal projection the vertical axis appears as the point Cy the in- 
clined one as F'E\ and the common element as A'B'y which at A' 
cats the common perpendicular of the axes, here seen in its true 
length as (7T, into segments A'C, C'Ty which are the radii of the 
two gorge circles. Also CE'E* is the horizontal, and CBE is the 
Tertical, projection of the common normal to the surfaces at B. In 
the vertical projection, the upper bases and the gorge circles will 
appear as lines perpendicular to the axes : the latter intersecting at Ay 
and the former, which in the figure passes through By cutting the axes 
itJfandJV. 

156. Let these hyperboloids revolve about their axes in the direc- 
tions indicated by the arrows. The point A of the inclined surface 
will at the instant move in the direction of the tangent to the gorge 
circle at that point : which being parallel to the vertical plane, this 
motion may be represented in magnitude and direction by AUxn the 
vertical projection : and it may be resolved into the components, AS 
in the direction of ABy and AO perpendicular to that line. 

Considering the inclined hyperboloid as the driver, the rotation of 
the vertical one will not be compulsory, because the contact radii are 
constant. 

But the common element may here, as in the cases of the cylinders 
and the cones, be regarded as the line of contact of teeth formed upon 
the two surfaces, so that AO would be the noi-mal, and AS tlie tan- 
gential component otAH; because -4 J9 would necessarily be a line 
of the plane tangent to both teeth at A. Therefore the resultant 
motion of that point of the vertical hyperboloid (whose direction is 
tangent to the larger gorge circle), must be of sucli magnitude, A L, 
as to have the same normal component A 0, the other component 
being AT'm the line AB. 
167. Now let V = ang. vel. about FFy 

v' = " '' '' AC; 
then 



(1). 



AfT 1 




* - A'l' 


V AH A'C" 


, AL 


"' v~ AL ^ A'i' 


*'=^'C' 





But from similar triangles AHL, AGE, 

AH_ AF^ 
AL ~ AC ' 
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and by the principles of projection, 



A'C EC 


BC 


AT ~ ffE 


~ BE' 


Substituting in (1), 




V AE BC 
v' BE^ AC • 


...... (a). 


From similar triangles ABC, ABM, 




AE AB 




BE~ BM' 




id from similar triangles ABC, ABN, 




BC BN 




AC~ AB '. 




Substituting in (2), we have, finally, for the velocity ratio. 


V By 


• 


v' ~ BM ' 





That is to say, the angular velocities are to each other in the in- 
verse ratio, not of the perpendiculars let fall from any point of the 
common element upon the axes, but of the projections of those per- 
pendiculars upon a plane parallel to both axes and the common 
element. 

168. Supposing the axes to be given in position, then, and the 
velocity ratio assigned, the inclination of the common element is 
found exactly as in the case of intersecting axes : two lines, xx, zz, 
are drawn parallel to AC and AB, at distances from them which are 
to each other in tha inverse ratio of the angular velocities about those 
axes respectively ; and AB must pass through their intersection P. 
Then drawing CE perpendicular to AB, it is the vertical projection 
of the normal, therefore the horizontal projection of E must be at ^ 
on the horizontal projection of FE ; and projecting B to B' on C'E, 
we draw J?'j4' parallel to F'E\ thus determining the horizontal pro- 
jection of the common element and also the radii of the gorge circles, 
A'C and AT : whence the surfaces may be constructed as before 
described. Or, if for example the vertical surface be given, and it 
be required to find the other, the velocity ratio being also assigned : 
then, knowing BN and its ratio to BM, the length of the latter may 
be found, and with that as radius, an arc is described about B as 
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Kutre. The Tertical projection FE ot the second axis is drawn 
tiroogh A, tangent to this arc The Tertical projection ot the nor- 
mil at B, is CB perpendicular to AB, and it cata FH in £, whose 
liDrizontal projcctioa must therefore be at ^' on the prolongation of 
CffjOaA F'E" parallel to ^'£' is the horizontal projection ot the 
uis of the re<|aired sartaoe. 

IM. Id Fig. 97, the common clement lies between the axes, and 
(be two enrfacea touch other cster- 
nallr. But if one be larger than 
the other, the smaller one may be 
placed 'within it, and that in ajich 
> position as to touch the larger 
iloDg a line of the concave snrface. 
ThoB, in Fig. 98, the same pair of 
I hyperboloids as in the preceding 
figures, are shown in this new rela- 
tion : the demouBtration of the ve- 
Iwitf ratio applies, it will be seen, 
without any change whatever, but 
tile directional relation in the two 
Cases is different. The surfaces are 
tangent along an element of the 
ume generation as before, but it 
DOW lies on the same side of both 
axes. 

It will bo obserred that in the 
case in which the vertical hyper- 
boloid and the velocity ratio arc 
given, FAE is drawn tangent to 
the same circle, described about B 
with radius BM, but on the side opposite to that selected in Fig. 07. 
Also, that in the other case, where the two axes and the velocity 
ratio are given, the lines xx, zz, are so drawn that their intersection 
P lies in tlie obtnse angle formed by the axes, instead of in the acute 
one as in the preceding figure. 

160; In the above determination of the velocity ratio, the motions 
of the coincident points of the two gorge circles were selected merely 
because they were the most convenient ones for the purpose. It is 
evident that the angular velocity of every point in either surface about 
its axis must be the same. The motion of the line AB of the vertical 
rarface is one of revolution about ^r7; and JX being the linear ve- 
locity of A, erery point in AB mast have a component motion along 




82 BATE OP SLIDING.— TEAN8VERSE OBLIQUITY. 

that line equal to A T, and in the same direction, as shown in Figs. 8 
and 9. And in revolving about J^E, the motion of every point of 
AB must have a component in the direction of and equal to AS, 
since AH is the linear velocity of the point A in the inclined hyper- 
boloid. 

The action of the combination, therefore, consists in rolling, com- 
bined with a sliding in the line of the common element, which is rep- 
resented by ST, the sum or the difference, as the case may be, of 
AS and AT. 

The rate of sliding, then, is at any instant the same at every point 
of contact ; but as the linear velocity of each point depends upon its 
distance from the axis of the surface upon which it lies, it is evident 
that the pToportion of the sliding component to the perimetral veloc- 
ity will be greatest at the gorge, and diminish as the point under con- 
sideration recedes therefrom. 

161. Although in Figs. 97 and 98, the hyperboloids, in order to save 
space, are limited by the gorge planes, it is obvious that they may be 
extended to any distance on both sides of those planes, and will bo 
tangent from end to end. But practically, as in bevel gearing, com- 
paratively thin frusta only of the pitch surfaces arc used ; and their 
location is optional within certain limits in some special cases here- 
after to be noted. Thus in Fig. 99 the surfaces are in contact all 
along the line mn ; and we may use either of the three pairs of frusta 
A and B, and D, E and F, or any two or all three pairs at once : 
and the steadiness of the motion will practically be greater when two 
pairs equidistant from the gorge planes are employed. 

162. Transverse Obliquity. — The plane tangent to the hyperboloid at 
any point is determined (164) by the companion generatrices through 
the point. If a meridian plane be passed through the same point, it 
will cut the tangent plane in a line tangent to the hyperbolic outline 
at that point : and the angle included between this lino and either 
generatrix is the measure of what is called the transverse obliquity^ 
or sketOy of the teeth which must be used in practice. 

As before mentioned, teeth which work in line contact ultimately 
reduce to rectilinear elements of their pitch surfaces. But when they 
are of sensible magnitude, there is one instant in the action of each 
engaging pair, when their line of tangency coincides with the common 
element of the pitch surfaces. When those are cylinders or cones, the 
common element lies in the plane of the axes : this is impossible in 
the case of the rolling hyperboloids, but the less the departure from 
that condition, the more advantageous will be the action. And this 
transverse obliquity, which measures the inclination of the generatrix 
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to the meridian piano at any point, is obviously greatest at the gorge, 
BDcI diminishes as the element is extended, which is another reason 
for employing, when the circumstances of the case admit of it, frusta 
at some distance from the gorge planes. 

Beferring to Fig. 9G, it will bo seen that the transverse obliquity at 
the gorge is measured by the angle TDA in the vertical projection. 
That at A is half the angle between AB and AH; to construct it, de- 
scribo with radins the true length of AB (seen in the vertical projec- 
tion), arcs about ^ and H in the horizontal projection, where J9// ap- 
pears in its true length. These arcs intersect at S on the prolonga- 
tion of CA ; and CSB or CSH is the required angle. 

163. Now since, when the axes are given in position, the angle 
between their projections on a piano parallel to both is divided, in 
order to produce any assigned velocity ratio, precisely as though the 
axes intersected and the pitch surfaces were cones, it will bo seen that 
in every case the problem admits of two solutions. That is to say ; 
with any given pair of axes, it is possible to construct two pairs of 
hyperboloids, having the same velocity ratio, but different directional 
relations. 

The cone is, in fact, but the limiting form of the hyperboloid, in 
which the radius of the gorge circle becomes zero : and all the pecu- 
liarities which have been pointed out as resulting from special condi- 
tions with intersecting axes, will be found to have almost their exact 
counterparts under analogous circumstances when the axes lie in 
different planes. 

164. Thus, when the projections of the axes cut each other ob- 
liquely, we may divide the acute angle, as in Fig. 07, and the resulting 
hyperboloids arc externally tangent : a comparison of Fig. 90, which 
represents the same pair of surfaces, with Fig. 77, will clearly show 
the close resemblance between the two combinations. 

If the obtuse angle bo divided instead, one hy])erboloid may bo 
internally tangent to the other, as in Fig. 08 ; which condition of 
things is at onco seen to correspond to the case of a cone rolling 
within a hollow one, as shown in Fig. 70. 

But whether the axes intersect or not, it does not follow tliat the 
phenomenon of internal tangency will always occur when the obtuse 
angle between their projections is selected. This, in relation to coni- 
cal surfaces, was illustrated in Figs. 78 and 70 : and the truth of it 
in regard to the surfaces now under consideration will be evident on 
examination of Fig. 100, in which the relative positions of the axes, 
and the velocity ratio, are precisely the same as in Figs. 07 and 00, 
the only difference being in the directional relation. This, as above 
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alated, is line to t.ho divieion of tlie obtiiao instead of the aoate ani 
but tlie taiigciicy of tlie pitch surface ia Btill externul, aa it alwaj^s 1 
be if tlio ncuto angle be divided. 

165. And fhis ligurc calls attention to another point of gimiloj 
between itie cone and the hyperboloid. The latter, although al 
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face of one nappe, is divided by the got^ plane into two parts, w 
relations are very like those of the opiiosite nappes of the cone. 
Fig. 100, it witl be observed that tlie shaded frustji, //and D, mii 
be esteiided to the gorge planes. Not beyond, liowever, bccunso I 
extension G of the inclined enrfuce will intersect thu frustum J 
the vertical one, and F, the extension of the latter surface, will ii 
Beet // : a condition of things very similar to that In Fig. 78. 

Equul and opposite pairs of frusta, then, cannot be used in j 
case ; nor yet can we employ a jmir like the central one of Pig, j 
of whicli the mid-planes are the gorge circles. But if H aaA f 
verj- near the gorges, and very thin, it will be possible to carry I 
inclincii shaft past D, and to use at the same time another ] 
and F; if they bo sufficiently far from the gorge planea to c 
the first pair. 

166. Again, it may happen that when the projection of the e 
mon element lies in the obtnse unple, it shall Ijo perpi'Ddicular la a 
projection of one of the axes. This case, shown in Fig. 101, 
the remarkable feature tiiat the pitch hyperboloids retain their Hd 
ing forms, the one remaining a cone, tho other h plane. 



UEOEKZKA.TBD HYFEBBOLOIDS. 85 

It will be seen that the common element AB intersects at A the 
locliued axis FE, by levoWing aroand which it generates the cone, 
•4BL: while in revolving , 

about the Tcrtictil axis, the 
Jioitits A and B describe the 
circles whose radii are CA', 
i^IS', in the horizontal pro- 
jection. 

The determination of the 
Telocity ratio will be most 
cooTeniently made by con- 
Eidering the motions about 
the axes of the two points 
which fall together at B. 
The motion of the point 
which belongs to the piano 
hyperboloid, may be reprc- 
Eented by B"!!, perpendicu- f™. loi. 

lar to CB' in the horizontal projection ; and it may bo resolved into 
the components, B'T'm the line of tho common clement, and BO 
perpeodtcnlar to it. 

Kow BO is tangent to the circle described about the inclined axis 
by the point which belongs to tho cone, and therefore represents its 
resnitant motion, which has no component along A'B', 

167. Then as before, let 



(i). 




,. 


= ang. vci. about inclined axis, 


«' = " " " vertical " , 


and we have 


BO^ 
. BH 

Vr J 


. f BO BC 
" V BII BX 


But from similar triangles IJ'O//, B'A'C, we liave. 


7/0 AD' _ A3 


nil BV' liV" 


since A'B' 


Subetitcting in (1), 

V _BA 




»■ BN • 
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As in the other cases, then, the velocity ratio ilejtends entirely 
the projections of the axes aai the common element on a plune ^ 
allel to nil three, and the singular circiimet,aiice rcsnlts thut the a 
iar velocity of the cone is not aflcctod by the lateral Eepimition of I 
ases or the reaalting viirlutiou in the diameter of th<! perforated t 
with which it works in contnet.. 

Tho sliding component B'7' i 
ponds wholly upon the rcvolntioi 
AJi about tho vertical asis, i 
since it must be the same at etj 
point of the moving line 
to the linear velocity is gn>nti's| 
the vertex of the cone, cliiuini 
as wu recede from that point. 

168. finally, In the case in whj 
the projections of tlie axes intcif 
each other perpeudicniarly. 
Fig. 102, it U seen that the ] 
hyperboloids arc tangent to i 
other along two uloments, 
the cones under tho same circ 
Btancea. 
nn. lot. These elements, m», op, arenO^ 

sarily the comparinn generatrices, and evidently tend to estafcl 
the same velocity ratio, but different directional relations. Eitha 
them may be made the lino of p 
matic contact, and at the Umi^ 
shown in Fig. 103, n frustam i 
one hj'perboloid may work in i 
tact with two fruBt-T, A and CM 
opposite sides of the gorge plai 
the other. But this combiiisl 
could practically be nsed only a 
arrangement of friction gcarinj;,! 
wheels being parts of tho pitch d 
faces only, for teeth of sensible magnitude must Ijo disposed idI 
direction of a generatrix, common to the engaging frusta; now 
and are tangent along one line, li and A along another, and J 
te^th of B cannot slope both ways at once. 

169. Evidently this double tangency prevents in thia case 
use of frnsta whose mid-planes ore the gorge circles, as well a 
and opposite pnii-s. But pairs on opposite sides of the gorge plj 
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mav bo used, tiavrng the same common element, and therofore )lio 
samo directional relation, if they bo placed at diflcrent distances from 
those planes. Either line of contact may he selected, so that bh intlio 
case of tlio cones the directional relation is optionul. The resulting 
<-onibinations are shown in Figs. 104 and 105 ; eomparing these with 
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FtgB. 83 and 84, the analogy between the cone and the hyperlwloid, 
considered iia the pitch surfaces of wheels, will be mo§t clearly seen. 

170. It may Ix) remurkod that fruslji of these hyperboloida can be 

employed in the manner of friction gearing. When this is to l>e done 

^^e frusta are preferably placed at some distance from the gorge 

; for tho curvature of the hyperbola (liminishes so rapidly ne it 

•desfrom the vortex, that it very soon becomes almost inappreciable. 

mseqtiently, if at tho mid-planes of the frusta thus located cones be 

nwn tangent t« tho hyperboloida, fmsta of these cones may pructi- 

dly be employed. It ia hardly neceasary to repeat that since the 

lion of the motion depends wholly upon the adhesion 1)C- 

nroon the surfaces in contact, no absolute dependence can ho placed 

»on the constancy of the Telocity ratio, and it may Iw noti-d that, 

e in order to secure euch adhesion, it is necessary to press thosur- 

El together with considerable force, un amount of friction is tlius 

linted in the bearings, go great that it may be queationed whether 

Mch gearing has in many cases any advantage other than that of 

original simplicity and possibly in freedom from noi»3 at high vcloc- 

itj«, over toothed wheel-work ; which latter wo will now proceed to 

HacasB. 



CHAPTER VI. 



1. Classification of Toothed Gearing. 

8. Spur Wheels.— Epicycloidal Teeth, Outside Gear, Generation of the Outline- 
Pitch, Angles of action, Backlash, Clearance, Approaching and Receding Ac- 
tion. — Interchangeable Wheels. — Size of Describing Circle. — Rack and Pinion. 

8. Inside Spur Gearing. — Intermediate Describing Circle. — Limiting Diameters 
of Generating Circles; 



1. The Different Varieties of Gearing Clasfdfied. 

171. It has been pointed ont, that when a definite velocity ratio is to 
be maintained; the pitch surfaces previously discussed are unsuitable 
for the transmission of rotation, on account of their liability to slip 
upon each other ; and we propose now to consider the forms of the 
teeth which in practice must be employed in order to prevent this 
slipping. 

But it is desirable first to gain clear ideas of the general nature of 
the various kinds of toothed wheels in use, and of the peculiarities 
upon which their classification is based. 

172. Not only may the axes of a pair of engaging wheels have dif- 
ferent relative positions, but the teeth themselves may be of different 
kinds, and act upon each other in different ways ; for example, the 
mode of action of a pair of screw-wheels is quite dissimilar in its in- 
trinsic nature from that of a pair of skew-bevel wheels, although the 
relative positions of the axes may be the same in each case. There 
are, in consequence, six varieties or classes of toothed gearing to be 
met with in practice, viz : 

1. Spur Gearing. 4. Twisted Gearing. 

2. Bevel Gearing. 5. Screw Gearing. 

3. Skew Gearing. C. Face Gearing. 

173. Regarding this matter from a new point of view, it is seen that 
the teeth of engaging wheels act upon each other by contact what- 
ever their number. If then that number be indefinitely increased, the 
size being correspondingly diminished, the teeth will ultimately be- 
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ftirnf, in gencrol. mere lines, or clcmentsur surfaces iu contacl. The 
nlniite motions of these eiirfaooa will Iw tho sumo ss tbu^e of (lie 
fliirls from which they aro thos derived, their forms and dieposition 
'lipcnJiiig oil the imture of the eluss of gearing to which those wheels 
"ngiiiallj ln-1'Higwi : these are tiie i>iteh eurfoces, whose notion in 
Hime coinhioations has already been investigated. For the liorposo 
[if crimparison, and to illustrate tho distinctive features, a pair 
of whwls of each class, and also their pitch surfaces, are shown in 
(■V lOfi to III, ineluaire. 
174. Ill thQ first three classes, tho enfraging teeth, which aro bounded 




raled 8nrfa«e«, touch each other iilongnght lines, and bythepTocesa 
»e indicated they are reiluccd to rectilinear elements of tho pitch 
\, which hy the mode of derivniion must be tjioj^nt all along a 
^t Uue. As already stated, thii axes of spur wheels aro parallel, 
3 thdr pit«li surfaces are cylinders ; the axes of bevel wheels inter- 
, and their pitch snrfacea are cones whoso common vertex is the 
fnt of ini»r9«;tion : the ases of skew wheels lie in different planes, 
1 tli«r pitch aurfacca are hyjierboloids. 
1170. liCt us now suppose one of a pair of engaging circular wheels. 
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l^elotiging to eitber of theso tlireo cliis»!e, to \tQ iitiiformly twisted < 
its axis, each succeMivo irauHvcree plune bc-ing rotutod tlirougt^: 
grtaU'T anglo than Uie preceding otio ; then the other wh^l of )' 
pair will receive a corresponding twist, as will be reaOily undent 
by liio aid of Fig, 109. Ii will hereafter W ebowti that tlic t*r 




wheels tlius formed will gear together «s well iib before, and in a 
Btautially tho eamc manner. The teeth are now distorted into a 
facos of a helicoidsl nature, nud by tlto above process of indfifinitflSI 
division, they reduce to helical linos. 

Bnt it is to be noted that these linos lie upon snrfaces which are 
tangent along a right line, whether the lues are parallel, interecotinir. 
or neither. And it will also be seen that whaf«vor of Bcre«r-lil(e 
action may be involved in their motions, tends only lo cause preseare 
in the direction of the common element of tho [litch snrfaces, and 
hna nothing lo do with the transmission of rotation. 

176. In Ihese respects there is a niarlced distinction between theeo 
twisted wheels, and those belonging to the next class, of Screw Oear- 
ing properly ho called ; although they are frequently confounded % 
each other. In all the lutter, the tooth, it is tme, ureulsoo 
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form, and reduce to helical lines : but these helices lie upon cylinders 
whose axes are in different planes, and the pitch surfaces therefore 
tonch each other in a single point only, iloreovcr, as illustrated by 
the familiar combination of the " worm and wheel," it is the screw- 
like action alone of one wheel upon the other, by which the rotation is 
transmitted in that class of gearing. 

177. Pace Gearing is not much used in modern machinery ; the 
name is deriyed from 
the fact that the 
wheels were usually 
formed with teeth 
consisting of turned 
pins projecting from 
the faces of cir- 
cular disks, as shown 
in Fig. Ill : a mode 
of construction well 
adapted to wooden 
mill work, and to 
that only. In the 
case illustrated here, 
the axes are perpen- 
dicular to each other ; 
but turned pins may fio. in, face oearino. 

be inserted in other surfaces than planes, and in this way such wheels 
can be made to work together when the axes have different relative 
positions. All these may be properly said to belong to the same 
class ; of which the distinguishing features are, that whatever the 
relation of the axes or the general forms of the wlieels, the teeth are 
circular in their transverse sections, touch each other in a single 
point, and ultimately hecornQ points in the circumferences of circles 
which are in contact. The reason of this last peculiarity is, tliat an 
increase of the number involves a diminution of the length as well as 
of the diameters of the teetli, so that at the limit tlioy vanish alto- 
gether : whereas, in the other classes of gearing, the length of the 
teeth is not affected by any variation in the height or thickness, 
and they reduce to lines. Face wheels, then, have no pitch 
surfaces projierly so called, although in constnicting them, surfaces 
of some kind must be provided in which to secure the teeth or pins. 

178. The following table exhibits in a convenient manner the pecu- 
liar features of the different kinds of gearing above mentioned : the 
teeth, of whose linear elements the forms are given in the lost column, 
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being SQppoeed to bo of sensible magnitude, in order that the circnlar 
sections of those in the sixth class may be kept in yiew. 



OU™ OF OIABINO. 


-^%^— 


„™-.™.™.. 


XLtxnm OFTim. 


1. Spur. 


PusUel. 


Cylinders. 


Rectilinear. 


3.BBTEL 




Cones. 


Bectilinew. 


8. Skew. 


InDiflerentPlMiM. 


Hyperbotoids. 


Rectilinwr. 


4. Twisted. 


Anj. 


Either. 


Helical 


6.SCBEW. 


In Different Pknes, 


Cylinders. 


Helical 


6. Face. 


Any. 


None. 


Cireiik^. 



2. The Teeth of E^urWlieek. 

Epicycloidal Sjfstem. 

179. Genentioii of the Tooth OatUne.— In Fig. 113, let (?, Z) be the 




centres of the pitch circles LM, RN. Tangent to these at A, is t, 
smaller circle whose centre is 0. Sappose all the centres to be fixed, 
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tben the three circles can move in rolling contact, with eqnal linear 
Telocitiea. Set off from A the three equal arcs A B, A E, A P. Suppose 
a marking point fixed originally at A, in the circumference of the 
'flnaller circle ; then while this travels to P, it will trace, with refer- 
once to BX, the curve BP, and with reference to LM, the curve EP. 
TSow the relative motions of the circles are precisely the same as 
though the smaller one, which carries the marking point, had rolled 
upon the outside of BN, and upon the inside of LM, regarding these 
two as fixed hase lines : the curves are, therefore, an epicycloid and 
a hypocycloid respectively ; and AP is their common normal at P, 
because on whichever of the two fixed lines we regard the small circle 
to be rolling at the instant, the point of contact A is the instantaneous 
axis (73), so that the motion of P in either curve is perpendicular to 
AP, If the tracing i)oint go on to P', the arcs AP', AE', AB', 
being eqnal, the resulting curves B'P', E'P', are, clearly, but exten- 
sions of the first pair, and AP' is their common normal, 

180, We perceive, then, that the curves thus simultaneously gener- 
ated are tangent to each other at some point, throughout the gener- 
ation ; that the point of tangency is always in the describing circle : 
and that the common normal always passes through the fixed point 
A, upon the line of centres. 

Consequently these curves are correct outlines for parts, at least, of 
teeth ; if the curved lever ^'j^tum, as shown by the dotted arrow, it will 
drive the other before it, the point of contact following the arc P'PA, 
until E' and B' meet at A', and as the common normal alwavscuts the 
line of centres at the same point, the velocity ratio will be constant. 

181. It is to be noted, that this condition would have been satisfied, 
had the tracing point been fixed, not in the circumference of the de- 
scribing circle, but at a greater or less distance from its centre. And 
it will also be readily perceived, that the tracing j)oint need not bo 
carried by a circle at all ; any other describing curve might have been 
oaedy provided that it were capable of rolling in contact with the 
pitch circles; the point of contact would not travel in a path coin- 
ciding with the describing curve, but the generated curves would 
always have a point of tangency, and the common normal would 
always have passed through A. And conversely, any two curves 
of which these two things are true, can be generated in the manner 
above described. In general, then : The tooth-outlines which act in 
contact, must he such as can he simultaneously traced upon the planes 
of roiatian of the two wheels while in action, by a marking poin} 
which is tarried hy a describing curve moving in rolling contact with 
both pitch circles. 
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By using yarious describing curves, then, an infinite number of 
tooth-outlines may be generated, all of which geometrically satisfy 
the conditions. But many of them are of impracticable forms ; of 
those which are not, none have been more extensively employed than 
the Epicycloid and the Involute, to which therefore we shall at pres- 
ent confine our attention ; and we now proceed to the practical oper- 
ations of "laying out the teeth " of a pair of wheels in outside gear. 

182. Circular Pitch. — Supposing the distance between the centres of 
a pair of wheels to be given, and the velocity ratio to be assigned ; the 
first step is to divide the line of centres into segments having the 
given ratio, thus determining the radii of the pitch circles. The cir- 
cumference of each circle is next to be divided into as many equal 
parts as its wheel is to have teeth. 

The pitch of the teeth is the length of the circular arc measuring 
one of these subdivisions ; or, in other words, it is the distance meas- 
ured on the pitch circle, occupied by a tooth and a space. This pitch 
arc, it is obvious, must be the same on each wheel ; although the 
teeth may be smaller, and the spaces larger, on one wheel than upon 
the other. The numbers of the subdivisions, then, are proportional 
to the diameters of the pitch circles; and a fractional tooth being 
impossible, the pitch must be an aliquot part of each circumference. 

The pitch as above defined is sometimes called the Circular pitch, 
in distinction from what is called the Diametral pitch, which will be 
explained hereafter. 

183. Face and Flank. — The part of a tooth-outline which lies out- 
side its pitch-circle, as D'P' in Fig. 112, is technically called the face 
of the tooth ; and the part which lies within the pitch circle, as 
ET' in the same figure, is called i\\G flank. Usually, each tooth has 
both ; but wheels can be made, and sometimes used to great advan- 
tage, in which one of a pair has faces only, the other one having only 
flanks ; we will consider this case first. 

184. Arc and Angle of Action. — The angle through which a wheel 
turns, while one of its teeth is in contact with the engaging tooth of 
another wheel, is called the angle of action : and the arc of the pitch 
circle by which it is measured, is called the arc of action. The latter 
must, evidently, be at least equal to the pitch arc, in order that each 
tooth may continue in gear until the next one begins to act; and it 
ought in }>ractice to be considerably greater. 

186. Backlash. — The size of the tooth depends, partially at least, 
upon the pitch, since, as above stated, the pitch arc is to be divided 
between a tooth and a space. Practically, of course, the teeth of both 
wheels are made of the same thickness ; hence, were perfect work- 
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Duuiship sttainable, tbe tooth and the Epaco might be made exactly 
equal. Bat since it is not, the space must be made a little wider than 
the tooth ; the difference is called backlash, and shonld be as Email as 
it it practicable to make iL For oar present pnrpoees we may neg- 
lect it altogether, and make tbe thickness of the tooth just one half 
the pitch. 

A Pair of Wheels. — Limiting Case. 

186. In Rg. 113 the pitch and dcscnbing circles being drawTi as in 




the preceding fignre, ictAB, AE, bo the pitch arcs, and -47* an equal 
arc on the describing circle. Then thc/fft-efor the toolih of ^-Vean- 
not be less than BP, since if made of just that height, as shown, con- 
tact id ending at P at the vcn' instant when the next tooth begins to 
act at A. Bisect AB\Xi II, which gives the thickness of the tooth ; 
and draw through H& reversed f.ico similar to BP. 

The conditions are purposely so chosen that this rcvereeil face passes 
throngh P : the case is, tlierefore, a barely possible one. the tooth 
being pointed, and just high enough to make the nngle of act ion eijuLil 
to the pitch angle. 

We found that the face must lie ftf the height BP, in order u sc- 
core this angle of action : drawing PD, which cuts the pitch circle 
in O, wo see that in this case BG is just half the thickness of the 
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tooth. Had JiG bceu greater, OHmwat baTe been loss, 80^ that the 
leveraetl face through // would not have passed throiigli P, but be- 
twoen P aud G, and the case would bare been impracticable, without 
reducing tbe pitch and giving both wheels more teeth. 

But, if BG had been less than half the thickness of the tooth, the 
tooth itself could have been mado higher by extending the face above 
P, or it might be left of the height BP, which would have given it 
some thickness at the top, as in the nc\t figure. 

187. Clearanoe. — The acting flank as EP ; but in order to let the 
teeth of the other wheel pass, thohj-pocycloid is continued to /, mak- 
ing the deptii of tlio spate a little greater than PG ; tbo difference m 
called clearance, and a similar provision is made in tbe other wheel 
by cutting in radially, us shown at A, H, B, a little below the pitch 
circle. The tooth of iJ/is completed by bisecting the pitch-arc AE 
at T, and drawing the cnrves AK, FJ, similar to EL 

1B8. A Practical Case. — Limiting cases like the preceding are to be 
avoided in practice. A pointed tooth is bad, as being weak and liable 
to wear at the top. And even if it he not pointed, the angle of action 
ebould be greater, as otherwise the least wear at the top reduces the 
face below the requisite height, and causes one tooth to quit correct 
driving contact before the nest one properly begins to act. We saj 
correct driving conlocf, for it will be seen that if in Fig. 113 we sup- 
pose oil tbe teeth to be removed except the pair in contact at P, tbe 
face EB would push the flank 7^ out of its way, even if tbe height 
were slightly reduced, but the two acting cni-vea would not bo tangent 
to each other, and the velocity ratio would not remain constant, but 
the speed of the wheel (7 would diminish. 

A reasonable case is shoivn in Fig. 114 ; tbo arc of action in thia 
instance is IJ times the pitch, and drawing the radial line P,% we 
find BG to he much less than J BIf, thus enabling ns to give tbe 
tooth a substantial thickness, PJ\, at the top. 

189. Approaching and Receding Action. — In Figs. 113 and 114, the 
action takes place wholly on one side of the line of centres. If RX 
bo tbe driver (the directions being as shown by the arrows), tbe action 
begins at A and ends at P, the point of contact continually receding 
from the line of centres, in which case AB, AE, are called arciofre- 
OSM, or of receding action. If iJf drive (in the opposite direction), 
the action begins at P, ending at A : the point of contact is always 
approaching the line of centres, and AB, AE, are then called am of 
approach, or of approaching action. 

It has been found by experience that the friction is greater and 
more injurious in the latter case than in the former : 
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ifheels as those under consideration arc used, therefore^ the one whoso 
teeth have faces only should always driyc. 

190. But even then there is one drawback^ which will be understood 
by reference to Fig. 112. The longer the arc of action, tlio longer the 
iaceof the tooth, and the greater the obliquity of the lino of action, 
that is, its inclination to TT, the common tangent of the pitch cir- 
cles. Now the pressure, as well as the motion, is transmitted in the 
line of action, and the greater its obliquity, the greater will be the 
component of pressure in the line of centres, tending to cause friction 
and wear in the bearings. 

The amount of sliding also increases more rapidly as the point of 

C 




• Fio. 114. 

contact recedes from the line of centres, so that upon the whole such 
wheels are better suited for use in light mechanism where tlie teeth 
can be made small and numerous, and smoothness of action is impor- 
tant, than for the transmission of heavy pressures. 

Teeth with both Fen {a and Haul's. 

191. It will now readily be seen that by using another describing 
circle on the other side of the point of contact of the pitch circles, 
thus giving both faces and flanks to the teeth of each wheel, two 
things will b9 accomplished : a given angle of action may be secured 
with shorter faces, and therefore with less sliding, and this angle will 
be divided into an angle of approach and an angle of recess, thus en- 
abling us to use either wheel as the driver. 
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If a trheel has both to drive and to follow, the arcs of approach and 
of recess may be made equal or nearlj so, but if one wheel of a pair is 
always to be the driver, it may be desirable to make the arc of recess 
the greater, in order to rednco the amount of the more detrimental 
friction. 

192. The constmetioD is shown in Fig. 115 ; all that relates to the 
face BP for RN, and to the flank EP for LM, is precisely the same 
as in Fig. 113, and the lettering being made so for to correspond in 




the two diagrams, no further explanation is needed in reference to 
those curves. To complete the teeth, another describing circle is 
used on the opposite side of the pitch circumferences, which generates 
the face OFior Zif and the flnnk OK for RN. 

If we assume the arc of action on that side of CD, as for icstancc 
AF or AK, the possibility of securing it with a given number of 
teeth is at onco ascertained by making tlio arc AO equal to AFy and 
drawing OC to cut LM in /. If FI bo less than half the thickness of 
the tooth which is required by the given pitch, or equal to it, the 
construction is possible, the tooth in the latter event being pointed ; 
if greater, it is impracticable. 

Sliould it prove to be feasible, we have only to draw the epicycloid 
OF, which joined to EP completes the outline of the tooth for LM, 
and the hypocyclaid OK, joining the latter to BP, which fioiahesthe 
ontline of the tooth of RN. 
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That is to say, these are the whole of the <ictif^ ontlines ; the 
flanks are, as already explained^ extended to a greater depth in order 
to giTe clearance. 

193. The operation will be readily traced^ as in the diagram the 
acting side of a tooth of each wheel is drawn in two positions, show- 
ing the state of affairs at the beginning and at the termination of the 
acrion respectively. Supposing RN to drire, the action begins at 0, 
the drivei^s flank pushing the face of the follower, and the point of 
contact moving in the arc OAy until the points K and F meet at A. 
The face of the driver then urges the follower's flank, the point of 
contact now traveling in the arc AP^ and at P the action ends. 




We see, then, that the angle of approach depends upon the length 
of the follower's face, and the angle of recess upon that of the drivers 
face : and if these length's be assumed or given, the angles arc easily 
found. For instance, had the length of the follower's face been as- 
signed, as ESy then a circle described about C through S cuts the de- 
scribing circle of that face in 0, determining A the Icnfrth of the 
arc of approach, to which AFan^ ^A'are to be made e(|ual. 

194. A Practicable Example. — The diagram, Fi^r. 115, is drawn 
without regard to practical proportions, the only object being to illus- 
trate the construction clearly ; but in Fig. 110, we have shown a 
feasible case. The cut is half size, and the conditions assigned are as 
follows : 
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Distance between centres, 27 inches. 
Wheels to have eSTand 45 teeth respectively. 
The smaller wheel to be the driver. 
Whole arc of action to be 2S times the pitch. 
Angle of recess to be ^ greater than angle of approach. 
We have, then, 

63 : 45 :: 7 : 5, 7 + 5 = 12, fj = ^J, 
ilso 

2J X 7 = 15i, = radins of larger pitch circle. 
2i X 5 = 11|, = " " smaller " " 



Again, 



2S = 



which is to be divided into parts in the ratio of 3 to 4 ; 

whence, 

3 + 4 = 7, V -=- 7 = J ; 

and 

i X 3 = 11 times the pitch = angle of approach, 
i X 4 = li " " " = " " recess. 



Intercltangeable Wheels. 
196. Inasmnch as the face and the fiank which act upon each other 
generated by the same describing circle, it makes no difference 




whether tbo diameter of the one which traces the other face and flsnic 
be the same or not, in laying out a single pair of wheels, and in Fig. 
115, the describing circles are of different diameters. Bat for the very 
reason just stated, it is clear that if we wish to make a number of 
wheels, any one of which will gear with any other one, we must nse 
the same describing circle for all the faces and all the Banks. 

196. Sira of the Dewribisg Circle. — In making such a set of inters 
changeable wheels, the question at once arises, how large should tiie 
describing circle be ? 






LIHITINO DIAMETEB OF DESCRIBIKQ CIBCI. 

The answer to this depends upon properties of the Iijpocyeloiil, 
vhich are illustrated in the next three diagrams, lu Fig. 117, the 
describing circle is half as large as the pitch circle ; unil tlio gcticrattKl 
curve degenerates into u right line, so that the t^oth, hiiving radial 
flank^i, is comparatively weak at the root. In Fig. 118, the deserih- 
ing circle ia smaller, and the flank curves away from the radium, out- 
wardly with respect to the body of the tooth, as it recedes from tho 
pitch circle, giving a stronger form. In Fig. 110, on tho other hand, 
the describing circle is larger, and the flank cnrves in the opposite 
direction, rendering the tooth both weak and ditlieult to make. 

The safe practical deductiou would scorn to bo, Ihut the dis- 

itur of tho describing circle should not be mora than lialf that 
of tho pitch circle of the Braallost wheel of a a>t. Still, it 
will Im fouud that if it be made flve-cighths instead of ono- 
lialf that diameter, the cnrvatnrc of tbo flunks will not Iw ro great, 
with the cnatoniary proportions ot height to thickness of the t*wth, 
us to make the spaces any wider at the bottom than at the pitch cir- 
cle ; the teeth can therefore be made as usual by menus of a milling 
cntlcr, and a describing circle of tho size last mcDtiuned has been 
employed with excellent results. 

197. In special constructions, as, for instJinoe, in laying out a single 
pair of wheels for which cutters are to Im; made expresj<ly, gwid rcitnlt.i) 
for general purposes may be attained by the nso of two deu^ribing cir- 
cles, the diameter of each being three-oigbths that of tho pitch circle 
within which it rolls. 

However, with a given aro of action, the face is shorter, and tho 

"iqiiity of the line of action less, the larger the <k»cribing oirole. 
lacqucDtly in very delicate mechanism, an, for example, in wutcli- 
rork or clock-work of the finest grades, the udvantagcH tliui gitincil 
may make it advisable to qbc tocth of Ihu fonn dliown in Fig. IIV, 
notwithstanding the difficulty of making tbcm, and their inherent 
weakness ; the latter may be to some extent obviated by naing large 
fillets at the junction of the sides and bottom of the sjucca, which is 
<)uite admissible, because, a* already fbown, Ihe acting fiauk ut com- 
)iumtively short, and the exact oniline of the clearing *iji>c« u of no 
ci»nset{iicnce, so long ne the space ti great enongh. 

188- Badt and Wbed. — A rack is simply un infinitely largo wlt«cL 
Tlie cnrvataro of a circle diDjiniehcfl an the radJas increoMM, and dU* 
■ppoard when the ndioa bcoomex infinite. Tlins tJte pUeh lint of a 
ntck is only a itraigbt tangent to the pitch circle of the wheel witJi 
which it worio, and the line of centrei becomei a perpetidicotar to 
ihis pitch line, puaiog tfarongh the centre of the wheel. 
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The rack will travel through a distance equal to the eircumlenr 
of the pitch circle of the wheel during one revolution of the latter. 

whatever the luim- 
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A 



b(?r of t«ft!i, and 
in the saDie projwr- 
tion for any fnic- 
ttoii of a roTohi- 
tion. The pitch of 
the rack teeth, 
therefore, is found 
by rectifying thu 
pitch arc of the 
w hool , whuteuT 
no. uo. thnt mny be, and 

setting off that length upon the pitch line. Thu construcUon ia 
shown in Fig. 120 ; the two describing circle are here made of th^ 
Bamo diameter, and it is elear that if the same circle he used to 
cnito the faces and flanks of a set of wliecia, auy one of thorn will 
with the rack if the pitch bo also the same. 

199. Evidently, both faces and flanks of the rack teeth are cycloids, 
being generated by the rolling of a circle upon the pit«h line. If the 
length of the face be aBPnmcd, as IfTfor instance, a lino parallel to 
RN, through V the highest {wint, cuts the pitch circle in P, thna de- 
termining AP, to which AB must be made c<|ual, and fixing the jwrt 
of tho action which will (ako placo on tlio right of CD. Or if Jfl 
be assigned, wo make AP equal to it, thns ascertaining the neces 
length of face. In cither ease, PS is now to bo clrawu pcrpendii 
to the pitch line, which it cnta at G ; and na in tho preceding 
gtmctions, SO cannot be greater, and should 1*0 less, than half tlie 
thickness of the tooth as determined by tho pitch. The part of the 
action which will take place on tho left of CD, depends upon the 
length of tho face of tho wheel tooth, and is ascertained 
cases previously explained. 

200. If in constructing tho teeth for a pair of wheels, we em] 
two describing circles, tho diiimeler of each being one-half thnt ( 
pitch circle within which it rolls, the teeth of each wheel wilt 
radial Hanks. A similar course may be pnmied in laying out a 
and wheel, as shown in Pig. 121. The describing circle whose 
etcr is Jf, generates the radial Hanks of tho wheel-teeth an 
cycloidnl faces of tho mck-teoth. 

The diameter of the pitch-circle of tho rack being infloite, < 
of it is also infinite, and Itlfis therefore the deseribing lint 
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K&cesiif thvnheel-t^th, which consequently tiro iiiToliitoaof ihopiteh- 
« L3I, aud for the flauks of tho nick-toelh. The latter being 
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lii of thp infinite circle RN, would, slrictly, be simply straight ' 
pcrpoQiliciiIar to it, as shown in the t«oth on the right of CD ; 
they were formerly made so. Bnt when the»o parts of tlie teoth 
UD ill action, the point of contort moves in tho describing line, thiit 
i^ lo Kiy, in the pitch line ff.V itself. 

The fact is, that tho ading flank of tho rack-tooth degenerates into 
a point ; thns a marking point carried by RN, in moving from A to 
0, traoea on the plane of tho wheel, which turns as indicated by tho 
anoir, the involute FO, tho are vl^' being ei[uul to AO : while, hav- 
ing no motion relatively to tho plane of the rack, it marks on that 
Liio siniptj the point 0. The action is conBcqiienllybad, this point 
ling enhjected to excessive wear : but the Bunk of 
the rack tooth may Iw made, as shown on tho left 
of OD, an arc of a circle whose centre is on RN, 
sad radius eqnal to the radius of curvature of the 
iuee of the ivhi'el-tooth at its highest point. This 
<is U found thus : let Fbe tho highest point of 
involute tooth: draw through fa tangent to 
pitch-circio LM, lying. aa shown, on thoconcavo 
of the involute, and find the poiut of tangency 
then VT'is the required radins of curvature, 
il. Arbttrury Froportioiu. — It is not necessary 
rsll oisCB, to pay particular attention to the rela- ''"'" ^^ 

e amounts of the approaching and the receding action. And it is 
f common practice to make tho whole radial height of the tooth 
(crtnin fraction of tho pitch ; the part withont the pitch circle 
Isg a !ittl« less than that within, by whieh tho clearance is pro- 
] for. In Fig. 133, these parts are marked h and rl respectiv 
r being Ihc whole height. Three of these arbitrary proportions, as 
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they may be called^ which have been exfcensiyely adopted, are as iC^' 
lows : 

1. ? = f pitch ; A : (Z : : 11 : 13. {h--^ pitch.) 

2. Z = f pitch ; /i : r/ : : 4 : 5. (J = iJV pitch.) 

3. Z = -^^ pitcli ; /* : t? : : 3 : 4. (* = ^^ pitch.) 

The whole angle of action, as well as the ratio of the approach tc^ 
the recess, will of course vary according to the numbers of the teeth^ 
in the use of any such system : but either of these rules will give sat^ — 
isfactory results for most purposes, the wheels acting as drivers or' 
followers indifferently, provided that there are at least twelve teeth 
upon the smallest wheel. Less than that should not be used unless 
it is necessary : sometimes, however, the use of lower numbers cannot 
be avoided, in which event it will often be requisite to extend the 
faces of the pinion's teeth beyond these limits ; and the proper length 
should be determined as before explained. 

202. It was also formerly the custom to make the backlash a defi- 
nite fraction of the pitch, which we have added above in parenthesis 
as usually given in connection with each of the preceding rules. But 
although these values may have been proper in many cases, as allow- 
ing for imperfections of workmanship in wooden mill-work or when 
the wheels were simply to be cast, it is certain that they are in many 
cases too largo, if the teeth are to be cut with the slightest pretension 
to accuracy. Nor does there appear to be any reason why the back- 
lash should vary directly with the pitch ; on the contrary, it seems 
almost self-evident that the coarser the pitch, the smaller will be the 
proportion borne to it by any unavoidable error. From this point of 
view, it appears more reasonable to say that the backlash should vary 
inversely as the pitch ; and perfectly safe to insist that it ought in 
every case to be as small as the skill of the workman will enable him 
to make it with the facilities at command. 

Since theoretically the teeth may be in contact on both sides at once, 
we have in the diagrams entirely disregarded the backlash. If it were 
introduced, the constructions, evidently, would be modified only in 
this respect, that the '^ thickness of the tooth as required by the pitch," 
instead of being exactly half the pitch arc, would be less than that by 
just the amount of backlash allowed. 

3. Annular Wheels. 

203. In Fig, 123, the smaller pitch circle lies within the greater, 
which it touches internally ; the teeth of the outer wheel being there- 
fore formed on the concave circumference of an annular rim. But 
neither the mode of generating the tooth-outlines, nor the nature of 
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■tteir action, arc in any way changed; two describing circles axe 
shown, each of which generates a face for one pitch circle and a flank 
for the other, — and in short, a comimrison of this diagram with Fig. 
115, which is lettered eimilarly tJiroughont, will show that the two 
lire identical in all particulars relating to the couatruction. 

It will also bo ob- 
sen'ed tliut the contour 
of the aunnlar wheel, 
in respect to the forms 
of the acting curves, is 
identical with that of 
au ordinary spur wheel 
having the same pitch 
and describing circles, 
the t«olh of the one cor- 
responding precisely to 
the Bpacc of the other. 

The describing circles in the flgnre are of different diameters : but 
ihfy might have been equal, and it wdl readily be Been that the spur 
wheels which are thus made intcrchangeablewitheachothcr(195),niuy 
also be mode interchangeable with annular ones. But in the construc- 
tion of inside gearing the diameters of the describing circles are limited 
by considerations which rebto entirely to the pecnliar condition of 
internal taiigency between the pitch circles. The manner in which 
theee limita are determined, will be most clearly seen by first regard- 
ing the tooth-oulliiics as generated 
in another way. 

204. Intermediate BeGcribing Cir- 
cle. — In Fig. Vii, let O bo the 
centre of the inner pitch circle, D 
that of the out«r, and AOLa curve 
lying between the two circumfer- 
' ences, tangent to both at A, and 
capable of rolling in contact with 
them. Let the area AJC, AF, of 
the pitch circles, bo eiiual to each 
other, and during the rotation indi- 
cated by the arrow, lei a marking 
pointbecarriedfrom -^1 to 0, by the 
describing curve : it will in itg 
^^- ^- progress, evidently, trace npou 

the planes of rotation, the face OK lot the pinion, and the face OF for 
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the annular wheel. If these be used as the outlines of teeth, % ^ 
follows from the mode of their generation that they will transmit 
tation with a constant velocity ratio^ whatever the form of the d< 
scribing curve or of the locus of contact : if the pinion drive, th< 
action begins at Ay and ends at 0. 

Now, if it be required that these faces shall be epicycloidal, the 
curve A OL must be, as in the figure, a circle whose centre E lies 
between C and D. It is true that OK and OF may then be generated 
in u different manner ; Avhich, however, though an important coinci- 
dence, does not alter the fact that the driving contact between these 
two curves is due solely to the mode pf generation hero explained. 
And it will subsequently be seen that annular wheels may be required 
to work under conditions which can be satisfied only by this method 
of construction : upon which also depends the determination of the 
limiting diameters of the describing circles in either method. 

205. Limiting Diameter of Intermediate Beacribing Circle. — In making 
these determinations, we avail ourselves of the peculiar property 
above alluded to, viz : that every epicycloid, internal or external, as 
well as every hypocycloid, is capable of two generations. (See Ap- 
pendix.) 

The face OjP being now a true hypocycloid, may be generated not 
only by the intermediate circle whose centre is Ey but by another 
whose radius is ED. In Fig. 124, AE is equal to (7Z>, whence ED = 
^(7 the radius of the smaller pitch circle. Consequently on rolling 
the pinion within the wheel, the hypocycloidal path traced by the 
point A of the former, coincides with the face AB of the adjacent 
tooth of the wheel. The radius AE may be increased, in which case 
this path ^i/ will lie to the right ot AB ; but if it be decreased, 
AM will lie to the left of AB, that is, within the body of the wheel's 
tooth, which is clearly impracticable. In this construction then we 
have the limit, that 

The radius of the intermediate describing circle can not be leas than 
the line of centres. 

206. Drawing through a circle about centre D, it cuts the inner 
pitch circle in if ; at which point the action begins, the face EO 
then having the position BN. 

A marking point at R, carried by the inner pitch circle as a de- 
scribing curve, will, in going to A, obviously generate the face SS 
similar to OF; against which this point Rot the pinion will act 
during the approach, the locus of contact being the arc RA. 

The face of the pinion having now reached the position AP, the 
receding action begins ; and here a phenomenon peculiar to inside 
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paring presents itself. For the face APJs not only an internal 
upievcloid whose generating circle is A OL, but an external one which 
may be generated by a circle whoso radius is All, equal to J-JC It 
will, therefore, work correctly with a flank AQ traced by the same 
describing circle. Thia action ter- 
minates at T, the point, in which 
a circle through about C cuts the 
circumference of the exterior describ- 
ing circle, and during its continuance 
^Jke locua of contact ia the arc 

^^BThis flank may or may not be 

^^nad ; t>at if it he, einco the action 
between the faces AP, AB, pro- 
Tionaly explained, also begins at A, 
the singular fact appears, that while 
the pinion is turning through the 
angle PCT, ita face has Iwo pointa 
of tiririnff contact. Thia circum- 
stauco is of Bomo practical impor- 
tance, not only on ueconnt of the Fm. lav 
division of the pressure, but also as affecting tlio resultant obliquity 
of the line of action. 

207. Limiting Diameters of Exterior and Interior Describing CirolM. 
— In Fi-J. 135, the radius vl/i" of the intermediate describing circle is 
greater than CfK The face 01^ may also be generated by an interior 
describing circle whose ratlius AO ii equal to £jD, and OX by on 
exterior one of which the radius is AH, equal to £C. In all that 
relates to the action the only nev feature is that the pinion now has 
a flank of ecnsible magnitude, traced by the circle whose centre is ; 
as will readily be seen, the lettering throughout being simitar to that 
of Fig. 124. Now, either radius, AO or AH, may be diminisbed 
without changing the other ; the only result being that the faces OP, 
OK, as shown in dotted lines, will not be in contact during the recess, 
and will consequently act only against the corresponding flanks, as in 
Fig. 123. But if either of these radii be increased withont diminish- 
ing the other to the same extent, it is apparent that the facee OF, 
OK, will intersect each other, rendering the construction impractica- 
ble : and we have as a limit, that 
The sum of the radii of the two describing circles eantiot be % 
~ e line of centres. 
This holds true when either radius vanishes, 
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becoming equal to the lino of centres. Thus, if in Fig. 133, we n 
AE = AD, we shall have 

ED = = AH, whence AO = EC = CD. 
If, on the other hand, wo make AE = AC, wo shall have 

EC ~ = AG, whence AH = ED = CD. 

These two limiting cosca arc illnstratcd in Figs. 12G and 127 rea 

ivcly, In tiio formor, it is apparent that whon the pinion drives ti 

arc of recess ia greater thun tlie arc of aiiproach, but since the aoti 
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during tho recess is confined to tiic single point of the pinion's 
tho advautivgo thua gained is more than neutralized. The fact that 
pinion can havonoface, will be seen from the consideration that if there 
were one, it must bo tangent at to tho radius OC, and would, tbero- 
foro lie within the body of the adjacent tooth of tho annular wheel. 
In Fig. 127, on tho other hand, the wheel can have no face, ft 
similar reason. The pi; 
consequently liaving 
flank, there ia no approach- 
ing action, but its face has 
two points of driving con- 
tact during a part of the 
recess. 

209. It is evidently more 
frefjuently pmcti cable in 
inside than in outside gear- 
ing, to secure an angle of 
recess greater than the 
'^- pilch, and thus to avoid 

injurious friction of itppvoaching action. An in- 
Fig. 138, where, the wheel driving, aa 
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tenor describing circle only is employed, whose radios is in this case 
half that of the inner pitch circlet t^huB giving the pinion radial 
flanks. Attention is called to the fact that when the tooth thns has 
no face, it should, nevertheless, be allowed to project beyond the pitch 
circle for the sake of , 

strength, the comer being 
finished by a circular arc 
tangent to the radios at its 
eitremity. 

Fig. 129 shows the ap- 
pearance of an annular 
vheel and pinion which 
differ bnt little in size ; the 
U«th are necessarily very 
ehort in order that they 
may escape from engage- 
ments and pass each other. 
Whether they will do so or 
not, if the height bo bb- 
nmed, is readily determined by constmcting the epitrochoid traced 
by the highest point of either tooth when its pitch circle is rolled 
Dpon the other one ; this path, obvionsly, mnst not intersect the tooth 
oatline of the engaging wheel : and the clearing spaces of both the 
«h«el and the pinion mast also be sach as not to tonch the epitro- 
choids thoa described. 
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On the Use of Low-numbered Pinions, 

210. In the operation of epicycloidal teeth, the obliquity of the line 
of action is continually varying ; diminishing during the approach, it 
becomes zero when the point of contact reaches the line of centres, and 
again increases during the recess. 

If wheels are to do heavy work, it has been found by experience that 
the mean obliquity should not in general exceed about 15°, nor the 
maximum about 30°, A high maximum is less objectionable when 
several pairs of teeth are engaged at once, since the gi'eatest portion of 
the pressure will be acting less obliquely. Such distribution of the 
pressure, it will readily be seen, is more often to be attained in inside 
gearing, and the obliquity is one serious disadvantage when low-num- 
bered pinions act in outside gear. Another is the excessive amount 
of sliding, due to the necessarily great length of the faces of the teeth. 
And from both combined is deduced the practical rule that, in mill- 
work and machinery in general, no pinion of less than twelve teeth 
should be used if it bo possible to avoid it. 

But it is not always possible ; and in lighter mechanism, such as 
clock-work, it is often necessary to use much lower numbers. In work 
of this description a greater obliquity is often admissible ; and when 
it is not so considered, the convexity of the flanks caused by using a 
large interior describing circle, is not so objectionable when the work 
to be done is light, and strength of form not an imperative necessity. 

For the present, then, we will confine ourselves to the following 
limits, viz : that the maximum obliquity shall net exceed 36% and 
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that the diameter of the describiDg circle for the Rstnka ehall not 

eiceed f that of tlie pitch 

circle within which it rolls. 
2:1. In Fig. 130 are shown 

two equal pitch circles, and 

two equal describing circles 

of lialf the diameter, TAS 

being the common tangent. 

Draw the line of action with 

an obliqnity of 30° ; it cute 

the describing circles in 

and P, making the arcs A 0, 

JP, each equal to 60°. Draw- 
ing CPE and DOK, the arcs 

AE, AK, are each eqnal to 

30', and we tbns have two 

wilar wheels which will just 

work, the angles of approach 

and of recess being each equal Fiq- iw. 

to lialf the pitch, and the mean obliquity exactly 15°. It is seen to 

bepossible, with oiriy a slight increase in the obliqnity, to lengthen 
the faces and secure an arc of 
action greater than the pitch, 
OS in practice it should be. 

In this case the Hanks are 
radial. lint if withont chang- 
ing the describing circles, we 
reduce the pitch circles to ^ 
their present diameter, the arc 
AP of 60° will bo equal to an 
are of 30° on the new pitch cir- 
cumference. It is, then, prac- 
ticable to make two pinions of 
five teeth each, which, like those 
in the figure, will jnst work, with 
the same obliqiiitj'. The flanks 
willnow bo comex; still, the di- 
ameter of the describing circle is 
within the assumed limit, being 
na.]Si. but -j'j that of the pitch circle. 

US, In Fig. 131 the diameter of the larger pitch cireic is I^ times 

thit of the smaller one ; also the diameter of the nppcr describing 
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circle la equal to CA, ho that as in the preceding figure the arc AP 
of CO" ia equal to the arc AEot 30°, and PAS, the maximum obli- 
quity on the right of CD, U also 30°. The diameter of the lower de- 
Bcribiiig circle is J that of its pitch circle, therefore the arc A otli" 
ia equal to tlie arc yl A' of 4a°, and OA T, the maximum obliquity on 
tho left of CD, ig 30°. Completing the construction, we perceive that 
the pinion of four teeth will just work with the other of six. The 
ares of approach and recess arc equal, tho mean obliquity being 18" 
during the one and 15° during the other, giving an average of 16^^ 
for the whole action if tho latter bo made just equal to tliopitch ; and 
the facea may also be made a little longer than here shown, as in the 
previous case. 

The leaves of tho larger pinion still have radial flanks, but proceeil- 
ing OS before, wo may reduce the upper pitch circle to \ of its present 
diameter, without changing the circle which rolls within it. Wo shall 
then have the arc .I/*' equal to 36°, and the five-leaved pinion thns 
constrncteii will work with tho four-leaved one, tho obliquity remain- 
ing unchanged, since the points, 0, A, P, retain the same positions 
aa in the figure. 

213. Now produce OA to /, making AI = AO. Then, were 
another describing circle drawn above TS, equal "in diameter to the 
one helow it, the point / would lie upon its circumference ; and since 
tho arc A I would bo equal to tho arc A Ji, tho epicycloid traced by roll- 
ing it upon tlie lower pitch circle would extend to tlie point Jl. 

Draw JD ; it will then be apparent that were the angle IDB equal 
to or less than the angle IDA, two four-leaved pinions would becupa- 
ble of working together, all the acting curves being traced by a de- 
Bcribing circle whose diameter is f that of the pitch circle*. Now in 
the triangle API, the eidea AT and AD, also their included angle, 
are known ; wlience it will he found that the angle IDA ia 23" 37' 
42", whereas it should be 22° 30' in order that one pinion should 
drive the other through a total arc of action just equal to the pitch, 
even if the t«eth were pointed. 

Five, then, is the least number of teeth that can be used if the pin- 
ions arc to bo alike, and fourwill work with five or any higher number. 

214. The force of the objections urged against the use of small 
pinions for hea>-y work, is clearly shown in Pig. 130. Letting OA 
represent the pressure when is the point of contact, this may bo 
resolved into the two components Ovi, On ; of which tlio latter t^nds 
simply to force the journals apart, thus increasing the friction in the 
beanngB. Since only one pair of teeth is in action, and the angl^^ 
0.4 7* is 30°, this objectionable component is equal to half tho t^l^H 
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I pranre at 0, whicli again is greater than that at the point K oa the 

pitch circa mfcren CO, in the ratio of DK to liO. 
lis. Thu8 for, the angles of approach and recess iiavo l>cen made 

equal. Should it be desired to make tliem otherwise, the question 

vbether any assumed conditions can bo satisfied or not, is readily set- 
tled by the construction of a diagram, as explained in connection 
*ith Fig. 115. 

If, as ttsool in such cases, the angle of recess is to bo tJie greater, 
it will be apparent that with a wheel of a given number of teeth a 
■mailer pinion may in general bo usetl to drive tliun to follow. For 
tbc angle of recess depends upon the length of tho face of the driver's 
tooth J and the smaller tho pinion tho smaller will be the describing 
circle which can be used within it, and, consequently, the less will l>e 
the greatest possible length of the face of the wheel-tooth, since tlie 
pitch is already assigned by the conditions. 

S16. An illustration of this is incidentally afforded by Fig. 13'}, in 
the construction of tho three-leaved pinion. Taking for its flanks a 
describing circle vhoso diame- 
ter is | that of its pitch circle, 
and making OAT, tho muxi- 

mnm obliquity on the left of 

CD, 30° as before, the angle of 

iction, KDA, on that side of tho 

lino of centres is 45°. The 

pilch arc KB is 120°, there- 

foie tho angle of action ADB, 

on tho right of CI), must be 

iy. It will bo found that this 

Wiho secured, with a very Ut- 
ile to spare, by using for its 

bees a describing circle five 

times OS largo as the one used 

br ifg flunks. 
And keeping to the limits 

berptofore observed, it follows 

thtt the second pitch circle can- 
not be less than five times as large 
u that of the pinion ; which, 
tberefore, will just work with a 
vlteel of flftcen teeth, and no 
lei^ under the conditions as- 
■gned. In other vords, a three-leaved pinion will drive a wheel of 
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fifteen teeth, tlie angle of approach being |, and that o 
the pitch angle. Reasonably well, too, iu respect to the obliquity of 
the line of action : during the approach the maximum is 30° and the 
mean ia 18", during the recesg the maximum is 13° and the mean OJ 
bat the latter angle ia larger than the former in tho ratio of 6 
whence we have, as the average obliquity during the whole actional 



18° 



3 + C° 



8i° 



10i°. 



1 



217. It will bo perceived that tho above constrnction involves 
Bolution of tho following problem, viz. : 

Oiven (fie pitch circle, number of teeth, and arc of recess, of the 
driver, to find the least number of teeth which can be aasigned to tht 
follotcer. 

This may bo determined graphically, as shown in Fig. 133, where 
CD ia the line of centres, C tho centre of the driver, and AJ^ ihe 
given arc of reccBs. Mitko J-'L oqunl 
to i the pitch, that ia, half tho thick- 
ness of tiie tooth, and draw throngli 
L u radial line of indefinite length: 
then if the tooth bo pointed, its point 
will lie upon the prolongation of CL. 
Make AG, perpendicular to CI), equal 
to the arc AF{se:c Appendix (1)), and 
set off A M = I A 0. With centre M 
and radius MG = \ AG, describe an 
- arc cutting CL produced in O. Draw 
OA, bisect it in N by a perjicndicii- 
Inr cutting VD in E; then (see Ap- 
pendix (1)), Ihe arc OA, whoso centre 
is E, will be equal to AG and therefore 
ioAF. 

Evidently, then, E is tho centre of a 
describing circle which by rolling on 
the given ]iitch circle will trace an 
epicycloid from to F, and this will 
Flo, i3i, be the face of the driver's tooth. Ob- 

eerving the limits before assigned, the radius of tho required pil 
circle cannot be less than '^ut AE; but it must be such that the j^i 
pitch, viz., four times tho arc FL, shall be an aliquot part of tlie 
cumference. 

It may be noted, tliat the conditions assigned as above fu; 
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eTit data to enable ue to Torify the results by trigonometrical 
compulation, should it he considered necessar}'. 

216. By the ubovo process we ascertain at once the sizu of the de- 
scribing circle which will give the driver a pointed tooth, and from 
thia derive the diameter of the follower's pitch circle, Should the 
latter correspond to a fractional number of teeth, the next higher 
integer must bo used, the pitch circle being inercoiscd nccordioglj'. 
In this case the diameter of the describing circle may bo increaEcd or 
not, at pleasure ; though it is better that it should be, since then the 
driver's tooth may be topped off. 

And it may bo necessary to increase it for another reason ; becau;o 
the very process of determining the minimura radius AE, Fig. 131, 
fixes also the maximum obliquity 0.10 corresponding thereto. At- 
tention must, therefore, bo given to this, for it is possible that the 
obliqnity thus fixed may be too great, although the numbers of the 
tcclh be practicable ; and in that event the deaerihing circle, and, if 
neceasiiry, the pitch circle as well, must be increased until the ob- 
liquity is reduced to the desired limit. 

219. Fig. 134 illustrates the converse case to that of Fig. 132, the 
conditions being that the wheel of 15 teeth is In drive, and that the 
angle of reccEs shall be \ of the pitch 
angle. Making the construction as 
ucplnined in (217), the least pitcli 
circle of the follower corresponds, 
as found by computation, to 4.4j 
teeth, with a ma.timum obliquity of 
40" 30' 2". Five, therefore, is the 
least practicable number of leaves \^ 
that the pinion can have, thus mak- 
ing the pitch 72°. and the arc of . 
recess 45", and by using a describing 
circle for their flanks, whoso diame- 
ter is I that of the pitch circle, the 
maximum obliquity during this re- 

^^fding action is reduced to 30°, 

^Hlulc at the same time the driver's 

^B^h is made of reasonable breadth 

^^ the top. In this diagram, aa in Fig. J32, tho angle of appioach is 
J of tho pitch angle, but it is obvious that although the driver's flanks 
arc radial, the angle of approach might be very considerably increast^ 

s cyific, although in that of the 3-louved driver it could not be. 
k,A£0. The two-leaved Pinion, — When aspur-wheel is made in the or- 
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(linary way, tliat is, with tlie teelli in the same plane, fl pinion of tin 
leaves is tlio Biniillest that can bo used eitlior to drive or to follow. 
But if thp nlt«rnate teeth arc placed in different planes, a two-leaved 
pinion can be made to drive in a very satisfactory manner ; the ar- 
rangement is clearly shown in Fig. 135, the pinion being composed of 
two hear t-shaped cams or toeth, ?7and W, fixed side by side on ihe 
same shaft, and the wheel of the two star-shaped plates similarly fixed 
npon another shaft, of which the one, M, works with the cam U, and 
the other, JV, with If. The diameter of the describing circle is eqnal 
to the radius of the pitch circle of the folfower, whose flank is there- 
fore radial. The diameters of the pitch circles are in this case in the 
ratio of 6 to 1 ; (he arc .1 P of GO', 
is therefore equal to the arc AE oi 
30", und to the semi -circumference 
AB, In the position hero shown 
P is a point of contact, but the epi- 
cycloid HP is continued to R, so 
that the action is not yet cnderl, 
although the tooth AJS is just be- 
ginning to drive a flunk of the 
plate JVof the wheel, 

It is obvious that a half rcvolul 
of the pinion will bring the point 
to the position li, turning the wheel 
through the angle ACE of 30" ; G 
and li then meeting at A 
tion will be continuous. 
*■'"■ 1^ The obliquity, it will be obsei 

is not great, but the amount of sliding is excessive, owing to thegi 
length of the face PB as compared with the flank PE ; atill the ac- 
tion ia smooth and noiseless, since the driving contact ia wholly re- 
ceding, there being no arc of approach. 

The number of teeth in the wliocl may be rediiced, for the flank nccil 
not be radial : by using a describing circle of J the diameter of iho 
pitch circle, and making AP = 73", the angle .If '£" will become 45"^ 
the velocity ratio thus obtained being that of 4 to 1. and the 
mum obliquity very little over SU". 

221. low-nnmliered Pinions in Inride Gear.— In making invest 
tiona similur to the preceding in relation to annular wheels, different 
cases will be found to arise nndervarying conditions, the treatment of 
which will perhaps be best developed by beginning with a specifio 
example. 
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Let US tako in illiutratio 
conditions being aB follows : 

Diam. IntrerDos. Circle 



tho thrce-lcuvod pinion, Fig. 130, the 
I Diam. Pitch Circle. 



Arc of opproach. 45° 
" " reeeaa, 75° \ 



Total = ViO" = Pitch. 



Required to find the least annular wheel which can l»e driven. 

Evidently n describing circle e.itemally tangent to both pitch cir- 
cles, as in Fijr. 123, 
ntuft bo nsod to gcner- 
ile the faces of the pin- 
ion and the flanks for 
the wheel ; and its least 
ndius may be found as 
in Fig. 1.13. 

Knowing, then, this 
radius and that of the 
pinion's pitch circle, 
lor the reason given in 
(108) the radius of the 
la^rpitch circle must 
be greater than their 
mm. Also, it must be 
nch that tho pitch 
which is given shall be 
u aliquot part of tho circumference. 

laking, for convenience, 5 as the radius of the inner describing 
(ircle, then AC = 8, whence by computation we find the least melius 
"I the exterior describing circle to be 24,93, 

AD, then, must bo greater than 8 + 24.93 = 32.93 ; let it criii:il33 
for instance. 

Now tho numbers of the teeth are pro])ortionaI to the radii of ihe 
pitcli circles ; and letting 

iV' = No. teeth of Annular Wheel, 
wc mnst have 

3 : 8 :: N : 33, 
■liich* gives 

X = Vil . 

Bat since JVmust bo on integer, tho least number that can he nsed 
w 13 ; and tho corresponding radius of the pilch circle is 341). 
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22S. With this mdina accordingly, the wheel shown in Fig. 
constructed ; the radius of the outer describing circle is taken as 55, 
so that the teoth of the pinion are not exacUy pointed, though tUeir 
breadth at the top is so small as to be practically inappreciable. 

And a glance at the figure is sufficient to show that no matter how 
many more ttetli are given to the wheel, the pinion -will work with it 
equally well. If the outer pitch circle be increased, the chord of the 
arc .^i" will also increase, and the flank FE lying always ontside of 
the face PB, will continue to be, as now, a practicable curve; which 
ia self-cvidently true in regard to the face OF ot the wheel-tooth. 

This pinion, it will be observed, ia precisely the same as the one 
shown in Fig. 132 ; and \?, therefore, capable of working with u 
rack, or with a wheel of any number of teeth whatever, between the 
limits of 



13 and as in Inside Gear, 
oo and 15 in Oulsidc Gear. 
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223. From thia example, then, we have thus far ascertained 
with a. given pinion, under certain conditiona at least, there i. 
inferior limit, below which the number of tooth in the annnlar wheel 
cannot be reduced, hut no superior limit beyond which the number 
may not bo increased. 

To theao results we call attention, the more {larticularly because so 
high an authority as Professor Willis makes, without farther c«m- 
ment, this sweeping statement, viz, : 

" The case of annular wheels differs from that of spur-wheels iii 
this respect, that, with a given pinion a small-numbered wheel works 
with a greater angle of action than a large-numbered one, and there- 
fore we have to assign the greatest number that will work with encli 
given pinion." It is true that ho tacitly recognizes the abacnce under 
some conditions of a limit in that direction, by assigning "any num- 
ber" as the greatest, in his tables of limiting cases; but neither in 
this fact, nor in the remarks just quoted, is there any recognition of 
an inferior limit under any conditiona. It is still more singular that 
he gives nowhere any explanation of the cii-cum stances nnder whidi 
there is a maximum number, nor yet of the only mode In which the 
t«eth can possibly bo generated when there is one ; neither dpes any 
other writer that we know of. 

S34. Let U8 now suppose that a pinion of three leaver is to drive, 
under the conditions that the tooth shall be equal to the Rpaoe> 
the arc of recess just equal to the pitch. 




scpERioB usrr is inside gear. 




Fig. 137, A being the diameter of the pitch circle, v« 

ftllharc on it3 circumference the spocf AL = the tooth LB = 60° ; 
if llie tooth be pointed, ita point must lie npon JVC, pcr])cndicvi< 

r to CO, the line of centres. Evidently, if we draw AL and OB, 
theec lints produced will intersect in P npon .VC, making OP = OA, 
and the arc AP, upon the ^ 

circle whose centre is and 
nuliua OA, will be equal to 
the arc ALB. That circle 
may therefore be used ad a 
describing circle, and by roll- 
ing upon the pinion's pitch 
circle it will generate the 
cardioidal faces PB and PL 
for its tootli. This describ- 
ing circle cuts CD in A"; 
drawing P-V and LO, they 
will be parallel to each other 
and perpendicular to AP. 
~~ wt a perpendicular to /*i 

I its middle point i^; thia 

ill pass through B, and bi- 

Kt O.y in D, whence 




DA : OA :: 3 : 2, 



. DA : CA :: 3 : 1 J 



i taking Pr.s the centre of the outer pitch circle, iiniirc, AE, of 40° 
KtD ita circumference will be equal to the arcAP oC GO'' and thoaro 
3 of 120°. 

^Bisect AE in 0, and draw ED, GD ; then the angle included l>e- 
tween these radii ia bisected by SD, since ^DA = 30° ; consequently, 
L is the highest point on the fnco LO of one tooth of the iiunular 
wheel, just as P is in the face PA' of the next one. 
I £26. From this example wo draw these conclusions, viz.: 
\ 1. When the conditions arc such that the highest point in the faco 
t the pinion's tooth, when qnitting contact, lies above the common 
tngont TV, the describing circle must be an intermediato one, aa in 
pg. 125. 

t 3. The intermediate describing circle is largest when the tooth ia 
^intcd. 

, The larger that describing circle, the larger may bu \\w annular 
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wheel, for (206) AD may be equal to A •}• AC, but cannot be 
greater. 

Now by the construction above explained wo have ascertained the 
maximum diameters of the describing circle and of the outer pitch 
circle, the latter being three times that of the inner; therefore 9 is 
the greatest number of teeth that can be given to the annular wheel. 
The number assigned by Prof. Willis under the samo conditions 
is 12. 

226. It will be perceived that when an intermediate describing ci^ 
cle is used, the obliquity varies inversely as its diameter. If, then* * 
maximum value of the obliquity bo assigned, this will determine ^ 
minimum diameter of the describing circle, and consequently of *-^® 
outer pitch circle, whicli fixes in this case also an inferior limit tot *^ 
number of teeth in the annular wheel. Thus, in Fig. 137 it is cl^^ 
that although if we reduce the outer pitch circle we may also redt^^ 
the describing circle, we cannot doit without increasing the obliqui^^J' 
of which the maximum value in the figure is SO"*. Now, if it be stS^ P" 
ulated that this value shall not be exceeded, wo must retain the 
ent describing circle, but we may still diminish the outer pitch circ 
If this be done, the face PE will become shorter, and the lim 
obviously, will bo reachcfl when AD becomes equal to -4 = 2 -^ 
The hypocycloid PE will then have degenerated into the point P, 
which the whole action will be confined ; all the points of BP, whi 
remains unchanged, coming successively into coincidence with 
We find, then, that under this additional restriction the least nura 
of teeth that can be employed is 6. If, however, it should under an^, 
circumstances be desirable for the modification of motion to use sue 
a combination, regardless of excessive obliquity, it is proper to noi 
that by making the describing circle smaller the number may be 
duced to 4 ; and in general, a pinion of any given number of toetit^ 
may thus be made to work, more or less satisfactorily, with an annu — ' 
lar wheel having one more, a fact of considerable importance in th^ 
construction of differential trains of wheels. 

227. It is also to be observed that in Fig. 137, the point L upoa 
the inner pitch circle is at once the highest point of tho face OL and. 
the lowest one of the face PL ; whence, as will readily appear if wa 
suppose the motion to be reversed, the arc of approach is equal ta 
half the pitch. 

Again, the face .1 Q will work with a flank generatod by the circle 
whose radius is AH = OC = AC. And the point Q lies upon the 
circumference of this circle ; for it lies on PA produced, and AQ = 
AL = AC = AHy whence, if HQ be drawn, the triangles ACL, 
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^AHQ, will be eqailateral vaA ^aaX. Bnt ACQ = ACT = m" \ 
ilint the angle QCT, while turning through which ih* pinion's face 
\ri3 two points of driving contatM, is also equal to half the pitch. 

lo rolling the outer pitch circle upon the inner, Uic poiiit L trnoce 
an cpitrochoid, to which AL \& normal and LO a tangent at that 
point (iheae lines corresponding to AR and ^Tin Fig. 124). The 
ontliao of the clearing space in the piuion must be such that L can 
move fpccly within it, but may also l>e tangent to XO at L. But the 
face PL is tangent at the sano point to the radius LC : couaeqnently 
the tooth most be formed with a positive, although an obtuse, inter- 
BtioQ at that point. Still, were such a wheel and pinion made of 
■ujier malcfial and finish, as for instance of hardened steel flrioly 
blishet), the combination might be used in light mechanisni. 
\ S28. The above is a special case, in which the argument is based 
1 peculiarities of the assigned conditions ; and was selected bcoatiae 
Kacemed most simply and clearly to jlliistrate the principles involved. 
I In general, however, a direct gcomotrical Boliilion like thi.t is not 
seeible, and the required results arc reached, us in outside gearing, 
f the proccea explained in connection with Fig, 133, In mlupting 
it to the ca£0 of inside gearing, the diagram, as shown in Fig. 1^8, is 
modt6ed only in this respect, that OA, 
and consequently the centre E of the 
^Mntormediate describing circle, will lie 
^Hbove instead of below the tangent line 
^Hf0. Id this ea£o itisnecessory to pm- 
^HRce CO and A G iu order that they 
^Buy intersect in // ; tvliich being done, 
^Hre have before us all the data fur trigo- 
nometrical Tcr if! cation. 

If the obliquity bo assigned, the con- 
ctmctiou is made in the following order : 
Draw the indelinite lino AQ, making 
with AG an angle equal to the given 
obliquity; then the arc GO cxxla AQ in 
^p^ the highest point of the tooth. Then 
Hta before bisect OA by a perpendicular j, 
^Bbtting AD'in E; this determines .4 j?, t^'- <«- 

^tte radius of tlie letiat In termer I rate describing circle. 

828. The conditions might be auoh tlmt the point sliould full 

exactly upon the common tangent. In this event OA, equal to OF, 

■ itself the arc of the describing eirele, whoso nitliiis AE, wliother 

t choose to regard it as a maximum or a niininiimi, i.t infinili.'. The 
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TWO-LBAVED IXTERXAL PINIOX. 



1 just work with a rack, but if the tooth be pointM 



pinion, then, 

it can drive nothing loss ;.an<] the face will be nn involute of tho 
pitch circle, precisely as in Fig. 121. Since, however, the tooth need 
not be pointed, the pinion, with the same pitch and arc of recess, can 
be made to drive any annular wheel which lias at least one more tooth 
than itself, by the use of an intermediate describing circle (see 226). 
230. Two-leaved Pinions in Inside dear. — An annular wheel can b« 
driven hj a pinion uf only two leaves, the teeth working in the same 
plane, as shown iuFtg, 139. Let AC, AO, AD, be to each other in 
the proportion of 1, 3, 3 ; then the intermediate describing circle is 
of maximum diameter. Let the arc of recess, AH, = 1^&°, then the 
augie^O^ =67i°, and prolonging OB to P, the iocs AB, AP, will 




Tw equal ; also P will be the highest point of the cardioidal face PB, 
and of the hypocycloidal face PE. Dniw AP, cutting the inner 
pitch circle in Ji; then JiO and PU will be )>er)>ondicular to AP. 
Draw D8 also perpendicular to AP : then, since A U is bisected at 
0, and U at D, PR is also bisected at S. 

Therefore, DP = DR, that is to say. the path of P will cut the 
inner pitch circle in R. If then we suppose the motion to be revereed, 
the root L of the pinion's face LM must have met the point N of the 
wheel's face A' ff, at R. In other words, the arc of approach is equal to 
A R, which again is equal to RB, because R O bisects the angle A OP. 

251. The total arc of action, then, is ample, that of ap- 
proach being J, and that of recess j, of the pitch ; and t he 
maximum obliquity being 37J°, the combination might 
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■n light mGchanism. Bat attention is called to a ])cculiurit; 
of the action which would require a modification in the finish 
' of tho teeth for practical purposes. When contact is jnat end- 
ing at F between the fronts, or acting faces, of one pair of teeth, tho 
decks of tho next pair are just coming into contact at /, Now, were 
tho teeth of the pinion merely " topped ofE" in the iisnal way in tho 
lathe, there will be danger that the points would catch upon each 
other near the point /, in case of any inaccuracy of workmanship or 
irear in the bearings. This risk might bo obviated by allowing somo 
backlash, but this is highly objectionable in mechanism of the only 
deecriptioD for which, if for any, this combination is suitablo. A 
much better expedient in such cases is shown in tho figure, tho top 
of the tooth being bounded by a circular arc whose centre is the in- 
tersection of the normals PA, MO. The actiou still ends lit /', but 
the other tooth of the pinion will have been guided into its space witli- 
out risk of jamming. And it may be added that a similar finish of 
the wheel's tooth, by lengthening it a. littlo and rounding oB tho 
comer, ia advisablo in order to prevent its catching upon tlic root of 
the pinion's tooth, since, as explained in (227), there will be a hlunt 
angle at L. 

The tooth of the pinion hero shottn has n considerable breadth, 
J'X, at the top, and it will be seen that the action might have been 
attended ; also, that a larger pitch circle might have been used for 
the wheel ; but as will sub- 
sequently appear, the max- 
imnm number of teeth 
which can be used with this 
}iinion is seven. 

232. A pinion with two 
lesTes in different planes may 
also be mode to drive an an- 
nular wheel, as shown in Fig. 
140. The Telocity ratio be- 
ing as four to one, let AC 

= 1, AD = i; then the 

limiting value of AH = 3, and the pinion is conatnicted exactly as 
in Fig. 135, being in fact identical with the one there shown, which 
is, therefore, capable of driving whecia of any number of teeth be- 
tween the limits of 

6 and oo in Outside Gear. 
4 and oo jn Inside Gear. 
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ASNULAK DRIVER GIVEX. 



Tlie tooth of the wheel should be finiahed as ahowii in dotted line at 
EW, hy ivliieh the injurious action of a sharp corner niny be avoided ; 
and the movomont is Tcry BmootJi and noiseless, while Ihe amount of 
sliding is much less than iu outside gear. 

233, In the cases thus farconsidered the pinion has been the driver; 
let it now bo required to determine the least number of teeth that can 
bo given to a pinion wliieh is to he driven by an annular wheel whoai 
(linmcttT, pitch and arc of recess arc assigned. In Fig. 141 let D Iks 
the centre of this wheel, AF the arc of recess, FL the half thickniia 
of the toolh, whose face, evidently, must bo generated by an inlerior 
describing circle. On tlie tangent at A, act off AG = i;rc AF, also 





AJtf = i AO; with centre M and radius MO deecribe an arc cm- 
ting-Diin 0; draw 0^, and bisect it byaperpcndicularcntting .IT' 
in E. Then E ia the centre and EA the radius of the hast iutcri' : 
describing circle, and if the pinion's flanks are to be radial the mm 
mum radius of its pitch circle will bo -It' = 2 .ii": but if we H«i i 
the limit mentioned in (310) it will he AC ^ i AE. Sin. . 
howevpr, AE cannot exceed CD, it follows that if ils value as ah^'v 
determined prove to be greater than i Alt, in Ihe one case, or,', Al' 
in the other, the assigned conditions cannot be satisfied. 

If a maximum obliquity be assigned, the teeth may or may not bo 
pointed, and the diagram is constructed by first drawing A Q, nmking 
with -I G an angle equal to the given obliquily, and then describing 
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the arc about Jf, to cut AQ in 0, which will be the highest point of 
the wheers tooth-face, whether the tooth itself be blunted or not. 

2S4. Low-numbered Pinions. Follower Oiven.— A new phase of the 
question presents itself when the assigned conditions relate to the 
follower, and the least number of teeth for the driver is to bo de- 
termined. This requires a different mode of operation, which, as 
before, will be best explained by first considering a case in outside 
gear. 

In Fig. 142, let C be the centre of the follower; then AK, the 
aasigned arc of recess, is equal to the arc ^ of a describing circle 
whose radius AE is known, and will be the highest point of the 





Fta. 148. FiQ. 144. 

Tver's tooth. Let D be the centre of the driver ; then AD will be 
t minimum when the tooth is pointed as in the figure, in which case 
02) bisects and is perpendicular to the chord FO subtending the tootli. 
*^w a parallel to FO through -4, cutting the driver's pitch circle in 
^; then the chord AP is also bisected by 01), and AO, FO, are 
equal. We have a\soAF^FG, and 



or 



AP =z AF -h PG - FG, = 2AF-- FG, 

*AP = 2 (arc of recess) — (thickness of tooth). 
Hence the construction. Fig. 143, in which A is, as before, the as- 
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signed ai-c of recess luid off uti the describing circle of the follovd 
flunk. Draw a tangent to this arc at A, on which set off 

AG = 2 (arc A 0) — (thickness of tooth), 
dlao 

AM= \A0. 

About centre Jfwith radius jtf(? doscril>e the indefinite arc 0K\ 
about centre with radius OA describe another arc cutting GE in 
P. Draw AP, and bisect it by a jierpendiciilar which will pass 
througb and cut CA prodnccd in/), then AD will bo ihGminimum 
radius of the driver. 

235h Should the point P fall upon the tangent line, the oKsigncd 
conditions can just be satisfied by a rack Vith pointed teeth, but by 
nothing toss in ovitsido gear. 

It may, however, full upon the same side of tho tangent with the 
centres C and E, as in Fig. 144. lu that case the driver will be an- 
nular, and its radius AD wilt lie a maximum when tho tooth is 
pointed. But .-IJ? cannot in any event exceed CD ; consequently, if 
AD prove to be less than Y ■■^ ^' {*"" 3 -' C* if tho follower have radial 
flanks) the assigned conditions cannot bo satisfied. 

If it 2>rove to bo greater, tho maximum value may bo used or not, 
at pleasure, for the tooth need not be pointed, and by topping it off, 
a& shown in Fig. 145, tbe radius of the outer 
pitch circle may be reduced, but not below tlie 
limit just named. 

It appears, then, that with a given pinion there 
may or may not bo a superior limit to the nnm- 
ber of teeth. for tho annular driver, but in cither 
caso there is an inferior one if thero be any re- 
ceding action ; tho wheel cannot have leas than 
one and a half times as many as the pinion, w 
the latter has radial finnka. 

S36. One enso remains to bo considered, viz., when the given 
lower is annular ; in regard to which it has already been jwinted 
(228) that in general the wheel may bo driven by a pinion having one 
tooth leas than itself, which may be called a natural maximum. 

By reference to Fig. 129, it will Ijo seen that the larger tlio pinion 
the broader will the teeth be at the top, and that its diameter will bo 
a minimum when its teeth arc pointed. Now in all the previous cases 
the assigned conditions have enabled ns to fix the position 
highest point of tho tooth at the instuut of quitting contaot. 
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r, is not so in the present ease, and it is therefore impossible 
mine that miDimnm by direct means. 

t may bo found indirectly ; for if we ascertain the limiting 
3 of teeth for the annular wheels driven by various given pin- 
) shall know from mere inspection of these results, the least 
for the pinion which can be used to drive, under like condi- 
1 inside gear, a wheel of any assigned number of teeth. 



CHAPTER Vm. 



SPUB OEAKINO, CONTINUED — EPICYCLOIDAL SYSTEM. 



Limiting Numbers of Teeth for Various Arcs of Action. Details of Trigonomet- 
rical Process of Determination. The Nomodont, or Curve of Limiting 
Values. 

Computation of Tables, 

237. It can always be determined by comtructionf whether a proposed 
pair of wheels will work under given conditions as to pitchy arc of 
action, etc. But in order to avoid wasting time by attempting impos- 
sible cases, it is well that the limiting numbers of teeth, within a 
reasonable range of varying conditions, should be ascertained and 
tabulated for reference. 

Prof. Willis, in his "Principles of Mechanism,''* gives a diagram 
and deduces from it an expression, confessedly "so involved as to 
make the direct solution of the equation impossible, although approx- 
imations may be obtained." He adds : " However, on account of the 
practical importance of the question, I have arranged in the following 
Tables the exact required results, which I derived organically from 
the diagram by constructing it on a large scale with movable rulers." 

This rather obscure expression evidently indicates the use of an ad- 
justable mechanical device of some kind ; but since this, whatever it 
was, must have been capable of being drawn in any phase of its move- 
ments, the inference is a fair one that his process was equivalent to 
that of deducing results graphically by trial and error. 

238. Prof. Willis may perhaps have overestimated the practical im- 
portance of the question, since limiting cases are in general to be 
avoided when possible. Still, the discussion has developed some 
hitherto overlooked points of considerable abstract interest; and 
again, the practical value, whatever it may be, of such tables, depends 

• 2d. Ed. 1870, pp. 106, 107. 
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'■entirely upon their corroctneas. And by the application of Prof. 
Bankiue's singularly elegnnt processes relating to circalar arcs, as ex- 
pluined in the pfecetling pitmgraphs, we have bec-n enabled to deter- 
mine these limiting numbers accurately, we believe for the first time, 
For the mimbers in tbo tabica above mentioned are those of teeth in 
complete circular wheels, capable of tranemitting rotation continuously 
in the same direction ; and though the processes of Prof. Baiikine ore 
only approximations, they are such close ones as to precluds the pos- 
sibility of any error in the computations arising from this fact, of 
such magnitude us to aSoct tho integers in the final rosalts. 

Prof. Willis calls particular attention to the atatemcnt that hia 
tables are "geometrically exact." * It has already beeu demonstrated 
(SS4, 226) that in at least one instance this is very far from being tbe 
case. And the results obtained by the above methods differ from hia 
in Bo many other instances, and so widely, that in view of his high 
standing a^ an authority, wo fesl called upon, before presenting our 
own Tables of Limiting Numbers, to illustrate in detail tho manner 
in whicli thb values there assigne<l were computed. 

239. As the first example we select tho following case. 

»-j- j Driving Pinion of 5 loaves, Radial Flanks. 
' t Arc of Recess = Pitch. Tooth = Space. 

The numbers of teeth being directly proportional to the radii, let 
rad. pinion = 5 ; constructing tho diagram, we find tho point to 
lie in relation to A Q as in Fig, 138, showing that tho pinion cannot 
under these conditions drive a wheel in outaide gear, and in that figure 
we have 



ACF 


= 72°, 


are Af = 


i 


X 5 X 


2 X 3.14:« ^ 0.2832 


ACH= 64% 


A0 = 




AF 


= C.2832 


AHC=3li', 


AM = 


1 


Aa 


= 1.5708 


AC= 5, 


OSI = 


i 


Aa 


= 4.7124 




Raa. 








10. 


j.ngl" 


: tan^ 


lCff= 54= 






10.138739 


iCH. 


■.-.AC 


=; 5. 






0.098970 




: An 


= 6.8819 






0.837709 


AM 


= 1.5708 








HM 


= 5.3111 









• Prindplp3of MtflianUra, p. 110. 
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Triangle 
OMH. 



Oil- 4.7124 
EM- 5.3111 
sin OHM = 36° 
sin HOM = 138° 30^ 44^^ 
OMA = 174° 30' 44" 
180° 



ar. com* 



9.326758 
0.725183 
9.769219 
9.821160 



0AM + AOJf = 6° 29' 16" ; -^ 2 = 2° 44' 38" 



Triangle 
AOM. 



OM + AM- 6.2832 
: OM - AM = 3.1416 
:: tan. i (^ + 0) = 2° 44' 38" 
: tan i {A - 0) = 1° 22' 22" 
0AM 



ar. com. 



= 4° 7' = Max. Obliq. 



9.201819 
0.497151 
8.680580 
8.379550 
= AEN. 



Triangle 
AOM. 



sin 0AM = 4° 7' 
: sin OMA = 174° 30' 44" 
:: 0M= 4.7124 
: OA 

2. 

AN =i OA 



ar. com. 



1.143951 
8.980609 
0.673242 



U.7978U2 
0.301030 
0.496772 



Triangle 
AEN. 



ar. com. 



sin AEN = 4° 7' 
: AN 
:: Bad. 
\ AE — 43.7343 = Bad. Interm. Des. Circle. 1.640723 

A(7 = 5. I (85 = Max. No. given by Prof. Willis.) 



1.143951 
0.496772 
10. 



48.7343 .-.48= Maximum No. Teeth. 



240. We will next take a case in outside gear, thus : 



Given, 



j Follower of 10 Teeth. Eadial Flanks. 
( Arc of Recess = Pitch. Tooth = Space. 



Then in Fig. 143 we shall have 

^e = Jxl0xTVx2x 3.1416 = 9.4248. 
AM^ iAO = 2.3562 
rM= iAG = 7.0686 
AC = 10 = Rad. Follower. 
ACM = 0AM = 36° = Max. Obliquity. 



0AM = 

AOM f AMO =z 

i{M+ 0) = 



180^ 
36^^ 

144^ 
72^ 
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Trianglo 
CAM. 



Triangle 
0AM. 



Trianglo 
0AM. 



I^angle 
J'OM. 



Bad. 

sin 0AM = 36° 
:AC = 10 
0A=: OP 
AM 

OA + AM 
OA - AM 
: tan i (if 4- 0) 
tan i{M- 0) 
AOM : 
iAOM: 



6.8778 
2.3562 

8.2340 
3.6216 
72° 

52° 46^32^^ 

ir 13' 28" 

9° 36' 44" 



10. 

9.769219 
JL. 

0.769219 



ar, oonu 



9.084389 

0.546740 

10.488224 

10.119353 



sin^OJf = 19° 13' 28" 

: sin OAM= 36° 

::AM =z 2.3562 

: OM = 4.2061 

OP = 5.8778 

PM- 7.0686 

2) 17.1525 = 03f 4- OP + PM. 
8.5763 = S. 
1.5077 = iS - PM. 



ar. com. 



0.482449 
9.769219 
0.372212 
0.623880 



COB i POM-. 



V 



Rad^ . 8. (6' - PM) 



OP X OM 



Ead.« 

S = 8.5763 

S- PM= 1.5077 
OP = 5.8778 

OM = 4.2061 



0.769219 } 
0.623880 f 



. cos i POM 

iAOM 

AON 

DAD = 90° + AM 



43° 40' 51" 
9° 36' 44" 
53° 17' 35" 
126° 



20. 

0.933300 

0.178315 
21.111615 

1.393099 
2) 19.718516 

9. 859258 



ADN = 180° - (179° ir 35") = 0° 42' 25" 



Iriangle 
ADN. 



r sin ADN = 0° 42' 25" 

I . en 



ar. com. 
sin^OiV^= 53° 17' 35" 

::0A^ 5.8778 

: AD=z 381.9531 2.682010 

. •. 382 = Minimum No. for Driver. 



1.908777 
9.904014 
0.769219 
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COMPUTATION OF TABLES. 



241. Prof. Willis correctly observes that when the action begins at 
the line of centres^ no pinion of less than ten leaves can be driTen, but 
in reference to the above case he says (p. 210) ^^ nothing less than a 
rack can drive a pinion of ten ; " whereas it appears from these figures 
that it can be driven by any wheel of 382 teeth or more. In corrob- 
oration of which we will now assume a driver of 382 teeth, the arc of 
recess being equal to the pitch, and the tooth to the space, as before. 

We shall then have in Pig. 133, 



ACF = 0^56' 32.67" 
ACH = 0° 42' 24.5" 
ARC = 89^ ir 35.5" 
OHM== 90° 42' 24.5" 
AC= 382. 



arc -4^ 
AG 
AM 
OM 



7j,x 382x2x3.1416 
arc AF = 6.2832 
\ AO^ 1.5708 
% AG^ 4.7124 



= 6.2832 



Triangle 
ACH. 



Bad. 
: i2i,xiACH= 0° 42' 24,5" 
: AC = 382 
; AH = 4.7123 

AM ^ 1.5708 

HM=z 3.1415 



10. 
8.091169 
2.582063 
0,673233 



Triangle 
OHM. 



Triangle 
OMA. 



s 



0M= 4.7124 
HM= 3.1415 
sin OHM --. 90° 42' 24.5" 
sin^Oi¥= 41° 4 8' 17.5 " 
OMA = 132° 30' 42" 
180° 



0AM 4- AOM = 47° 29' 18" ; -f- 2 = 



OM + AM = 6.2832 
: OM - AM = 3.1416 
:: tan 4 (^ + 0) = 23° 44' 39" 
: tan i (^ - 0) = 12° 24' 5.8" 



ar. 


com. 


9.326758 
0.49713'! 
9. 99996'; 
9.82386S 


23 


°44' 


39" 


ar. 


com. 


9.201811 
0.497151 
9.64324^ 



9.34221^ 

0AM = 36" 8' 45" = Max.Obliq. = ABN 



Triangle 
OMA. 



sin 0AM = 36° 8' 45" 
sin OMA = 132° 30' 42" 
: OJf = 4.7124 
OA 
2 
AN =i OA 



ar. com. 



0.22923( 
9.86759( 
06732^ 
0.77007^ 
0.30103( 
0.46904^ 
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sin AEN = 36° 8' 45" ar. com. 0.22923 

.lJ\r 0.46904 

:Ra(l. 10 

AE = 4.9921 - Rad. Eit. Des. Circle. 0.69828 
2 (Flanks to bu Rjtdial). 
9^9842 . '. 10 = Minimum No. lor Follower. 



1 842. In the caae of a driving pinion of leaves, under tlie same 
■oditioOB, we find, by a similar computation. 



AE = 71.7083 = liad. Exterior Des. Circle. 

AC = 6^ = Rad. Driver. 

77.7083' ^ Bad. Annular TVhocl. 
3 AE = 143.4166 = Rad. Follower in Outside Gear. 



iTheec being minimnm values, tlie next higher integers must be 
9 the limiting numbers of teeth for complete wheels. Thna 

V 6-leaved pinion can drive an annular wheel of 78 teeth, or au ex- 
inlly toothed one of 144, but no less numbers can be used when the 

icribing circle thus found is employed. 

I'rof. W'llis assigns 176 instead of 144, and, as previously stated, ho 
gives a rack, instead of 382 tectfa, as the least that can drive a pinion 
of 10. In the table for outeide gear we have merely marked with an 
asterisk those of onr own values which differ from his, because the 
above-mentioned diacrepanciea are the moat serious oncH. But hie 
method, whatever it was, appears to hare been singnlariy defective in 
its application to inside gear ; he not only ignores entirely the mini- 
mnm values, but assigns maximum values which differ so often and 
»o widely from those compnted as above, that wo have deemetl it 
proper to present his tables for annular wheels side by side with our 
own. which wetbink it safe to assert are numerically esact. Had the 
object been to determine the limiting ra(/(i with the utmost precision, 
a correction for the error in Prof. Rankiiie's approximations would have 
'.-■en necessary in every instance. This, however, we havo applied 
Illy when the arc to be dealt with was so large as to makcit reqnisite, 
1 order to secure in the computation of converse cases, as in (240) 
and (841), results concordant in respect to the number of teeth for 
complete wheels. 
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OUTSIDE GEABrara. 



Limiting Numbers of Teeth. 



BXCE8S = FITCH. 



D. 



6.58 
6 

7 

8 



10 

11 

12 
18 
14 
15 
17 
20 
24 
82» 
67* 
882« 



144» 
50» 
84» 
27 
28 
21 
19 
18 
17 
16 
15 
14 
18 
12 
11 
10 

9.83 



BXCESS — f FITCH. 



D. 



3.25 

4 
5 
6 

7 

8 

9* 

11» 

16 

88» 



P. 



84» 

19 

14 

12 

11» 

10 

9» 

8 

7 

6.36 



BBCEM = |FITCB. 



D. 



2.58 
8 

4 
5» 

6 

7 

8 
11 
21» 



R 



87» 
15 
11» 
10 

9 

8 

7 

6 

6.17 



Outside Gearing. 

Epictcloidal Teeth. Radial Flanks. 

Tooth = Space. 

Minimum Values. 



* Numbers differing from those given by Prof. Willis. 
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Limiting Numbers of Teeth. 






INSIDE EPICYCLOIDAL GEARING. 






FLANKS OF PINIONS RADIAL. TOOTH = SPACE. 




KKCE80 : 


= PITCH. 


RECESS = f PITCU. 


RECESS = 


= 1 PITCH. 


!>• 


P. 


D. 


F. 


D. 


F, 


3 





2 


7 


2 


11 


4. 


10 


3 


41 


3 


CO 


e 


48 


4 


~ 








Maximum Followers. 


t 


IB*. 


D. 


F. 


D. 


F. 


D. 


•r 


14 


5 


13 


4 


8 


B 


24 


6 


65 


5 


53 


O 
^O 


60 


7 


CO 


6 


~ 




Maximum Drivers. 


B. 


F. 


D. 


F. 


D. 


F. 


6 


78 


4 


21 


3 


22 


7 


32 


5 


15 


4 


12 


8 


25 


6 


13 


5 


11 


9 


23 


7 


13 


6 


11 


10 


22 


8 


14 


7 


12 


11 


22 


9 


14 


8 


12 


12 


22 


10 


15 


9 


13 


13 


22 


11 


16 


10 


14 


14 
15 
16 


23 
23 
24 . 


12 


17 


11 


15 


Minimum Followers. 
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Limit hig Numbers. {Prof. Willis.) 





INSIDE EPICTCLOIDAL OEABING. 




i 




FLANKS OP FtNIONS BADIAL. TOOTH — SPACE. 


' 




RECESS = 


= piTca. 


RECE88 = 1 FITCII. 


RKCEM = 


1 PITCH. 


D. 


F. 1 D. 


F. 


D. 


F. 


2 


5 2 

1 


10 


2 


14 


8 


12 


1 8 


77 


4 


Any No. 




4 


26 


4 


Any No. 


1 






5 


85 








7 


Any No. 


Maximum Followers. 






F. 


D. 


F. 


D. 


F. 


D. 




7 


14 


4 


5 


4 


8 




8 


25 ! 


5 


12 


5 


64 







60 


6 


77 






, 


10 


Rack. 




\ 


.^ : r 




Maximum Drivers. 







243. The manner of using these tables is best illustrated by an ex- 
ample or two. In outside gearing, let the given wheel be a driyer ol 
12 teeth, the arc of recess to equal the pitch. In this diyision are 
two columns, marked D and Fy for drivers and followers respectively : 
and opposite 12 in column Dy we find in column F the nnmber 19, 
which is the least that can be driven. If the same number be assigned 
for a follower, we find in column /), opposite 12 in column Fy the 
least number, 32, that will drive. 

If the given number be not found in the table, the number for the 
required wheel will be found opposite? the next less number. For in- 
stance, the arc of recess being three-fourths of the pitch, let the given 
wheel have 28 teeth. By reference to the table, it is seen that 16 
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iver) will driyo 8, but 33 is the least tliut will drive 7 ; hence ilio 
given wheel wit! drive 8, btit no less. The givoa number 13 not found 
ia column i^ either ; but 19 can bo driven by 5, or any number greater 
than five, while a pinion of 4 can drive no less than 34 : conaoqnontly 
5 k tho least thutcttn bo usod to drive the wheel of 28. Thus this 
table includes all possible limiting numbers for the tlirco values of the 
arc of receBS, in outside gearing. 

In the firet division of the table for insido gearing, marked Maxi- 
mum Followers, the columns F contnin the greatest numbers of teoth 
for the annular wheels which can bo driven by the corresponding 
numbers in the columns P ; for instance, when recess — pitch, a pinion 
of 5 can drive a wheel of 48, but not more. Since the least number 
that can bo driven ia always one more than that on the pinion, it is 
not given in the table ; it is necessary only to remark that the lowest 
numbers which can he thus used arc 3 for the pinion and 4 for the 
wheel, as a two-leaved pinion iviil not drive on account of the exces- 
sive obliquity whcu the wheel has but three teeth. In all the com- 
binations in tliis division, tho receding action con be secured only by 
the u^ of an intfirmediato describing circle. 

In the second division, the columns D contain tho greatest numbers 
for the annular wheels which can drive the corresponding numbers in 
columns F: thus when recesa — J pitch, a piniou of C can be driven 
by a wheel of 65 teeth, but not by a larger one. Since the Qanka of 
the pinion are to bo radial, the least number for the driver (236) will 
e and a half times that of tho given pinion, whatever tho are of 
I, and therefore is not set down in the table. 
[In the third division, the enlumns D contain the njimbcrs for given 
bions whose teeth are pointed, the faces being, therefore, generated 
m each case by tho least possible describing circle. Tho columns F 
contain tho lea»t numbers for the annular wheels which can be driven 
by these pinions, whoso faces act against flanks traced by tho same 
^^(■cribing circles, which arc exterior ones ; and when these least num- 
^^kv arc used, the annular wheels can have no faces. Thero being, 
^^bS) no approaching action, it would at first sight appear that the 
^^fction could only bo continuoiisly maintained when the arc of recess 
is equal to the pitch. But the assigned amount of receding action in 
Ibese cases is sccnred by the uso of the exterior describing circle only : 
and the actual amount is greater, owing to tho peculijirity of the ac- 
tion explained in (306), there being in fact two points of driving con- 
tact up to the limit assigned in tho table, so that the rotation will he 
reperly maintained in every case. 
|M4. It remains now to illustrate by an example the uso of this 
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table in findings as mentioned in (239), the limiting number of teeth 
for a pinion wliieh is to drive a given annnlar follower. 

Suppose that the recess is to be equal to the pitch : then, recollect- 
ing that, as just mentioned, a pinion of 3 can drive a wheel of 4, ve 
deduce at once, in regard to the least number, the following by in- 
spection of the table : 



No. OM Given Wheel. Least No. for Piviok. Desciubiko Cibciz. 

4-9 inclusive 3 

10-10 '' 4 

17-48 " 5 

49-77 '' 6 

78 - oo 6 Exterior. 



Intermediate. 



The greatest number for the pinion, if an intermediate describing 
circle be used, is always one less than the given number on the annu- 
lar wheel. 

If it bo stipulated that the assigned arc of recess shall be secured 
by the use of an exterior describing circle, the limiting numbers may 
also bo found by simple inspection if within the range covered by the 
tabic. But in order to include the superior limit for even moderately 
large wheels, the table would require to be inconveniently extended. 
For instance, let the given number be 42 ; this is found by computa- 
tion to be the least that can be driven by a spur-wheel of 36 teeth, 
which is therefore the largest possible driver. A pinion of 6 can 
drive no less number than 78, but one of 7 can drive any number 
above 32, and is, consequently, the least which can be used under the 
assigned conditions. 

245. If an interchangeable set of spur wheels be constructed by the 
use of a constant describing circle, the limiting numbers for the an- 
nular wheels which will gear with them may be readily found without 
reference to a table. In the system formerly employed by Brown & 
Sharpe, of Providence, R. I., the diameter of the describing circle was 
equal to the radius of a pinion of twelve teeth. If then the teeth of 
the annular wheels are to have both faces and flanks, the distance be- 
tween centres of the interior and exterior describing circles may be 
represented by twelve, since the radii are proportional to the numbers 
of teeth ; and at the limit this distance is equal to that between* the 
centres of the pitch circles. In these circumstances, therefore, any 
spur wheel of the set will gear with an annular wheel having twelve 
more teeth than itself, but no less than that will answer. Either may 
be used as driver or as follower indifferently, but the relative and 
the actual amounts of approaching and receding action will depend 
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H only upon which does drive, but also tipoo tfao actual numbers of 

letli u«e<l in any given case. Since, lioBevor, in the use of this sys- 

n the smullost pinion ever used was onu of twelve teeth, llie total 

igle of action would clearly be always ample. 

r By cutting down the pinion to the pitch circle we may wee a smaller 

1 (as a driver only), and by similarly treating the wheel we may 

K ft smaller pinion for tbo eanic purpose ; the least number for the 

iDuhtr wheel being found in either case by adding jtix, instead of 

(elve, to the nnmber of teeth upon the given internal wheel, 

Bit) the Byatem first adopted by PruttiWhitney, of Hartford, Conn., 

1 Bubaequently by Brown & Sharpe, the diameter of the doEcrib- 

t circle is equal to half that of tho pinion of fifteen teeth. These 

■iting nnmbera are, therefore, found by adding to ilie number of . 

rth on the given spur-wheel, fifteen if both wheels are to have faces 

|woll as flanks, and eight, if either is to be cut down to the pitch 

in the latter case, the fxacl number to be added is seven and a 

half, which giving a fractional result, the nest higher integer must bo 

taken. 

S46. The Nomodont. — If the radius of the given wheel bo gradually 

Hcrea»ed, other things remaining unchanged, it is obvious that tho 

^Hliua of tho greatest or the leatit wheel, as the case may be, which will 

^Blk with it either as a driver or a follower, will vary according to 

^Biu regular law. As in many other cases, this law can l>c best illns- 

^HUed graphically, by a curve whose abscissas arc proportional to the 

^Bven, and the ordinates to the required, radii of tho wheels ; to which 

^■b have given the descriptive name of the Nomodont, from the law 

Hspreswd by it in relation to the numbers of teeth. These limiting 

Hbiabcrs, as given in the tables, are integers, as they must bo if com- 

Hiete wheels are to be used ; this would not bo the case were sectors 

Hnly to be employed, as they often are, and in constnicting these 

Kbttca the fractional values as coinputfld have been given to tho 

^Kinatcs. 

^Blt is hardly neuessory to point out that the regularity of tho curves 
^■ordB a quite rigid test of the correctness of the results which they 
^Bthody, And in order to define them the more jwrfectly, especially 
^■ttwceu tho origin and the vertices, in the region of the asymptotical 
^■dimtee, a great number of iutcrmediate fractional radii wore as- 
^■med for the given wheels, the conditions for all the curves repre- 
^Bnted being, that the externally toothed wheels shall have ra^lial 
^■ukx, that the uro of recess ahall be equal to the pitch, and the tooth 
^ntal to the space. 
^HM7. In Fig. 146, the .abscissas represent tho radii of given ester- 
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naUy toothed wheels which mre to diiTe, the ordinates of the cones 

A and B are proportional to the coms- 
I ponding minimum radii of the followen 

^^ in outside and inside gear respectiTelj, 

determined as in the case of the 6-leaTed 
pinion, in (S43), 

This, as appears from the table, isthe 
least complete pinion which can driie 
at all in outside gear ; the exact limitr 
ing radius of one which can justdriTeft 



Thb Nomodokt. 
EpkjTloidal System. Beccw = Phch. Tooth = Spice- 
Scalu of Ordinates | Scale of AImcImu. 




RjLDii OP Given Diutxrs. Fig. 146. 

nick, is 5.58, at which \x>\\\i the ordinate is therefore infinite, and asymp- 
totic to the curve .1. As the radius of the given driTer increases, that 
of the follower diminishes, at first very rapidly, then more and more 
slowlv, until the driver lKH?onies a rack, when the value of the ordi- 
nate is 9.83, which agrees with the tabular record that the least whole 
number which can be driven is 10 ; consequently this curve has also 
a horizontal asymptote at a distance of 9.83 above the axis of ab- 
scissas. 

Since the driven rack may be regarded as an infinitely large wheel 
in inside gear, as well aj in outside, the ordinate at 5.58 is also an 
asymptote to the curves B and C \ the ordinates of the latter being 
proportional to the maximum radii of annular followers, whose action 
requires the use of an intermediate describing circle, determined as in 
(239). 

The ordinates of B also diminish rapidly at first, but reaching a 
minimum when the radius of the driver is between 10 and 12, subse- 
quently increase. The rate of increase, however, is not constant ; the 
value of the ordinate is (239) AC •\- AE, in which, while AC in- 
creases uniformly, AE diminishes more and more slowly, reaching the 
limit of 4.92 when A C = oo. If, then, any two ordinates be drawn, 
each measuring, by the scale of ordinates, a distance equal to its abscissa 
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4.92, the right line passing throngh their extremities will be a 
tcond asymptote to the curve B. 

Both A and B are^ it will be obsenred^ remarkably symmetrical 
arres, being in fact very nearly true hyperbolas. The ordinates of 
\ on the other hand, diminish very rapidly as the radius of the drirer 
J reduced, their values, as shown in (289) and (826), being 48.73 
rhcn that radius is 5, and exactly 9 when the radius is 3. As ap- 
eare from the table, only three complete pinions, haying respectively 
, 4, and 5 teeth, are included in the class here represented. Prof, 
niiis gives a pinion of two leaves, as capable of driving a wheel of 
ve teeth ; but this will be found wholly impracticable on account of 
ie excessive obliquity. 

We have, therefore, not considered it worth while to compute an 
"dinate for a less driving radius than 2.5, at which limit the value 
G.76 ; but the curve is extended in a dotted line to the zero point, 
L the assumption that driver and follower would vanish simul- 
aeously. 

248. In Fig. 147 the abscissas represent the radii of given externally 

toothed followers. The ordi- 
nates of the curve D being pro- 
portional to the corresponding 
minimum radii of drivers in 
outside gear, it is at once appar- 
ent that this curve will have a 
vertical asymptote at 9.83, and 
a horizontal one at a distance of 
5.58 above the axis of abscissas. 




The Nomodont. 
Epicydoidal System. Secee8= Pitch. Teeth =Space. 



0.S3 so 2S 

RADn OF GlTXN FOLLOWXBS. FiG. 147. 



be curves A and D are very similar, and will become in fact 
lentical if the axes be transposed and the same scale used for both 
dinates and abscissas ; for it will readily be seen, by comparing Fig. 
13 with Figs. 142 and 143, that assuming the processes of construc- 
m and computation to be exact instead of approximative, the radii 
those converse cases must under similar conditions be precisely the 
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same. As here shown^ however, the cnrve D has been coBstmcted 
with ordinates computed as in (S40). 

When the given radius is less than 9.83, the driver must be annu- 
lar, and its maximum radius forms an ordinate to the cnrve E, which 
is somewhat similar to (7, and like it includes the radii of but thicc 
complete pinions ; which have respectively 7, 8 and 9 leaves. 

The maximum radius of the driver for a pinion of six leaves, is 7.45, 
which is impracticable, as we have seen that it must be at least one 
and a half times as great as that of the follower. Therefore the com- 
putations were carried no further, although this curve, like (7, and 
upon the same assumption, is continued in a dotted line to the zero 
point. 
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8PCB OEAEISG, CONTlKrED — INVOLUTE TEETH. 



rolute GeDcrotml b; Rolling of Right Line on Base Circl(.>s, Peculiar Proper- 
ties. Original Pitch Citclu. Rack and PinioD. Annular Wheels. Low- 
nQmbercd Pinions. Involute Tooth with Eplcycloidal Extension. Limiting 
Numbers fur Qiven Arcs of Rccesa. Comparison of Ihu Involute and E[)ic<r- 
cloiilal Systems. Involute Generated by Rolling of Loguritlimio Spirul on 
Pitch Cireles. 



Involute Teeth. 

249. Next to the epicycloid, the enrvc most extensively used na the 
tooth-outline in spur gearing, ia the involute of the circle. 

It will subsequently be shown 
that this carve can be generated 
in a manner which conforms to 
the general law enunciated in 
tlSl); but its fitness tor this 
pnr[)08e 13 proved much more 
clearly and simply by deriving it 
in another war. 

In Fig. 148, let LM, RS, bo 
portions of two pitch circles in 
contact at A ; C and D their cen- 
tre3, and TT their common tan- i 
gent. Draw Jfjf inclined to TT, 
and upon it let fail the perpen- 
dicnlars CE, DF; with which, as 
radii, describe the circles EHY, 
FQQ. Suppose these circles to 
be disks npon which m wound an 
inextenaible thread EF, carrying 
a marking point at F. Now let 
Ihc upper disk turn as shown by the arrow : it will wind the thread 
I upon itself, unwinding it from the lower one, which will thus be 
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turned in the opposite direction, but with the same parimetral Teloc- 
ity. Let the arcs EH^ FG, be equal to each other and to the rigl*^ 
line BF; then while the pencil is drawn from Fto E, it will trac^ 
upon the plane of the upper disk the curve KB, and upon the plau^ 
of the lower one the curve OB. 

250. These are involutes, not of the pitch circles, but of the ha^^ 
circles BHY, FOQ, the ratio of whose radii CB, DF, by reason o^ 
the similar triangles ACB, ADFy is the same as that of ACy AD, th^ 
radii of the pitch circles. Being simultaneously generated during th^ 
rotation by a point which lies always in the common tangent to tb^ 
base circles, that is to say, in the common normal to the involutes, 
these curves will be tangent to each other throughout the generation : 
and since this common normal always cuts CD at the same point A, 
they may be used as outlines of teeth for the wheels to which they 
respectively belong. Thus FI, similar to OB, will drive FH, which 
is similar to KB, in the direction indicated by the arrow, with a con- 
stant velocity ratio ; the locus of contact being the line FB. The 
two curves are shown in the diagram in one intermediate position, so 
that the action wilt be readily traced without farther explanation ; 
and it is evident that this action is precisely equivalent to the rolling 
together of the pitch circles LM, liS. 

251. Now, since the involute does not extend within its base cir- 
cle, the curves shown in Fig. 148 are of the greatest possible length ; 
supposing the lower wheel to drive, the action begins at ^and ends 
at B, Both curves are continuous, and there is no division into face 
and flank ; but it is evident that the points x and z will meet at A, 
the involutes then occupying the positions OAU, PAW: also that 
the ratio of the arc Az to the arc FO, is the same as that between the 
arcs Ax, IIP. 

Reasoning, in like manner, as to the arcs of recess, and recollecting 
that the arcs FO, IIP, are each equal to FA, while 00, PE, are 
each equal to AE, we have 

Ap proach _ FA _ CB_ AC 
"Recess" "" AE "" DF'^ AD' 

That is to say, if each involute bo long enough to extend to the root 
of the other, the arcs of approach and recess will be to each other in 
the direct ratio of the radii of the base circles, or pitch circles, of the 
driver and the follower respectively. 

In these circumstances, the smaller of two wheels must drive in 
order to secure more receding than approaching action. But as it is 
not necessary to make the curves so long, we can vary the proportion 
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between the arcs of approach and receas at pleasure, by properly regu- 
lating the heights of the teeth, wbat«Ter the relative diameters of the 
Theels. 

851 ThnB in Fig. 149, which represents teeth of practical propor- 
tions, one pair is shovn in contact at A, another pair as just quitting 




contact at B, the lower wheel driving as indicated by the arrow. The 
Receding action, then, continues while the point of contact travels 
^m A to S, a distance equal to Of measured on the base circle. 
Meantime the linear motion of the driver, measnrcd on the pitch cir- 
cle, will he AG, which is greater than 01 in the proportion of the 
radius of the pitch circle to that of the base circle ; but since those 
two area measure the same angle, either is readily found if the other 
be given. 

Supposing, then, that the angle of recess is assigned ; we first ascer- 
tain the length of the arc 01 on the base circle by which it is meas- 
ured, and set off AB on the Hoe of action, equal to it ; then the tops 
of the driver's teeth are limited by a circle through B, about that 
wheel's centre. 

A radius through B cuts the pitch circle in /T; if GH be equal to 
half the thickuess of the tooth as determined by the pitch, the cnn- 
Etruction is just possible, and the tooth will bo pointed. If GH bo 
greater than that, the conditions are impracticable ; but if it be less, 
the tooth, as in the figure, will be of sensible breadth at the top. 

By a similar process the height of the follower's tooth for any as- 
signed angle of approach is dctermincil, and the pitch circle^ having 
been subdivided as usual into equal parts, the construction is com- 
pleted by drawing the reverse involutes for the backs of the teeth, 
and providing snitablo clearing spaces. These may be required toes- 
tend some distance within the base circles, and if so they may be 
10 
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bounded as in tho figure by radial Hues tangent to the involutes 4 
their roots. 

263. Peculiar PropertieB of Involute Teeth. — In the operations above 
described, the line of action FB was drawn nt pleueurc, and the ar- 
gnment in no wise dependa upon its obliquity. Consequently, for a 
given pair of pitch circles an inflnit<i nurnlwr of pairs of base circles 
may be assigned, and the converse is evidently true, since the cotdihod 
tangent of any two given base circles will always cut the line of cen- 
tres, be the same greater or less, into segments having the same ratio 
as their radii. From which follow two important practical deduc- 
tions, viz.: 

1, Any two wheels with involute teeth, of which the pitch arcs on 

the base circles are equal, will gear correctly with each other. 

2. The velocity ratio will not be affected by any change in the dis — 

tance between their centres. 

We have seen that wheels with epicycJoidal teeth may bo made in- 
terchangeable ; but Ibis second peculiarity gives tho involute tooth ai>. 
advantage over every other, of special importance in mechanism re- 
quiring the greatest smoothness and uniformity of action. The veloc- 
ity ratio will be correct, although tho wheels be improperly located at 
tho outset, and will remain so in apito of wear in the bearings ; also, 
the backlash may at any time be reduced to a minimum, by bringing the 
axes as close together as they can be without causing tho teeth to bind. 

On tho other hand, the obliquity is consiant, and in general greater 
than the mean obliquity for epicycloidal teeth having the same angle of 
action. While this may be a serious objection to the involute form for 
heavy work, it may also be a posilivQ advantage in light mechanism where 
smoothness of action is all-important. For the side pressure will ul- 
wdys keep the axes at the greatest possible distance from each other, 
which tends to prevent shaking if there be any looseness in Ibo 
bearings. 

254. Original Pitch Circle. — Of tlie infinite number of pitch circles 
which may be assigned for any given wheel, there is evidently but otic 
upon which the tooth and space, as in Fig. 149, are measured by equal 
arcs. This ia appropriately called the original pitch circle, lieing the 
one given or assumed in laying out a, pair of wheels with teeth and 
spaces equal as above described, and it determiuea what may be called 
the proper obliquity for both wheels. 

Suppose now that a wheel has been made, the teeth being involutes 
of a given base circle, the pitch circle unknown ; and Jet it be re- 
quired to construct another which shall gear with it in such wise that 
the teeth and spaces on the pitch circles shall bo equal as in tho 6g- 
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nre. In order to do this, it is neceasaiy first to God tho proper ubliq- 
nit; of the given vbeeL This may be done graphically as follows : 
dn* tro radii, tho first bisecting a tooth, the second biuccting aa ad- 
jacent Bpticc, of the given wheel. Then bisect the angle between these 
lines bj another radius ; this will cut, the involntc outline of the tooth 
in s point throagh which the original pitch circle must pass. This 
third radius being taken aa the lino of centres, tho tangent to the base 
cirele, throagh the point lost mentioned, vill be the line of action 
luving the required obliqnity. 

265. Goniidarationi Affecting the ObUqnity. — Tho obliquity is, aa 
»boTo stated, abstractly arbitrary. But it will presently appear that 
under some circumstances there are definite relations between the ob- 
liquity, the velocity raticf and the arc of recess, such that if cither 
tvo be assigned, the other, in many cases, can vary only within a quite 
narrow range. For practical guidance when not trammeled by tho 
Mosideiations alluded to, it may be stated that czperienco has shown 
that for ordinary purposes the obliquity should not exceed from 15° 
to 17°. When it is no greater than this, it is safe to say that even for 
heavy work these teeth are in every respect equal to tho epicycloidal 
or any others ; and in addition to tho advantages previously men- 
tioned, it will be noted that their form is essentially a strong one, 
spreading out rapidly toward the base. 

266. Back and Wheel with Involnte Teeth.— In Fig. 150, LM being 
the pitch circle, and TT the pitch line of the rack, the base circle is 
determined as in Fig. 148, by drawing 
FE at an arbitrary angle through A, 
the point of tangency, and letting fall 
npon it the perpendicular CE. Then 
while a marking point travels from E 
to F, with a linear velocity equal to 
that of the circumference EHY, iti 
will trace u[>on the plane of the wheel 
the involute FH. Tho rack meantime 
moves to the left side with a linear ve- 
locity equal to that of the pitch circle, 
which is greater than that of the base circle in the ratio of AC to CE. 
Consequently, when the pencil reaches F the point E of the rack 
will have moved to I, and wo shall have £"/* perpendicular to EG, EI 
perpendicolar to AC, and also 
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therefore IF, traced by the pencil upon plane of the rack, will 1 
right line perpendicular to EF, 

Dntwiug EK eimilar to HF, and FO similar to IF, and supposing 
the pinion to drive, the action begins at E, ending at F; And m iau 
Fig, 149, the relative amounts of ai>proaching and receding t 
may be varied ut pleasure bj a 
ing the heighu of the teeth, 
this djagrum, as in Fig. 148, 
tical proporttona are disrej 
for the sake of perspicuity 
P general appearance of the combi' 
nation under reasonaUlo conditionr 
is ghoiVD in Fig. 151, the wbliijuit£ 
Ki.i. 151. ' being 20" 

s the obliquity, the shorter will be the acUug face of the 
for a gircn angle of action, and the less will be the amount of 
prooching action attainable; when the obliquity is nil, the rack tooth 
dcgenoratea into a point, and the whccl-tooth becomes an involute of 
the pitch circle, as illustrated in Fig. 121. Tho action is wholly re- 
coding, bnt the sliding is excessive and the wear confined to one point 
on the rack, thus more than counterbalancing all advantages milcea 
tho pressure is very moderate. 

267. Annular Wheels with Involnts Teeth. — The constrnction, as 
ehown in Fi:;. 152, is substantially the same as in the case of outside 
gearing. And tliia form of 
tooth would appear to bo ex- 
tremely well adapted for inside 
gearing requiring unusual 
smooth ncH3 of action, to which, 
OS above suggested, the con- 
stant obliquity is favorable, 
while, owing to the small dif- 
ference in tho lengtlis of the 
acting curves, there is very 
littlesliding. Thisdiagram is 
80 similar to Fig. 150, that no ^' 
explanation ia necessary, be- 
yond calling attention to this 

fact, viz.: since the action most begin or end at E, the root of 
pinion's teeth, the greatest poasiblo height of the wheol-tooth !«■ 
termined by drawing a circle about D through that point 
25S. Low-numbered Pinions with Involuta Teeth. — If two wheel 
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of eqnal size, the least number of teeth which can be given to each 
depends open the obliqaity. 
For if this be assigned, the 
points F and B, Fig. 153, tm 
thereby determined ; and the 
arcs FQ, EH, ou the base cir- 
cles, are each eqnat to EF. 
Taking these arcs, then, as the 
measures of the pitch angles, 
and making the teeth and 
spaces on the pitch circles 
equal, the combination, as rep- 
leaeated m the flgnre, is just a 
limiting case, and the nnmber 
of teeth the least possible. 

If the wheels are to be com- 
plete ones, a fractional tooth 
being Impossible, the arc FQ 
nnst be contained an exact 
number of times in the cir- 
camference, or, if there be a 
remainder, the next higher integer must bo taken as the least number 
of teeth. In the latter cTcnt the arrangement will be practically ser- 
riceable, for though the angles of approach and recess will etill be 
equal, their sum will be greater than the pitch. Each of these angles 
is in point of fact a little greater than the obliquity, but the excess, as 
can easily be verified by calculation, is so small that tlio least number 
of teeth for practical purposes is at once correctly ascertained, by diyid- 
ing the circumference by twice the given obliquity : and thus for equal 
wheels we have 
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869. Supposing the lower wheel in Fig. 153 to drive, then the 
follower may be equal to it, but cannot be less. It may, however, be 
made as much greater as we please ; — a moment's study of tfac diagram 
will show that this same wheel can drive even the rack shown in 
dotted outliuee. 
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A eafEcient iucreaee in the diameter of the follower Till permit 
the tooth QE of the driver to be lengthened to an extent limited by 
ita intereectioQ at P with the rererse involute, forming the back of 
the tooth. About D, describe a circle through P, cutting the line of 
action in B ; draw £/ parallel to EC, catting the line of centres in /: 
then if the driver's tooth be pointed, BI will be the least ladins of the 
follower which will secure the greatest possible amount of receding 
action, viz. : an arc on tlie base circle eqnal in length to AB. 

260. This leads directly to the consideration that the pitch of the 
driver may be made greater than iu the flgare, without changing the 
obliquity ; for by increasing the 
angle FDP, the point of the 
leading tooth may be made to 
fall upon the line of action, the 
tooth and space, as measured on 
the pitch circle, still remaining 
eqnal to each other. 

This ia illustrated in Fig. 
154, FQ being the pitch on the 
base circle, and LM, the corre- 
sponding arc on the pitch cir- 
cle P, on the line of action, 
being the point of the tooth, 
the involute PK mnst bisect 
iif in JV: then, PD wiU bi- 
sect MN in /, and HD, which 
bisects FK, will also bisect 
LN in H. The obliquity being 
given, the angle FDL, which is 
equal to MDG, may be calcu- 
lated ; 

then letting FDL = a, 
FDH= X, 
we sliall have 

J Pitch = LDH = ar + a, 

FDP = 3(a; + o) - a = 3a: + 2o, 
FDCr = LDM = i{x + a). 

But FP, the trigonometrical tangent of the arc Fl, is equal to the 
arc FG ; that is, 
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tan (3x + 2a) = 



c {4x + 4fl). 
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This equation cannot, wo belieye, be solyed by any process less 
laborious than the tentatiye one of assuming a value for Xy and if it 
fail to satisfy the equation, increasing or diminishing it, as the case 
may be, until it does. Nor does the situation afford any key to a 
graphic construction, since the distance to be set off on the line of 
actioD, and the angle subtended by an arc equal to it on the circum- 
ference, are both unknown. 

This, howcTer, is of little consequence, as, if the obliquity be as- 
signed, there can be no certainty that the pitch arc when found would 
be an aliquot part of the circumference : and it is of much more prac- 
tical interest to ascertain the result of assigning a specific number of 
teeth, or in other words a definite pitch. 

861. When this is done the case becomes more manageable. Consid- 
ering first the graphic process : The radius FD of the base circle and 
the pitch angle FDO being given, we have first simply to rectify the 
arc FO and set off FP equal to it, in a direction perpendicular to 
DF. Drawing the involutes PO and PJT, the tooth is completed as 
to its acting outlines ; now bisect the angle FDK by the radial lino 
DH, draw PD^ and bisect HDP by DN: this latter line will cut the 
involute PK in the point JV, through which is drawn the original 
pitch circle cutting FP in -4, which locates DA the lino of centres 
and determines the proper obliquity. 

The pinion thus formed is barely capable of driving, the whole path 
of contact FP being just equal to FOy the pitch arc on the base cir- 
cle : and the minimum radius of the follower will be determined bv 
drawing PC perpendicular to the line of action, cutting DA produced 
in C the centre. 

262. Otherwise, by computation : Knowing the radius FD and the 
length of FPy the angle FDP may be found, whence, the angle FDO 
being given, the angles ODK, FDKj may also be found, and we shall 
then have 

FDL = i {GDK - FDK). 

Now, FAf the trigonometrical tangent of the angle ADFy is equal 
to the arc of the base circle, which measures the angle ADL ; there- 
fore, let 

ADF = y, 
FDL = a, 

and we have 

tan y = arc (y + a). 

This equation may be solved by the tentative process above do- 
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scribed ; and the angle ADF tbas determined is eqaal to the proper 
obliquity. Knowing this aogle and the aide FD, we can now find 
FA, equal to the arc of approach on the base circle, which taken from 
FF gives AP equal to tho arc of recees, and the triangles ADF,ACP, 
being similar, the radius PC is readily ascertained. 

283. In Fig. 154 the pitch arc FO is 72°, so that the diagram rep- 
reaents tho coaetraction of a fiTe-lcaved pinion just capable of driving. 
By comparing this figure with the preceding one, it will be seen that 
when the point of the tooth thus falls upon the line of action, we have 
the maximum pilch for a given obliquity, or the minimum obliquity 
for a given pitch. 

In this case, wo find by compntation in the manner above expluned, 
the following values, viz. : 

Obliquity 28° 8' 

Arc of Becess ^ pitch. 

Least Na for Follower 6.74, 

PiBCtically, then, a pinion of five leaves is capable of working with 
another of seven, but no leas 
without exceeding the obliquity 
above given. By increasing the 
obliquity, the number for the 
follower may be reduced, but it 
will subsequently be shown that 
five is not only the least number 
for equal wheels, but also the 
least that can either drive or be 
' driven at all. 

264. The greatest possible 
path of contact is the distance 
between the feet of the perpen- 
diculars let fall from the centres 
of the wheels upon tho line of 
\ action. It has been pointed out 
that if the obliquity be assumed, 
there is no certainty that this 
distance will be an aliquot part 
of the circumference of the base 
circle. But if the nnmbeni of 
teeth ho given for a proposed 
pair of wheels, it may be made ' 

I, and the obliquity thus determined. 
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For example, in Fig. 155, let the numbers be six for the upper 
wheel and five for the lower. About any centre Cy with a radius 
measuring 6 on any scale of equal parts, describe a circle ; perpendicu- 
lar to any radius CEy set off j^i^ equal to the arc EH which measures 
the pitch ; perpendicular to EF^ and on the side opposite EC, set off 
th measuring 5 parts on the same scale, and draw CD, cutting^j^ 
\xlA. Then taking AC, AD, as the radii of the pitch circles, and 
CE, DFy as the radii of the base circles, the path of contact, EF, 
which is equal to onensixth of the circumference of the upper base 
circle, will measure one-fifth of that of the lower one. 

Aud this construction fixes the minimum obliquity for the given 
onmbers of teeth ; it being evident that a decrease of this obliquity 
will at once*8horten the path of contact and enlarge the base circles. 

866. LiYolute Tooth with Epioydoidal Extension. — The path of con- 
tact, as above determined, is exactly equal to the pitch ; now in prac- 
tice the arc of action must always be greater than the pitch, and yet 
it may be desirable to use involute teeth in circumstances like those 
represented in Fig. 155. The involute docs not continue within its 
Inse circle, but the face HF of the blunted tooth may be extended as 
shown in dotted lines, the curve beyond F being an epicycloid gener- 
ated by a circle whoso diameter is AD, which will work correctly with 
the radial flank bounding the clearing space in the lower wheel. A 
similar construction is applicable, of course, to the other wheel, if its 
tooth be originally so much blunted as to make it desirable ; and in 
this way a sufficient angle of action may be secured, and the involute 
tooth employed in cases where it would otherwise be inadmissible. 



Limiting Numbers of Teeth for Given Arcs of Recess. 

266. In the employment of the involute system, if a definite pitch 
and arc of recess be assigned for either wheel of an engaging pair, there 
will be a limit to the number of teeth which can be given to the other, 
as was shown to be the case with the epicycloidal tooth. 

Practically, a knowledge of these limiting numbers is just as neces- 
sary or convenient in using one form of tooth as it is in using another. 
Next to the epicycloid, the involute is the curve most extensively used, 
and in the mode of generation, as well as in the peculiarities of the 
action, there is a marked contrast between the two, and for these rea- 
sons a special interest attaches to a comparison of the limiting num- 
bers for these forms under like conditions. We shall therefore pro- 
ceed to investigate a method of determining these limits for the same 
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values of the arc of recess which were assaiDetl in the lal: 
cjcloidal teeth, viz. : 

1. RcccBs = Pitch. 3. Bocesa = } Pitch. 3. Recess = | Pitod 

267. In Fig. 156, let C, D bo tho centres of two wheels, FTr| 
iTi^arca of the pitch circles tiingent at A. FQ the lino of i 
CQ and DFlhe radii of tho Laae circles, and let the lower wheel d 
in tho direction indio 
by the arrow. 

Tho proportions «re I 
that the tooth of the dil 
is pointed, and that 1 
point, Q. extends jusli 



the root of the other i 
lute ; also, the breadth^ 
of the tooth being cqQi 
the fi])ace HZ, tmth rad 
urtil on the pitch ciri 
there is no backlash. 

This, evidently, ia jnst a 
lim it ing case ; the pitch 
AfL and the arc of i 
A if being asGigned, thed 
volutes bounding the tt/T 
GQK muai pass thro| 
Uie points ^If and JV", ■ 
ever be tJio radins of i 
base circle, and the otu 
nity TAF, which canses 
their intereection to full on 
tho line of action, is clearly 
the greatest possible, whicli 

as clearly gives the least possible valae for A C. 
The diagram, then, represents the problem as already solved, a nd 

it remains to deduce from it tho moans of effecting tho eolntioiL 

any given ease. 
i,&i. Draw QD, -which cuts tho lower base circle in ; then | 

path of contact FQ is equal to the arc F6, and is aUo tho trigonafl 

rical tangent of the arc FO; that is to say, wc have, oatn • 

of condition, 

tan i^O = arc FG. 
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The line of centres cuts the lower base circle in B ; through L, Ay 
and JV, draw LRy Aly NHy involutes of the lower base circle, and 
through A draw also AJy an involute of the upper base circle. 

Then the arc QJ is equal to QAy the trigonometrical tangent of 
the angle QCA ; the arc -F/is equal to FAy the trigonometrical tan- 
gent of the angle FDA \ and the angles QCAy FDAy are equal to 
each other and to the obliquity TAF. 

We shall now have 

FG = FR + 2Rff (1) 

FO^ FO - OG 

OG =\KG 

g , (J5rff= %BTy .• KG=z 2BI+ HG 

\MN=^NLy .• HG = RH 

RG = 2BI + RH 

0G = BI+^ 

At 
T>JJ 

FO = FR ^ 2RH - BI-^ 
or FO^ FR + ^—^^-BI (a) 

Ai 

Also FT :=zFR + RI= FB + BI (3) 

269. Now when the definite values mentioned in (266) are assigned 
for the arc of recess, these equations will be modified as follows : 

I. Becess = Pitch. 

In this case we have 

RI =0, ) 

RH = IH, V whence 

FR = FI, ) 

FG- FI + %IH. 1. 

FO = FI^^M-BI ^-{...po^FB^^Jf. 

FI= FB + BI 3. ) 

And for a pinion driving a rack, 

FR = FI = 0,^ 

FB = 0, >• whence 
BI = 0,) 
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FG = ilU 1. 



2 



11. Recess = J Pircu. 
We now have 

RI =z^,orRH=z2 RI, 

which gives 

FG = FR + 4RI 1. ) . ra-- JPT ^^RT 

FI =FR-\- RI 3.f ^ ^ FG^FI+dRI, 

and 

^^^ ^^^ i^^" ^{ ••• ^'\ .-. F0 = FB •\- %RL 
FR + RI =z FB + BI.... 3.) 

When the pinion drives a rack. 



/!B = 0, ) . iFG = 4/T, 



RI = FL ) **• \fO = FB + 2FL 



III. Recess = § Pitch. 
With this value 

RI = %RH, or RH = —}-. 

And therefore 

Fi = FRt l¥:::: l: ] ••• ^^ = ^^ + «*^- 

Also 

^0 = ^72 + ^f - 5/.... 2. ) . jro = FB^ ^. 
FR + RI = FB + 5/. . . . 3. ) 

And in the case of a pinion driving a rack, 

RI = FI, J •*• ]^F0^ FB + ^-. 

270. Now suppose the pitch and the arc of recess to be assigned 
the driver. The arcs IH and HO are then known ; and if we assi 
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^be 



^ nloe for FI, ire can fiod the correeponding Talues of BI xaA. FB, 
which combined with the otbcTS will give certain value: for FOnoA 
FG ; a=d these an> finally to he t«st«d to see whether they will eatisf; 
eq nation of condition. 



tan /-O = are FG. 



Having at last found in this way the obliquity which under Ui« 
assigned conditions makes FQ equal in length to the arc FG, we 
know ulso the length of F.l ; whence AC, the niinimum radius of 
the follower, is readily ascertained. 

[f, on tlie other hand, the wheel whose pitch and arc of recess are 
pven be the follower; we then know the values of QA and tho arc 
QJ, which are equal to each other, and can thence find the angle 
ACQ, equal to ADF aud to the obliquity. We theti, knowing the 
ires FS, Fl't aasume a value for /?/, and proceed as before to see 
whether the equation of condition is sati^lied. 

271. When the given driver becomes a rack, the least radius tor 
the follower is most readily ascertained by a special construction, 
which is given in Fig. 167. 

We have here au exact 
limiting case, the rack 
tooth being pointed, and 
the whole path of contact 
just equal to the pitch arc 
on the base circle ; thus, 
the rack driving in the 
direction of the arrow, a 
marking jioint in going 
from Q to F, generates the 
right line QU ^XiA the in- 
volute QG, the latter cut- 
ting the pitch circle at M, The action, then, begins at Q. and ends 
at /', tho root of the involute FS, which latter curve cuts the pitch 
circb in L. Since tho tooth and space are to bo equal, the eido -VJl' 
of the pinion's tooth miiat bisect the arc ML at iV; and it must also 
Ik; tangent to the side FY <dt the rack-tooth, at V \\» intersection witli 
the other lino of action PAZ, to which FY is i>er[Kindicular, 

It will now be seen that while the marking point ts moving from Q 
to A, it generates tho curve QM, the pinion rotating through tho arc 
_MA ; in tho reverse motion, a marking point, in going from P to A, 
urvo PN, while tho pinion turns through 
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But we have 



whence 



MA + AN=zMN=iML, 

QA -{-PA =:iQF, 

or PA^iQF-' QA; 

also, QA =: QF- AF; 

therefore, since ^^is equal to the pitch arc, and -4-Fto the arc of re- 
cess (both measured on the base circle), FA is known when these arcs 
are given. 

We have, then, this simple graphic process : Draw any line FQ, and 
let it represent the pitch ; set off upon it a distance FA, making 

FA _ arc of recess , 
'FQ "~ pitch arc ' 

next determine PA as above, and construct the right-angled triangle 
APF. Then the angle PAF is twice the obliquity, and A T bisecting 
it is the pitch line of the rack. Draw j^l (7 perpendicular to AT^ and 
FC perpendicular to FQ ; these will intersect at C the eentre of the 
pinion, determining CF the radius of the base circle and CA that of 
the pitch circle. 

272. Now introducing the same definite values as before for the arc 
of recess, we shall have, 

I. Recess = Pitch. 

iP ^ \r. 1 whence AP = i AF. 
.-. FA = FQ,) ^ 

ft 

II. Becess = J Pitch. 

iS"^^ ^^' [ whence AP = i AF. 
FA = iQF,S ' 

III. Recess = | Pitch. 

• 

^? " * ?^' [ whence AP = ^ AF. 

FA = f e^, ) ^ 

In these cases, then, no tentative proceeding is involved in deter- 
mining the least number of teeth for the pinion, which requires merely 
the solution of the triangles APF, ACF, 

273. I^ Fig. 157 the pinion's tooth has a sensible breadth, QX, at 
the top, and the involutes might therefore be continued as shown in 
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dotted lioes, and the approaching action thereby prolonged. Bnt the 
nnaller the asBigned arc of reoees, the leas is AP, and the narrower 
will be the tooth at the top, when'aa in the fignre the total arc of uc- 
tion ia made equal to the 
pitch : there will, then, be 
Bome Talae of the arc of re- 
cess which will cause the 
points Q and ^ to coincide. 

And it is apparent that 
when the limit ia reached, as 
in Fig. 168, the pinion will 
bare the least possible num- 
ber of teeth which can be 
driren b; a rack. 

Kow if in thisdiagram the 
ire FI be given, we know 
FA, the trigonometrical tangtnt of the angle ACF, which is always 
one half the angle PAF: whence AP maybe found. We have 




AQ = AF-%AP, 
ud AQ + AF= FQ = arc F6 

AguD, in the equations deduced in (268), Tiz. : 

FG = FR + 2 RH, 
jf/i _ vj> I 3 RH _ JIT 



ire have 
whence 
and 



FR = a; 
FG = % RH, 

FO = ^ ^^ - BL 

2 
FO = \FO - BL 



... (B) 

874. From these data wc may now soke the problem in the tenta- 
tive manner before described. 

Taking any convenient valnc for the radius FC, we first assume tiio 
»rc FI, and find tlio corresponding values of FA, of the angle ACF, 
and of the arc BL Then solving the triangle APF, we determine 
AP, whence we find FQ, ae in Eq. (A). 

The length of FQ being equal to that of the arc FG, we next find 
the length of the arc FO as in E<|. (B), aud knowing the radius, a»- 
oertain the value of this arc in degrees. 
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Finally, we apply the test of determining the length of the trigono- 
metrical tangent of this arc, and comparing it with that of FQ as be- 
fore found. If these two values ate equal, the assumed value of FI 
is correct ; but if they are unequal a new value must be assumed, and 
the process repeated until concordant results are obtained. 

In this case we find that the pitch, at the limit which gives a 
pointed tooth to the pinion, corresponds to 

No. of Teeth = 4.0906 

Obliquity = 41° 20' 45" ) , 

ArcofEecess =|f Pitch, f ^ ^' 

276. Now referring to Fig. 153, it will be seen that in constructing 
a pair of equal wheels, making the pitch arc on the base circle equal 
to the greatest possible path of contact, the teeth will become nar- 
rower at the top as the obliquity is increased ; evidently, then, there 
is a limiting value of the obliquity which will make the teeth of both 
wheels pointed, as shown in Fig. 159. 

In this case we have [Eq. (B). (273)], 

FO = iFG - BI; 
and also FG = 2 FI, .-. FQ = 2 FA. 

Whence FO = ^ FI - BI; 

but BI=FI-FB, .-. FO = iFI+FB. 

It will now be seen that by assuming a value for FI, all the quan- 
tities involved in the above expressions may be determined ; and the 
results, as before, must satisfy the equation of condition, 

tan FO = arc FG. 

ft 

By this process we find 

No. of Teeth = 4.6256 

Obliquity = 34° 10' 58.6" 

Arc of Recess (given) = ^ Pitch, 

If complete wheels are to be used, then, five is the least number that 
can drive or be driven, since, as shown in the preceding section, four 
and a fraction are required even when the pinion gears with a pointed 
rack. By adopting the construction shown in Fig. 155, the obliquity 
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jnat giTen may be slightly redaced, and ^c shall liavc for the smallest 
pOHible pair of complete equal ivheels, 

No. of Teeth 5 

Obliquity 33° 8' 31" 

Arc of Becess ^ Pitch. 



276. The tentatiyoproceeeea above explained are undeniably tedioas, 
jet ffhen Bystematically coodactcd they are less so than might be sup- 
posed ; and in the preparation of the following tables they hare been 
continued antil, with a radius 
of 10, the linear ralnes of the 
an: FG and the path of contact 
FQ agreed up to the sixth deci- 
mal place, the approximation 
being therefore to within the 
oDe-millionth part of the radius 
of the base circle. 

It was not to be expected that 
for a given number of teeth 
npon either wheel the radius of 
the other as thus determined , 
would correspond to an exact 
whole nnmbcr of teeth upon its 
periphery. Tho next higher 
integer being of course taken 
as the tabular number, the 
tooth wonld not then be abso- 
lutely a pointed one ; but we 
have not made any correction 
for the slight change in the ob- '"" '"" 

liquity dne to this circumstance, considering its vuluc as appoarir,R in 
the calculation, which is given to the nearest second, sufdciently pre- 
cise for all practical jiurposes. 

It is proper to point out that these tablesmaybcof service, not only 
as indicating exact limiting cases, which are to be avoided when pos- 
sible, but npon another account, viz.: although in general terms the 
obliquity is said to be arbitrary, yet in constructing for special pur- 
poses wheels with a given arc of recess, it may be nceoBsar)- to employ 
numbers not far removed from limiting values, and in many instances, 
it will be Been, the possible variation in the obliquity is confined to 
quite a narrow range. 
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277. But the labor of compntJng these tables was undertaken 
mainly Trith the object of making a fuller comparison than has before 
been made between the two leading syBtems of spur gearing : and to 
facilitate this, the limiting numbers and th:; maximam obliquities for 
epicycloidal, are here given side by side with those for involute teeth. 

One striking point of difference will at once be noticed. lu the 
epicycloidal system, aa the arc of recess diminishes, the least number 
for the driver also diminishes, and tho obliquity is always zero at the 
limit where the follower becomes a rack. 

In the involute system, on the other hand, this obliquity rapidly 
increases, while the number for tho least driver remains practically 
the same, varying but little even at the limit. 

The reason is not far to seek. The generating circle for the driving 
face of the epicycloidal tooth, which alone has to do with the reced- 
ing action, is different from and wholly independent of that for the 
fianh, which produces tho required amount of approaching action. 

But the outline of tho involute tooth is one continnoua curve, and 
the rectilinear generatrix, or line of action, is the same for tlio part 
without tho pitch circle and the part within. The sum of these two 
segments must always bo at least equal to the length of the pitch arc 
on the base circle. If then the outer one, upon which the arc of re- 
cess depends, bo decreased, the inner one must be correspondingly 
increased ; and this obviously invohcs a greater obliquity. 

278. Tho difference between tho two syEfems is best illustrated by 
constructing, as in Fig. ICO, the nomodont for each under like condi- 
tions. The arc of 
recess is hero taken 
at § the pitch, and 
the scale for the ab- 
scissas ia twice that 
for the ordinates : 
the distances of the 
vertical and hori- 
zontal asymptotes 
from the axes being 

■espectively 5.30 
Fio. laa and 6.3C for ,1.1, 

v,-hich represents the involute system, and 2.58 and 5.17 for HB, the 
curve for the epicycloidal system. 

The law of variation in the obliquities is also most clearly exhibited 
by the same graphic means : thus, the ordinatesof the onnres CCand 
DD are proportional to the tabular values of the obliquity for iovo- 
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late and epicydoidal teeth respectiYely^ the abscissas, as before, rep- 
resenting the numbers of teeth of given drivers. 

These ordinates are drawn to the same scale as those of the nomo- 
donts^ the numerical value being in each case the one-hundredth part 
of the obliquity taken to the nearest minute. Thus, the first ordinate 
for C 18 the vertical asymptote to A^ and its value is 



21° 3 3^ 

100 



= 12.93. 



Ab the number for the driver approaches infinity, the obliquity ap- 
proaches the limit 37° 59', as seen by reference to the table, and 

^^^ - 2-- 79 
100 "" '^ ' 

at whigh distance above the axis of abscissas this curve will have a 
horizontal asymptote. 

In like manner, we find that the curve DD has also a horizontal 
asymptote, at a distance of 27.85 above the axis of abscissas. But 
this curve, instead of beginning abruptly like the other, and inter- 
secting the vertical asymptote to BBy is tangent to that line at its foot. 

279. The Involute Generated by BoUing Contact with the Pitch Cir- 
da — ^Before dismissing the invo- 
lute, it remains to prove that it 
can be generated in such a man- 
ner as to accord with the general 
principle stated in (181). 

In Kg. 161, let yiy be the com- 
mon tangent of the pitch circles, 
and let CQy DP, the radii of the 
base circles, be perpendicular to 
the line of action PQ, drawn at 
pleasure. Produce DP to inter- 
sect ^T in i?; and let POA be a 
logarithmio spiral, of which P is 
the pole and A T the tangent at 
the extremity of the radiant PA. 
If now the portion AP ot this 
spiral roll upon AEy the pole P 
will trace the right lino PEy 
which, therefore, may represent 
the direction and velocity of the 
motion of P due to this rolling. With this motion let there be com- 
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pounded a motion Bimilarly represented by PF^ equal and parallel to 
EAj then the resultant is PA ; the effect being the same as if, during 
the rolling of the spiral upon the tangent^ the tangent should move 
to the right as shown by the horizontal arrow. Suppose further that 
the pitch circles meantime move in rolling contact with the tangent ; 
they will then have turned about the fixed centres C and Z), through 
angles measured by the arcs AMy AL, equal to each other and to AE, 
and the rectilinear motions PJE, PF, being uniform, these rotations 
will also be uniform. Also, the pitch circles will, during this rota- 
tion, move in rolling contact with the spiral AP, which being taken 
as the describing line, will carry the pole P in the right line PA with 
uniform velocity. But we have already seen that such motion of P 
will simultaneously trace upon the planes of the two wheels, the in- 
volutes AH and ^4/ of the base circles. And in like manner it may 
be shown that the continuations A J and AKot these involutes may 
be generated by the similar and equal spiral ANQy rolling in contact 
with the pitch circles, its pole Q being the tracing point. 
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Conjugate Teeth. Sang's Theory. Path of Contact. Unsjmmetrical Teeth 
Approximate Forms. The Odontographs. Diametral Pitch. Manufacture 
of Qear Cutters. Determination of Series of Equidistant Cutters. 

Conjugate Teeth. 

280. It follows from the general principles stated in (181)^ that if 
a tooth-outline of any reasonable form bo assumed, it may be gener- 
ated by some describing curve rolling upon the pitch circle ; and if 
that describing curve be determined, and used in connection with any 
other pitch circle, the tooth thus formed will evidently gear correctly 
with the assumed one. Teeth thus related are said to be conjugate to 
each other ; since had the second one been given, the application of 
the above process would have resulted in the formation of a tooth 
identical with the first. 

Now it may be required to lay out a wheel to gear with one already 
made ; and supposing the original drawing to be lost, the tooth of 
this given wheel is to all intents and purposes an assumed one : a 
ready means of tracing its conjugate is therefore of some practical 
importance. 

The radius of the original pitch circle, even, may be unknown, but 
this does not affect the above reasoning. We must assume a radius : 
and if it should not be the same as the one originally used, the form 
of the describing curve will be modified accordingly, and the outline 
of the conjugate tooth will still be correct. 

The form of the describing curve, which by rolling on the assumed 
pitch circle will generate the given tooth, can in general ' ' \. 
proximately determined by graphic processes (Sec Appen 
even if it were susceptible of exact construction, the me 
indicated, of ascertaining by means of it the outline of th 
tooth, involves much greater labor^ b " ' '" ^ less sati 
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oU practical respects, than the eimplo and direct meclmnicol expedi 
illustrated in Fig. li!2. 

261. Let the form of a tooth, T, at tho given wheel, bo accm 
cni. out of A piece of eheet metal, jTff, which is properly centred 

turn upon a fixed pin nt /J; and let 
AH be the radiua of the assumed pitch 
circle. 

Behind this \b another piece of el 
metal J/JV, being a portion of n 
turning upon a fixed centre C. Sti 
the mdiDE AD and the number of teeth 
upon the given wheel nic knonn, tlie 
nidius.-K'isdeterminedhj' the velocity 
nitio reqnii-ed. 

The outline ol the tooth, T, is now to 
be tniced on the blank disk, J/.V, wilb 
;i fine marking point : after which let 
I'" "- ciich piece be rotwteil through a sniiill 

anirlc, n.' ilmu';!! tlic piiuh nircles moved in rolling contact. Tl)o 
proper relative nmounts of those angular motions arc easily reguli 
by means of suhdivigions on the circular edges, in connection 
fixed marks on the board to which this mechanism ts eeourod, 
shown at O and L. The outline of T is then to l>e traced again ; and" 
by repeating this process the form of the conjugate tooth may be very 
accurately mapped out, since each of the marks thus made irpon the 
blank MN, by the very nature of the operation, is tangent to its out- 
line. 

Moreover, if both sides of T be traced upon the disk MJf in its 
various positions, thus determining the boundaries of tho space be* 
tween two adjaoent eonjugato teeth S, S', there will be no Imckhuh ; 
for by construction the backs as well as fronts of the teeth uro in con- 
tact at all timos. It is true that the tooth and the space of tho gr 
■wheel may not be measured by equal arcs upon the pitch circle, wl 
was drawn at pleasure. Nor is this essential, since the spaces and 
teeth of tho derived wheel will be correspondingly unequal ; the 
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of a tooth and a space, being however neccB 



the same for both wheels. 

Rirtff'a TJieory of the Teeth of WiieeU. 
282. By giving different values to AC in Fig. 162, we may construct 
a whole series of wheels, having various nnmbers of teeth, alH 
properly will) the given wheel. 
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\ext, let the tooth of any ono of these be taken aa the assumed 
tooth in the aboTO procees, and used in like manner with various piCcIi 
circles, thus forming a second series of wheels. 

From the mode of generation it is evident that any wheel belonging 
to either series will gear correctly with any ono of those constituting 
the other series. But the wheel of a given number of toetb in the 
first may not be like that one of the second which Iins tho same num- 
ber. If the outlines of conjagate teeth upon any two wheels of tho 
same number be made alike by any means, it is clear that the two 
series will be identical, and all tho wheels of both will bo inter- 
changeable. 

Now in the derivation of cither series, the assumed tooth always 
occapies and maps out the space between two adjacent conjugate 
teeth ; and this holds true when tho latter becomes infinite. From 
this it follows that the racks of the two series are in any cose exactly 
converse ; their contours are identical, tho 
teeth of the one being precisely like tho 
spaces of the other, and vice versa, as shown 
in Fig. 163. 

HVhen, therefore, tho two series become 

identical, tho two racks will bo identical ; ^ 

each will be its own converse, and liavo it^ '^"'- '*> 

teeth and its spaces similar and equal to each other. Tliiit rt!<|nin'H 
that tho tooth and space shall he equal as meatturcd on Ihe )iil('h line, 
and also that the portions a, b, of the contour, shall bn reM|n'(?livi]y 
similar and symmetrical to the portions a' b' on tho opjioxil^ hide of 
tho pitch line. 

And if, as oil along supposed, the teeth arc synnmiti'lcal In a i-ailiu», 
that is, have their fronts and backs alikf, it is furlhiir nn^cHMiry lliitt 
a and b shall be similar and erjual. 

283. Now it is evident that in tho prix^pts of V'\\!. \*;<, wn may 
assume the tooth of a rack, and fn»m it dr.Tivo \\m: ri(iijii((atii lii-ili nt 
a aeries of wheels, by a modification in dutail wliiifh is l^m oIivjoiim Id 
require explanation. 

And from the foregoing, the dHiui^lion jm tlmt \t lliiii oricinnl ni'],- 
tooth ho bounded by four similar and t-i\»n\ \\u--: in ulicrFuili' iivrr 
sion, the wheels who^e iec-th art; tliuH dcti-rriiitiiil ivill fonti iiri inli-i- 
changeable set. It will readily >f; Mf.n thai if i\u\ nu\ U- (''>tii|i»pi'i| 
of cycloidal arcs, the result will Imi tint fHmff (idfil f)f.Umi 

with a constant describing circli- ; wliilo if i iibliquo 

right lines, the involute systc-m \* at orK'o mp 

Tho contour of the rack 'v, i 
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mentioned, any number of systems may be thus derived, each differ- 
ing from the others in the peculiarities of its action, more particularly 
in respect to the variation in the obliquity. 

Professor Edward Sang, id a most elaborate treatise, has discussed 
this method of constructing the teeth of wheels, which consists eab- 
stantially in reversing the usual order of proceeding. His treatment 
of the subject is analytical and abstruse, the style obscure and pedan- 
tic to the last degree ; and although the theory of gearing is fully 
developed, the equally important practical operations of laying it out 
are very much neglected. 

284. Seterminatton of the Path of Contact — The theory is, however, 
more comprehensively seen from ibis point of view than from any 
other, since the important part played by the path of contact is 
brought moro prominently to our notice ; and Frofebsor Seng's inves- 
tigations relate more particularly to the form of that path, as depend- 
ent upon the contour of the assumed tooth. 

It is not necessary to know the describing cnrve in order to deter- 
mine the path of contact. In Fig. 164, let ^ B he the face of a tooth 
for tho wheel whose centre is 2) ; draw 
a series of normals to this face, cutting 
the pitch circle at 1, 2, etc During 
tho action, tho common normal of the 
tooth -outlines must at every instant pass 
through tho common point of the pitch 
circles ; therefore as the points 1, 2, etc, 
successively reach tho line of centres, the 
normals la, Zb, 3c, will take the posi- 
tions Aa', Ah', Ac', thus determining 
tho path of contact AB'. 
Let C be the centre of the engaging 
" wheel ; then the form of the conjugate 
flank may also be found without making 
use of the describing curve. For con- 
sidering the given wheel as the driver, 
tho angular motions of the follower cor- 
responding to the already ascertained an- 
gular motions aa', bb', etc., of the driver, 
may be determined, since the velocity 
ratio is known. Arcs a'a", b'b", c'c", 
measuring these angular motions of the 
follower, then, are to be set off on circles of which C is the centre, and 
the curve AE thus determined is the acting conjugate flank ; which 
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wfll, of course, require to be extended as shown in dotted lines for the 
formation of a clearing space, as usual. 

285. But although it is tlius possible to determine the path of con- 
tact and the conjugate tooth by graphic means, this method is not in 
general well suited for ordinary practical operations, since it involves 
the drawing of the normals fco a curve whose nature may not be known, 
and this of itself (see Appendix, (7) is a matter of considerable labor ; 
while the whole process above described is not only tedious, but re- 
quires most careful manipulation in order to secure satisfactory results. 
Consequently, if the form of a tooth be given or assumed, the me- 
chanical method of Fig. 162 is for practical purposes by far the best 
for determining that of its conjugate. It is true that it gives no indi- 
cation of the path of contact, and therefore docs not enable us to 
ascertain precisely either where the action b(^ns or where it ends. 
But if neither wheel has less than twelve teeth, and these of propor- 
tions in accordance with any of the arbitrary rules given in (201), 
there can be no question that the total angle of action will be am])lc. 

For when wc consider that in the involute system the path of con- 
tact is a right lino joining the initial and. terminal points of action, 
while in the epicycloidal it is composed of two circular arcs tangent 
to each other and to both pitch circles at their common point, and 
also that it must pass through this last-mentioned ])oint in all cases, 
it will appear more than likely that with any other reasonable form 
of tooth, this path will be intermediate between these extremes. And 
if so, the difference, either in respect to the limiting numlK>rs of teeth 
or the variations in the obliquity of action, is greater between these 
than between any other two systems of gearing : and either of them, 
as before stated, will with the above-mentioned numbers and i)ro]>or- 
tions give results practically satisfactory for most uses. 

It is beyond the scope of this work to discuss in detail the various 
forms of teeth which may be constructed by the application of Sang's 
Theory. In all the processes of *' laying out " gearir»g uj)on the draw- 
ing-lxMird, the simplicity of the paths of contact and of the dcsfTibing 
lines, peculiar to the involute and the epicycloidal systemH, givcH 
them a great and obvious advantage over others ; while; years of c.xjx- 
rience have established the fact that in j)ractical ojieration Ihcso fr>nnH 
have no superiors. 

286. IJnfymmetrical Teeth. — Thus far, the tooth havo hcori Huppowd 
to be symmetrical, that is, to have their fronts and haokH alike, as 
indeed they are made except in rare instance* '« is not at all 
a matter of neceasitv, and under some circum *-^ aUvau- 
tageous to make them otherwise. For oxi 
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acting ontlines (the lower wheel being supposed to orive to the right) 
ere of the epicycloidal form ; the 
describing circles are large, in order to 
reduce the obliquity to a minimum, 
- and were the tooth made of the same 
form on the back, this might render 
it too weak at the root But if the 
motion is never to be reversed, this 
weakness may be avoided by making 
the back, as shown, an involute of 
considerable obliquity. 

The conjugate racks, derived by the 




C- 
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process of Fig. 162 from a tooth of this description, would be of the 
forms shown in Fig. 166 ; which, it will be observed, are identical, 
notwithstanding their lack of S3rmmetry. 



Approximate Ibrms of Teeth. 

287. For the perfect working of mechanism io which wheels are 
employed, it is unqncstionablo that the forms of tbe teeth should be 
exactly correct. And if they aro to be cut, there is no reason why 
the teeth should not be laid out with the 
utmost precision, since, the cutter once 
made, it is as easy to cat one shape as 
another. 

But for ruder machinery, when the 
wheels are simply to be cast, so great ac- 
curacy may be sometimes thought nnnec- 
^ essary ; and, especially if time presses, a 
more ready means of securing a reasonably 
close approximation may be desirable. 

In Fig. 167, draw throogh /, the com- 
mon point of the pitch circles JTJ", VW, 
a line of action AIP at pleasure, and IE 
perpendicular to it. Draw CA at pleasure, cutting IE in E, and 
join BD by a right line cutting AP in B. 
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Xow if CAy DB, be a pair of levers joined by a link A By then, 
letting 

V = ang. vel. about D, 

V' = " " '' Cy 

we have the value 

and since by the construction E is the instantaneous axis, this velocity 
ratio will be momentarily constant. (See Figs. 39 and 40.) 

If now through any point P on the line of action we describe two 
circular arcs, one about £, as a tooth-face for the lower wheel, the 
other one with centre A being the conjugate flank ; the velocity ratio 
determined by them will at the instant bo exactly the same as that of 
the combination of link and levers, and will not differ appreciably 
from it during an elementary motion in either direction. 

288. The above argument, it will be observed, does not depend 
either upon the obliquity, or upon the position of the point P, both 
of which are optional. 

But in order to reduce the application of this general principle to 
a system, let IHy IKy be each one half the pitch are, and let IP be 
an arc of the same length upon a describing circle ; then iVwill be 
the common normal to an epicycloid KP and a hypocycloid ///*, tan- 
gent at Py and these are correct tooth-outlines. Let B and A be the 
centres of curvature for these two curves respectively, at the common 
point P ; the circular arcs may then be used as approximating closely 
enough to the exact forms for many practical purposes, provided that 
the obliquity be not too great nor the teeth too long. 

And if the same describing circle, and the s^me arc /P, be used, 
the obliquity of the line of action, for the mean position when the 
curves are in contact at P and the velocity ratio is exactly correct, 
will be the same for all pitch circles. 

289. WilliB*8 Odontograph. — The system above explained was origi- 
nated by Professor Willis, and upon it is based the invention of his 
well known Odontograph. Making the arc IP = 30°, the obliquity 
is 15% and the angle DIA = 75°. Then having calculated the dis- 
tances from /of the centres of curvature at P for the tooth-faces and 
flanks for various pitches and numbers of teeth, these are tabulated, 
and the instrument is constructed as in Fig. 168, which also illus- 
trates the method of using it. 

It consists merely of two arms of German silver, making an angle 
of 75° with each other, the edge of one corresj)onding to the radius 
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Dly that of the other to the line of action AP in Fig. 167 ; and this 
latter edge is divided into a scale of equal parts^ numbered both ways 
from the intersection of the two edges, which corresponds to the 
point /. We have thus two scales, the one on the right being the 
^* Scale of Centres for Face8^^^ that on the left for flanks; and the 
table above mentioned has two corresponding divisions. 

Suppose it to be required to lay out 
a wheel of 20 teeth, the circular pitch 
being 1^ inches. These data deter- 
mine the radiufi of the pitch circle VW, 
Fig. 168 ; upon which set off the pitch 
arc EFy bisect it at Z, and draw the 
radii DE and DF. Set the odonto- 
graph so that the slant edge coincides 
with DEy the point E thus coming 
just at the zero of the scales. Then in 
the "Table of Centres for Flanks," in 
Fio. 168. the column for l|-inch pitch, opposite 

20 in the column of *' Numbers of Teeth," we find the number 37. 

The position indicated by this number on the " Scale of Centres 
for Flanks," fixes the point A as the centre of the circular arc through 
Ly which gives the approximate form of the required flank. Then 
setting the odontograph in like manner by the radius DF, by a similar 
process we flnd on the other scale the location of the centre B of the 
circular arc through Z, which forms the face of the tooth. 

290. It is evident that wheels of the same pitch, laid out by this 
odontograph, are interchangeable, their teeth being in effect epicy- 
cloidal with a constant describing circle. Since half the pitch arc 
measures 30*^ upon this circle, the wheel of 12 teeth, the least for 
which the distinguished inventor designed it to be used, will have 
radial flanks. 

Of course the approximating circular arcs will deviate more and 
more from the true curves as the tooth is made longer, and will not 
answer at all for low-numbered pinions. But if the length of the 
tooth be limited by the arbitrary rules given in (201), the instrument 
may be used with confidence for all ordinary purposes when the 
wheels are to be cast, and none have less than 12 teeth. In the cuse 
of a rack, the radii DE, DF, of Fig. 168 will become perpendicular 
to the pitch line ; in laying out annular wheels the positions of face 
and flank ore transposed, and due attention must be paid to the limits 
in regard to the diameters of the pitch circles, which have already 
been discussed. 
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It ia also to bo remarked that the tablca which aecoinpauy the iu- 
sirnmeiit tig not contain radii of curvature for all the consecutive 
uiimliers of tet-tb. The valuation in the correct contour, due to the 
a/iditioii of a single tooth, rapidly diminishea as the actual number 
iiKTi-asi.is, eo that practically the same outline serves for the teeth of 
w'Tfrul different wheels. If then the number assigned be not found 
m the table, the nearest nnnibcr to it is to be taken instead. 

Also, if the given pitch be one not inserted in the tables, the radii 
rvqnirod may be found by direct proportion from those of other 
pitches which are tabulated ; — for 4-incli pitch by doubling the radii 
for 2-inch pitch, halving those given for l'^ inch pitch in order to 
find tbe radii for |'inch pitch, and so on, as occasion may require. 



■ Sobinson'a Odontograph. 

891. This diffcrg entirely from the preceding, both in principle 
and in the manner of naing it. In Fig. 169, let VW bo an arc of 
the pitch circle, to 
which CT'w tangent at 

I the middle point of 
> tooth, ..4 0, being the 
[f thickness. Then 
) odontograph is to bo 
Bet that CT shall not 
ly be tangent to the ' 
lower curved edge BFH, 
bat also cut the grad- 
uated edge BE, which 

t pass llirough 0, at ^o, m. 

keertain division C, determined by the aid of tables and instructions 
■ilich accompany the instrument. The edge CE is then used aa a 
Mired ruler for drawing the face of the teeth, after which the odonto- 
nph, being mode of thin metal and graduated ou both sides, is 
med over, and the opposite face of the tooth is drawn in like mau- 
A different "setting number" is then determined from the 
iblefii which brings a different portion of the curved edge into posi- 
1 lor describing the flanks of the t«eth. By certain modiflcations 
t the determination of the setting numbers and in the placing of the 
nment, involute teeth also can bo drawn, as \FeIl as epioycloidal 
s with various describing circles, in cither outside or inside gear. 
This remarkably ingenions invention, which has a much wider and 
mora Sexible range of action than that of Willis, ia called the Tern- 
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plet Odontography from the fact that the forms of the teeth are drawn 
by it directly ; and if it be desired to lay out the whole wheel, its use 
is much facilitated by attaching it ^temporarily to a wooden rod or 
radius bar, turning about the centre of the wheel. 

292. Its construction, obviously, depends upon the finding of a 
curve for the graduated edge, of rapidly changing curvature, and of 
such a nature that its different portions shall closely approximate to 
the initial parts, or those next the pitch circles, of teeth of all pitches 
and sizes, of eithei: the involute or epicycloidal forms. This very 
peculiar property Prof. Robinson has shown, by a long and elaborate 
investigation,* to be possessed by a certain logarithmic spiral, of 
which form, accordingly, the working edge BOB is made. The other 
curve BFIf, it may be added, is the evolute of BCEy and, therefore, 
a similar and equal spiral. 

Diametral Pitch. 

293. In designing and laying out wheels upon any of the systems 
described, it is necessary to find the circular pitchy to which only 
reference has thus far been made ; not only because it is used in the 
graphic constructions, but because the strength of the tooth depends 
upon its thickness. 

Were there nothing to the contrary, it would be most convenient 
to express the pitch in whole numbers or in manageable fractions, as 
2-inch pitch, |-inch pitch, and so on. But since for complete wheels 
the circular pitch must be an aliquot part of the circumference, the 
diameters of the pitch circles will often contain awkward decimals if 
this plan be adhered to ; and practically it is much more important 
to have the diameter a whole number, or a convenient fraction, than 
that the circular pitch should be either the one or the other. 

This consideration has led to the introduction, and the almost ex- 
clusive adoption for cut gearing, of what is called the Diametral Pitch ; 
which is merely the quotient found by dividing the diameter ot the 
pitch circle, instead of its circumference, into as many equal parts as 
there are to be teeth upon the wheel under consideration : 

whence, 

•TN. X 1 T»x i_ Diameter Circular Pitch 

Diametral Pitch = sj 1. m ^ ' = ii-rrrs * 

No. of Teeth 3.1416 

and ^ 

Circular Pitch = Diametral Pitch x 3.1416. 

* See Van Nostrand's Eclectio Engineering Magaiine, Jul j. 1876. 
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214. In the use of this system, eonyenient rallies of the diametral 
pitch are selected, each being a fraction with unity for its numerator 
and an integer for its denominator, as 1, ^, J, I, ^\, ^^y etc. 

The denominators of these fractions only are commonly used in 
giving the diametral pitch ; thus an "8-pitch wheel" is one which 
has eight teeth for each inch of diameter, or whose diametral pitch 
is J". This is, in fact, merely inverting the fraction, and giving the 

value of" — T^^ 7 ; thus, let a wheel of 16 inches diameter have 

Diameter 

80 teeth ; then, \^ = ^" = diametral pitch, but J^ = 5, and we call 

it a " 5-pitch " wheel. By this system the calculations as to diameter 

and number of teeth are made very simple ; as, for example : 

Required, the diameter of a 4-pitch wheel with 37 teeth : 

a^ = 9J = diameter. 
How many teeth of 16-pitch on a wheel of 3J diameter ? 

3| X 16 = G2 = No. teeth. 

The tooth may be made to project outside the pitch circle a definite 
fraction of the diametral pitch, as in the case of the circular pitch ; 
and thus the size of the blank may be readily ascertained. If this 
projection be made, for instance, 1^ the diametral pitch, the face of 
the tooth will be nearly as long as that found by the first of the arbi- 
trary rules given in (201) and the diameter of the blank is deter- 
mined by simply adding to that of the pitch circle 2^ times the 
diametral pitch. 

On the Manufacture of Accurate Gear Cutters. 

» 

In cutting a spur wheel, it is obviously essential that the contour of 
the milling cutter conform precisely -to that of the space between two 
adjacent teeth : in order to this the process most extensively, and 
until recently exclusively, employed, involves : Ist, the drawing of 
the required curve ; 2d, the filing of a template to that exact form ; 
and 3d, the turning of the cutter to fit the template. 

The first improvement upon this, we believe, was the construction 
by Messrs. Brown & Sharpe, of Providence, R. L, of an ingenious 
piece of mechanism called an Epicycloidal Engine, by which 
curves are traced automatically and with perfect precision upoT 
template by continuous motion. There still r<*»nft»" the two I 
and-eye operations of filing up the template, ai "«6 o 

12 
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to fit it when done ; and these operations are so delicate and difficult, 
that the exact duplication of templates, cutters or wheels in this 
manner is well nigh impossible. 

Yet this duplication, it is very easy to see, is quite as desirable as the 
accurate formation of a single cutter ; and it has been made a matter 
of perfect certainty and ready execution by means of two machines 
recently constructed by Messrs. Pratt & Whitney, of Hartford, Conn. 
Of these, which are remarkable for the ingenuity and beauty of 
their movements, we will now proceed to describe the principles and 
mode of action, though not the exact details. The whole process 
under this system is mechanical and nearly automatic ; a template 
being — not traced, but milled out, by one machine, which is subse- 
quently used in the other as a guide by which its motions are so con- 
trolled as by another milling operation to finish the contour of the 
gear cutter, whatever the size of the tooth to be cut, to the precise 
epicycloidal form — with a minute and practically unimportant ex- 
ception, as will presently be explained. 
285. The Epioydoidal Milling Engine. — ^In Fig. 170, A is a portion 

of a fiat ring, fixed to the fram- 
ing; this represents a pitch 
circle. B, is a disc, represent- 
ing the describing circle ; this 
turns freely upon a tubular 
stud E, fixed in the carrier C, 
which turns about a pivot D, 
fixed to the frame at the centre 
of A; by means of the clamped 
socket, capable of sliding upon 
the rod, the position of D may 
be adjusted to suit the radius 
of A. Thus as C moves, the 
disc can roll upon the edge of 
A, and is compelled to-do so by 
the flexible steel ribbon shown 
by the heavy line, which is 
wrapped round and secured to 
both pieces, due allowance for 
its thickness being made in ad- 
justing their radii. E' is a 
second tubular stud fixed in the 
^°- ^^- carrier, at the same distance 

from the pitch circle as the other, but on the opposite side ; the 
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cciitroii oi the two atnda lying on a right liue through D. tTpon these 
iwo Htudii turn the two worm wheels I',J^, shown in Fig, 171 ; these 
OK ill a pliiQu above A and B, so that the axis of tlic Torm, G, is 
tcrtieitllyover the common tungcut of thcpiteh and describing circles ; 
Hii' relativu positionH of these und other parts will be most clearly seen 
1 1 a study of the vertical section, Fig. 175. The worm 0, ia fiup- 
iwjrted in bearings scctired to the carrier C, and is driven by another 
aaaii worm turned by the pulley / ; the driving cord, passing through 
uitxible guiding pulleys, is kept at a uniform tension by a weight, not 
ihown. howe^r 6' moves. 
Upon the same studs, in a plane still higher Ihan the worm-wheels, 




I the two discs il, IT', Figs. 172, 173, 174. The diameters of 
! are wiual, imd precisely the same us tiiose of the describing 
Kcleg which they represent, with due allowance, again, for the thick- 
B of the steel ribbon by which these also are connected. 
pt will be understood that each of these discs is secured to the 
1 wheel below it, and the outer one of these to the d\sc B ; so 
I the Worm G tnms. If and H' are rotated in opposite direo- 
^ tliQ motion of II being identical with that of B ; this last is a 
jUng npon the edge of vl, the carrier (^ with :ill its attached mechan- 
R Tnoving around D at the same time. Ultimately, then, the motions 
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of H, IT, are those of two equal describing circles rolling in externa] 
imd internal contact with a fixed pitch circle. 

In the edge of each disc a semicircnlar recess is formed, into vhich 
is accurately fitted a cylinder, /, provided with flanges, between which 
the discs fit so as to prevent end play ; this cylinder is perforated for 
the passage of the steel ribbon, the sides of the opening, ab shown in 
Fig. ITSj having the same cuiratnre as the rims of the discs. Thns 
when these reeesses are opposite each other, as in Fig. 173, the cylin- 
der / fills them both, and the tendency of the steel ribbon is to carry 
it along with H when C moves to one side of this position, as in Fig. 





174, and along with H" when C^ moves to the other side, as in Fig. 
172. 

This action is made positively certain by means of the hooks 
K, K', which catch into recesses formed in the apper flange of 
J, as seen in Fig. 173. The spindles, with which these hooks turn, 
extend through the hollow stads, and the coiled springs attached to 
their lower ends, as seen in Fig. 175, urge tho hooks in the directions 
of their points ; their motions being limited by stops o, o', fixed not 
in the discs R, //', but in projecting collars on the upper ends of 
the tubular studs. The action will be readily traced by comparing 
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Fig. 173 with Pig. 174 ; 48 (7 goes to the left, the hook K' is left 
behind, bnt tbo other one, K, cannot escape fi-om ita engagemcot with 
the fiange otJ; which accordingly is carried along with U by the 
combined action of the hook and the Btcel ribbon. 

On the top of the upper flange of J is secured a bracket, carrying 
the bearings of a vertical spindlo L, whose centre line is a prolongation 
of that of J itself. Thig spindle is driven by the spur wheel N, keyed 
on ita upper end, through a flexible train of gearing, not shown ; at 
ita lower end it carries a small milling cutter, M, which forma the 
edge of the template, T, firmly clamped to the framing. 

When the machine is in operation, a heavy weight, nob shown, acts 
to move C about the piTot D, being attached to the carrier by a cord 
guided by saitably arranged pulleys ; this keeps the cutter JT up to 




ita work, while the spindle L is independently driven, and the duty 
left for the worm to perform is merely that of controlling the 
motions of the cutter by the means above described, and regulating 
their speed. 

The ccDtre line of the cotter is thus automatically compollod to 
travel in the path RS, composed of an epicycloid and a hypocycloid, 
if ^ be a segment of a circle as hero shown ; or of two cycloids, if A 
be a straight bar. The radius of the cutter being constunt, the edge 
of the template Tis cut to an outline also composed of two curves ; 
since the radius of Jfis small, this outline closely rcBctnblcs RS; but 
particnlar attention is called to the fact that it is not identical with 
it, nor yet competed of truly epicycloidal curves of any generation 
whatever; the result of which will be subsequently explained. 

The diameter of the discs which act as describing circles is 7i 
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inches, and that of the milling cutter, which Bhapes the edge of the 
template, is ^ of an inch. 

Now if we make a set of 1-pitch wheels with these describing circles, 
the one with fifteen teeth will have radial flanks. The curves will be the 
same whatever the pitch ; but, as shown in Fig. 176, the blank should be 
adjusted in the epicycloidal engine so that its lower edge shall be -f^ 
of an inch (the radius of the cutter M) above the bottom of the space ; 
also its relation to the side of the proposed tooth should be as here 
shown. And, as previously explained, the depth of the space depends 
upon the pitch. In the syalem adopted by the Pratt & Whitney Com- 
pany the whole height of the tooth is 3| times the diametral pitch, the 
projection outride the pitch circle being just equal to the pitch, so that 
diameter of blank = diameter of pitch circle + 2 x diametral pitch. 

We have now to show how, from a single set of what may be called 
1-pitch templates, complete sets of cutters of the tmo epicycloidal 
contour may be made of the same or any less pitch. 



I%« Pantagraphie Cutter Engine. 
296. In Fig. 176, the edge TT, is shaped by the cutter 3f, whose cen- 
tre travels in the path RS, therefore these two lines are at a constant 





Fia. 170. Fia. 177. 

normal distance from each other. Let a roller P, of any reasonable 
diameter, be run along TT; its centre will trace the lino UV, which 
is at a constant normal distance from TT, and therefore from RS. 
Let the normal distance between C^Fand £jSbethe radius of another 
milling cutter, W, having the same axis as the roller P, and carried 
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by it, but in a different plane, as shown in the side view ; then what- 
ever JVcuts will have EStor its contour if it lie upon the same side 
of the cutter as the template. 

Kow if TT be a 1-pitch template above mentioned, it is clear that 
N will correctly shape a cutting edge of a gear cutter for a 1-pitch 
wheel. The same figure, reduced to half size, would correctly repre- 
sent the formation of a cutter for a 2-pitch wheel of the same number 
of teeth ; if to quarter size, that of a cutter for a 4-pitch wheel, and 
so on. 

But since the actual size and curvature of the contour thus deter- 
mined depend upon the dimensions and motion of the cutter N, it 
will be seen that the same result will practically be accomplished if 
these only be reduced ; the size of the template, the diameter and the 
path of the roller remaining unchanged. 

The nature of the means by which this is effected in the Panta- 
graphic Cutter Engine is illustrated in Fig. 177. The milling cutter, 
y, is driven by a flexible train acting upon the wheel, ; its spindle 
is carried by the bracket, B, which can slide from right to left upon 
the piece. A, and this, again, is free to slide in the frame F. These 
two motions are in horizontal planes, and perpendicular to each other. 

The upper end of the long lever, PC, is formed into a ball, working 
in a socket which is fixed to B. Over the cylindrical upper part of 
this lever slides an accurately fitted sleeve, J9, partly spherical exter- 
nally, and working in a socket which can be clamped at any height 
on the frame F. The lower end, P, of this lever being accurately 
turned, corresponds to the roller, P, in Fig. 176, and is moved along 
the edge of the template, T, which is fastened in the frame in an inva- 
riable position. 

By clamping D at various heights, the ratio of the lever arms, TD, 
DC, may be varied at will, and the axis of JV^made to travel in a path 
similar to that of the axis of P, but as many times smaller as we 
choose; and the diameter of iVis made less than that of P in the 
same proportion. 

The template being on the left of the roller, the cutter to be shaped 
is placed on the right of N, as shown in the plan view at Z, be&use 
the lever reverses the movement. 

This arrangement is not mathematically perfect, by reason of the 
angular motion of the lever. This is, however, very small, owing to 
the length of the lever ; it might have been compensated for by the 
introduction of another universal joint, which would practically have 
introduced an error greater than the one to be obviated, and it has 
with good judgment been omitted. 
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The gear cutter is turned nearly to the required form, the notches 
are cut in it, and the duty of the pantagraphio engine ia merely to 
put the finishing touch to each cutting edge and give it the correct 
outline. It is obTioas that this machine is in no way connected with, 
or dependent upon, the epicycloidal engine ; but by tlie use of proper 
templates it will make cutters for any desired form of tooth ; and by 
its aid exact duplicates may be made in any numbers with the greatest 
facility. 

Theoretical Defects of the Stjaiem. 

297. It forms no part of our plan to represent as perfect that which 
is not 80. And there are one or two facts which at first thought 
might seem serious objections to the adoption of the epicycloidal sys- 
tem. These aro : 

1. It is physically impossible to qill out a concave cycloid, by any 




Fia«. m «nd in. 
means whatever, because at the pitch line its radius of curvature is 
eero, and a milling cutter must have a sensible diameter. 

2. It is impossible to mill out even a convex cycloid or epicycloid, by 
the means and in the manner above described. 

This is on account of a hitherto unnoticed peculiarity of the curve 
at a constant normal distance from the cycloid. In order to show 
this clearly, we have, in Fig. 178, enormously exaggerated the radins, 
CD, of the milling cutter (jVof Figs. 174 and 175). The outer curve, 
HL, evidently could be milled out by the cutter, whose centre travels 
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in Uie cycloid CA ; it rosemblea the cycloid somewhat in form, and 
)tfDt« no rcmarksblc features. But tlie inner one is <iaito iliffurcnt ; 
Itetartt! at />, iind at first goes down, iruide the eirils whose radius is 
; forms a cusp at E, then begins tu rise, crossing this circle at G, 
1 the base lino at F. It will be seen then tlial if the cenlre of the 
nttcr travel in the cycloid A C, lis, edge will cut away the |)urt QED, 
nving thtt kinplute of the form 001. \on' if a roller of the aamo 
* CD, he rolled along ihia edge, its centre will travel in the cy- 
Eplsid from A, to the point P, where a normal from G cuts it ; then 
"o roller will turn upon (r as a fulcrum, and ila centre will travel 

1 /* to C, in 11 circular are, whose rndiua is GP = CD. 
\ TbMt ia to say, even a roller of the same size its the original milling 
!att«r, will not retrace completely the cycloidal path in which the 
111 Iter tmvelcd. 

N'onr in making a rack template, the cutter, after reaching C, 
■vA\v\s in the reversed cycloid Clt, its left-hand edge, therefore, mill- 
ing out a curve DK, similar to HL. This curve lies wholly outside 
ilie circle /J/, and therefore tuts Otf at a jjoint between /'and O, 
\c-ry near to 0. This point of intersection is marked S in Fig. 
179, wliero the actual form of the template OSK is shown. The 
roller which is run along this template ia larger, as has been explained, 
ihao the milling cutter. When the point of contact reaches S (which 

IK> near to G that they practically coincide), this roller cannot now 
jng about S through an angle so great asPGC'of Fig. 13 ; Iwcanse 
'the root Df the radius of curvature of DK is only equal to that of 
e cutter, and and S are ao near the root that the curvature of SK, 
near the latter point, ia greater than that of the roller. Conseqnently 
there must be some point U in the path of the centre of the roller, 
such that, when the centre rcachca it, the circumference will pass 
thnmgh ■'«, and lie also tangent to SK. Let 7* be the point of tan- 
gi'ncy : draw SU and TV, cutting the cycloidal path AR in A' and 
y. Then, f/'F being the radius of the new milling cutter (corre- 
sponding tfl A^of Fig, 0), it is clear that in the outline of the gear- 
onttcr shaped by it, the circular arc A'l' will be substituted for the 
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The above defects undeniably exist ; now, what do Ihoy amount 

to ? The diagrams. Figs. 178 and 179, are drawn purposely with 

theoo sources of error greatly exaggerated in order to make their nature 

iparent and (heir existence sensible. The diameters uced in prac- 

as prcvionsly stated, are : describing circle, 7^ inches ; cutter 
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for shaping template^ i of an inch ; roller used against edge of tem- 
plate^ 1 J inches ; cutter for shaping a 1-pitch gear-cutter, 1 inch. 

With these data the author has found that the toicU length of the 
arc XY of Fig. 179, which appears instead of the cycloid in the out- 
line of a cutter for a 1-pitch rack, is less than 0.0175 inch ; the real 
deviation from the true form, obviously, must be much less than that 
It need hardly be stated that the effect upon the velocity ratio of an 
error so minute, and in that part of the contour, is so extremely small 
as to defy detection. And the best proof of the practical peiiection 
of this system of making epicycloidal teeth is found in the smoothness 
and precision with which the wheels run, in which respects they have 
proved, after some years of trial, to be unsurpassed. And we repeat, 
that objection taken, on whatever grounds, to the epicycloidal form 
of tooth, has no bearing upon the method above described of produc- 
ing duplicate cutters for teeth of any form, which the pantagraphic 
engine will make with the same facility and exactness, if furnished 
with the proper templates. 

On the Determination of a Series of Cutters* 

299. In making a set of interchangeable wheels, upon any system 
whatever, every additional tooth changes the diameter of the wheel 
and the form of the acting curves, so that in order to secure absolute 
theoretical accuracy, it would be necessary to have as many different 
cutters as there are wheels. This is clearly out of the question, and 
fortunately, the proportional increment, and the actual change of 
form, become less as the wheel becomes larger ; and this alteration 
in the outline soon becomes imperceptible. Going still farther, we 
can presently add more than one tooth without producing a sensible 
variation in the contour. That is to say, several wheels can be cut 
with the same cutter, without introducing a perceptible error. Pro- 
ceeding in this way we reach the conclusion, that instead of an infi- 
nite number of cutters, a quite limited number will suffice to cut all 
the wheels of such a set, from the smallest up to a rack, with a suffi- 
cient degree of accuracy for all ordinary purposes. We have then to 
decide how many cutters shall be made, and also for what numbers of 
teeth these should be specially adapted. The answer to the first 
question evidently depends upon how great a deviation from absolute 
accuracy is considered admissible. In regard to the second, it appears 
reasonable, not to say axiomatic, that errors should be uniformly 
distributed through the series, and that this will be effected by mak- 
ing the greatest difference in form the same between any two consec- 
utive cutters. 
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300. In relation to this. Professor Willis says : 

** it appeared worth while to inyestigate some rule by which 

the necessary cutters could be determined for a set of wheels, so as to 
incur the least possible chance of error. To this effect 
I calculated, by a method sufficiently accurate for the 
purpose, the following series of what may be termed 
equidistant values of cutters ; that is, a table of cut- 
ters so arranged, that the same difference of form ex- 
ists between any two consecutive numbers." Ho gives 
us no clue to the method by which these numbers were 
found, nor any explanation of the sign x , which ap- 
pears in two places. The teeth are epicycloidal (the 
describing circle being such as to give radial flanks to 
the wheel of 12 teeth), and have "the usual adden- 
dum " — of which the exact amount is not stated. We 
here insert the figures as he gives them,"" only num- 
bered in the reverse order ; and they appear to have 
been extensively adopted in practice, and that too 
under varying conditions, which, as will presently be 
shown would affect the values of the terms of a truly 
equidistant series. 

301. The only rule or formula for computing such 
a series that we have met with, is given by Mr. G. B. 
Grant, as follows : 
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a = the number of teeth on the least wheel, usually 12 
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" greatest " 
" cutters in a series to cut from aioz 
in the series, of any particular cutter 
of teeth on the last wheel to be cut by s. 

This formula is based upon the following hypothe- 
sis : The pitch arc is greater upon the outside of the 
wheel than on the pitch circle, by an amount which 
in wheels of equal pitch and constant addendum, de- 
pends upon the number of teeth ; the smaller the 
wheel, the greater is the difference, and vice versv, 
the arcs being equal in the case of a rack. Now selecting any two 
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vheels as the lea^t and greatest of a eeries, it is possible to iDterpolat« 
others vhose nmnbers of teeth are such that this difference, between 
the pitch arc as measured on the pitch circle aad on the extreme 
perimeter, shall he the same for each : and these numbers are the 
values of / as found by Mr. O-rant's formula, in which it is assnmed, 
although upon what ground is not apparent, that the consccutiTe 
wheels of such a scries will differ equally throughout in respect to the 
ontlino of the tooth. The proper location of each cutter in its own 
interval, is determined by doubling the number of terms in the series, 
and taking each alternate value of / as the number of teeth for which 
the preceding cutter is to he made exactly correct 
It may be admitted that tolerably close approximations, or evec 





correct i-esults, may he obtained by this formula under some condi- 
tions. But it contains no internal evidence as to when or whether 
this will be the ease — it is independent of all the elements of the 
problem which affect the form or the length of the tooth, and should, 
therefore, if true at all, be applicable to all eystems and under all 
circumstances. Which would be very convenient, unquestionably; 
but these elements cannot be eliminated without vitiating the resulte 
and destroying the "equidistant" characteristic of the series. 

302. This is best ilhiatratcd by considering the question in relation 
to the cpicycloidal system, which, at least, admits of a direct and 
exact solution. In Fig. 180, let C be the centre of the describing 
circle, VW an arc of the pitch circle of the smallest wheel, and D 
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ita centre ; also let AFho tlie nddendam. Then a circle tlirongh F 
thoat centro D determines tlio arc AB ot the describing circle, which 
by rolling ujiici an equnl arc Allot the pitch circle traces tlie opicy- 
. eloidol face fi/fot the tooth for tlmt whetd. Again, FB perpendio- 
I -bIw to CD cuts off fln ore AF, which by rolling upon tho tangent at 
|-9l dcMCribca the cycloidiil face FO for tho tooth of a rack. 
L Extending the tangent lino toward tho right, set oil upon it AI — 
Fire AM — i sjiaco, and draw //,, MP, re?pecti vely similar and equal 
Kib OS, JIB. Then regarding CD us the central pkno of a series of 
rflUttvrK, it will lie seen, by comparing tins figure with the following 
P<«iie, which represents a section of a milling cutter at work, that J//' 
^Vill bo the contour of the base of tho one for the amuUeBt wheel, and 
W^IL the corresponding line of tho cutter for tho rack. 
I Proceeiling iu a similar manner with other pitch circles, it la ob- 
KTtotis llint the faces for all intermediate wheels will lie between MP 
R.Wtd JL, their highest points lying in a curve LP; 
Filrtiich is shown on a larger scale in Fig. 182. Kow 
Fthesc epicycloids diverge and differ in form from each 
fcpHier the more the farther thoy extend from the 
Hbtch circlcfi ; if then they be so selected as in this 
^Knro that they dirido tho locus LP into oqnal purtji, , 
^Mia ffrraleni variation of each from tho one nest in 
^■der will ho coimtjint for the whole scries. 
^m And this >s sufficient for our purpose, it being self-oyident that tho 
^Hrora of which the distribution is to be equalized, should ho taken 
Hk the maximum ; and again, it is not necessary to take into consid- 
ngntion the flanks of the teeth, to which the like method is equally 
B|til>li cable, because they vary from each other to a much less extent; 
Hhsn the fuocs. 

^BS03. Wc have, then, n key to the perfect solution of the problem. 
^Bie finit step is to dotcrmino LP ; this is done by assuming varioua 
^Hlob circles, and constructing the face for a tooth of each, arranging 
^^bte with reference to the point A as above described, until a snffi- 
^■nit nnmber of points have been located to enable the curve to bo 
^Boporly developed and drawn. Il.iving decided upon tho nnmber of 
^BjltCTB in tho proposed series. LP is to be divided into a eorrcapond- 
^H^ number of i-quid parts. In regard to tho practical execution of 
^Bis |iroces)i, it may be. remarked that although the curve LP may bo 
^Kn complicated nature, since it has a sort of transcendental depond- 
^Bce open the epicycloid, which is itself transcendental, yet in the 
^Brtion of it irith which wc have to deal in connection with wheels 
^^U[J1lg from twelve teeth up to a rack, its curvatui-e change.'' so 
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slightly that it may without causing any appreciable error be consid- 
ered as a circular arc. 

We have next to find the radius of the wheel, whose tooth would 
fall at each point of subdivision ; this is readily done as shown in Fig. 
180, thus : let S be one of these points upon LP, we have but to 
draw FSy and bisect it by a perpendicular^ which latter line will cut 
CD at 0, the centre of the required wheel. 

This determines the limits between which each cutter is to be used : 
thus^ if in Fig. 182 we suppose a series of four cutters to be required, 
P3f being the face of the smallest wheel and LI that of the largest, 
then the first cutter must cut from P to Qy the next from Q to S, 
and so on. Evidently, each cutter should be made exactly right for 
a wheel whose tooth would fall at the point bisecting the arc of LP 
which limits its range of action ; so that the location of the first is 
found by dividing PC in half, and determining as above the radius 
of the wheel corresponding to this point of division. 

304. The same general mode of proceeding may be employed with 
teeth of any form, the operation of determining points in the locus 
LP differing In detail according to the peculiarities of each system 
of gearing. It is apparent that this process requires us to take into 
account in ewry case not only the addendum, but the path of con- 
tact. The fact that the latter is in the epicycloidal system identical 
with the describing circle, renders comparatively simple what in other 
systems might be very complicated, and enables us by ordinary trigo- 
nometrical operations to locate any required number of points in LP 
with great accuracy. 

And pursuing this line of investigation, we find that the curvature, 
position and magnitude of LP are affected by changes in either 
the length of the tooth or in the diameter of the describing circle, in 
such a manner and to such an extent as sensibly to affect in turn at 
least the higher values of a series of equidistant cutters. 

Now it costs no more to make or to use a correct series than an in- 
correct one ; and in adopting the epicycloidal system, there is no 
excuse for resting contented with approximations, close or other- 
wise, since by the process above outlined, results may be obtained 
which are exact to a single tooth. On this account, and also because 
this system has been and is likely to be more extensively employed 
than any other, we have made the required determinations with great 
care, in order to reduce the magnitude, and correct the unequal dis- 
tribution, of errors in the series in use. 

306. First, taking the diametral pitch as unity, with a describing 
circle with diameter = 7^, and addendum = 1, the locus LP was 
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accurately determined by calculating the positions of a great number 

of points. This curve is shown, greatly enlarged, in Fig. 183, LN 

in this figure corresponding to the same line in Fig. 180, being the 

perpendicular let fall 

from L upon PR, 

The numbers upon 

the horizontal ordi- 

nates indicate the 

diameters of the pitch 

circles assumed for 

the computations, or, 

what is the same ^ 

thing, the numbers of 

teeth. ^^- ^«^ 

Next taking any point thus determined, at pleasure, and assuming 
it to lie upon a circle passing through L and P, the radius of that 
circle was calculated — which being repeated for various other points, 
the close agreement of the radii proved that for the purpose in view 
the curve might be regarded as a circular arc. Upon this assumption, 
the location of any point of subdivision, with reference to CD and the 
point F of Fig. 180, is known, and the number of teeth upon the 
wheel from which that point would have been derived, can be calcu- 
lated trigonometrically ; this converse process is quite different from 
that by which a point upon the curve is found, so that the concordance 
of the results affords a rigid test of the accuracy both of the work and 
of the whole method. 

It was not to be expected that the points of exact subdivision of 
this curve should correspond precisely to whole numbers of teeth ; on 
the contrary, fractional terms were to be looked for as a matter of 
course, but since the series must in practice consist of whole numbers 
only, the nearest integer was taken in each case. 

306. It will be observed that the middle point of LP lies very close 
to the ordinate for the wheel of 24 teeth. Therefore, in a set of 24 
cutters, a separate one should be made for each wheel from 12 to 23 
teeth inclusive, thus confining both the errors and the calculations to 
the 12 subdivisions of the upper half of the curve. 

A series thus determined is given in the first column of the com- 
parative table following : in regard to which it should be stated that 
the 24th cutter is practically used only for very large wheels, an extra 
one being added for the rack. 

When this describing circle of 7^ was first introduced, a series of 
cutters was employed, the values for which are given in the second 



* '. \ 






1 



■I 



.: 4 



•^ r r 



.1 



,1- 



^j!l 



I 






192 



EQUIDISTANT CUTTEBS. 




colamn ; these figures were copied from those of Prol Wi 
the omission of his unintelligible sign x ^ and the interpola 
cutter for 18 teeth. 

In both cases, the cutters used for only one wheel each arc 
and the others being '^ equidistant ^ in the first series, we ha^ 
purpose of a graphical comparison set up in Fig. 184, at eqi 

SOS Tals, an ord 
each cutter 
length pro 
to the nu: 
teeth upon tl 
est wheel for 
is to be used, 
in the first 
the curve -4-^ 
termined, tli 
resents the tr 
^- ^ The intentio 

make the second series also ''equidistant," and with the sai 
cnce between consecutive numbers as in the first; accord 
curve BB is constructed by setting off on the same ordinate^ 
responding numbers in the second column ; and the dis 
between these curves exhibits very clearly the inequality in 
tribution of the errors in this series, the use of which was ; 
abandoned as soon as this was pointed out. 

In the third column wo have a series computed by Mr 
formula, applied to determine the values for 12 cutters to 
24 teeth up to a rack, the first 12 being made exact, as in t 
cases. This formula, as already stated, would give the sam 
for any describing circle and any addendum ; but changes 
will in fact sensiblv affect the values of the terms in this seri 
example. Prof. Willis made use of a describing circle whose 
is half that of the wheel of 12 teeth ; calling this diameter, 
and the addendum unity as before, we find the curve LP to 
ent from that corresponding to the larger describing circ 
used. Its middle point, however, still lies so close to the 
for 24 teeth, that the upper half of the curve only need be d 
in computation, and the correct series with these data is giv 
fourth column. Again, taking the original describing circ 
ameter = 7i, but reducing the addendum to |, the valuer 
series of 24 cutters appear as given in column fifth. By a 
this with the first column, it will be seen that the higher va 
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are affected bj this redaction of the addendum ; and it is important, 
since a series once adopted is in the nature of things inflexible, and 
jet it may at times be necessary to reduce the addendum for the pur- 
pose of Tarying the amount of approaching or receding action, to note 
that even these values are affected in a far less proportion than that 
in which the difference between the consecutive cutters is reduced. 

This will bo clearly seen by the aid of Fig, 185, in which the curves 
0, B, C, represent the locus LP of Fig. 180, for the first, fourth and 
fifth colnmna respectively ; o, i, and c being the corresponding centres 
of curvatnre. 

Taking the twenty-fourth part of each of theso curves as the 
greatest difference in form between the consecutive cutters of the 
series to which it belongs, wo have the following values ; 
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I. 0.0156645. 
IV. 0.0158600. 
V. 0.004C0G8. 



VI. 0.0147569. 



307. We do not consider it worth while to discuss the determination 
of any series consisting of a less number of cutters than 34, because 
the tendency of modem practice is for- 
tunately more and more toward the at- 
tainment of the greatest accuracy con- 
sietent with a reasonable expenditure ; 
and this would call for an increase rather 
than a diminution of the numbers. Wc 
therefore, give, finally, in the sixth 
colnmn of the table, a series of 27 cut- 
ten especially constructed for use in 
connection with the epicycloidal and 
psntagraphio engines above described. 
Of these, 14 are exactly right, there 
being one for each wheel from 12 to 25 
teeth inclusive ; the next 13 are com- 
pnted to cut from 26 teeth up to a 
rack ; but the 86th is used only for pio. iss. 

wheels having 3S2 teeth or upward, an e.vtra cutter being added for 
the rack. 

Hnch smaller series have been employed, some makers contenting 
themselves with even so few as eight cutters for all pitches ; this, as 
an exsminatioD of Fig. 183 will show without further argument, can 
haidly be sud to give a reasonable approach to accuracy, especially 
in the con of wheels with comparatively few teeth. Others again 
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havo used eight for small pitches, increasing the number of cutters 
as the pitch of the tooth increases. This practice seems to be based 
on the idea that the actual amount of error in the form of the cutter 
only is to be taken into account ; which may be tenable if the forma- 
tion of the templates and cuttei*s be dependent upon hand-and-eye op- 
erations, but not otherwise ; since the proportionate error, and the effect 
upon the velocity ratio, will be the same whatever the size of the tooUu 
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Twisted Spur Gearing. 

. Hooke'a Stepped Wheels. — Let a pair of ordinary spar wheels, 

B u[Joii their shafts, be cut transversely into a numbor of plates. 

t these sections of one of tho wheels be first rearranged by rotating 

a until, as in Fig. ISC, the tooth of each overlaps that ot the pre- 

; one by the same amount, and then firmly keyed upon the 

In passing to the new 

)n, each plate will drive /' ti l 

that Beclion of the other wheel 

with which it is in gear, inde- 

Bidently of the others. Thus 

■ second series of plah« will 

sarily bt^ arranged in a 

■ilar manner, and the:tL' 

ing DOW also eecuveJ iij)on 

shaft, we have a 

|ir of Ihe Stepped Wheels 

t introduced l.y Dr. Hooke. 

py this ittgeniotis device tho mitnber of tcclh is in effect increased 

tfioat diminishing their size. Thus, tho figure shows a wheel built 

up of four plates, or thin wheels ; supposing each to have say 20 t«eth, 

the rB5Ulting action is clearly the ^mc as that of a single wheel of 

80, while the fact that the acting faces lie in different planes, enables 
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us to retain the original pitch. The advantages are obvious ; not 
only is the number of contact points increased, but they cross the 
line of centres at shorter intervals ; and the action is at its best when 
this occurs. 

The teeth may have any of the forms already described ; and the 
extent to which they overlap is, abstractly speaking, arbitrary. Bat 
clearly the best arrangement is to have the edges of the successire 
teeth divide the pitch arc AB into equal parts, as shown in the figure. 
There are in this case four plates, and consequently the arc JC, 
through which the last plate is rotated from its original position, is 
equal to J AB. And» in general, letting n = No. of Plates, we shall 
have 



AC = AB 



(^) 



309. In the practical employment of wheels thus constructed there 
is a limit to the reduction in the thickness of the plates or steps, de- 
pending on the material used and the pressure to be transmitted, 
since if excessively thin they will suffer from abrasion. So long as 
actual steps of sensible thickness are used, however, the kinematic 
action differs in no respect from that of any other spur wheels, and 
the lines of action all lie in the planes of rotation. 

If the number of plates, then, be finite, it must be comparatively 
small ; yet if it be increased to infinity the arrangement again becomes 
perfectly practical, but the action is modified in a new and peculiar 
manner. 

The steps now disappear entirely, as in Fig. 109 ; and the effect is 
the same as if the original wheels had been simply twisted, as ex- 
plained in (176). In this process the nature of the acting surfaces is 
changed. They were in the first place cylindrical, the bases being 
the involutes or epicycloids forming the outlines of the teeth, and 
the rectilinear elements being parallel to the axes. Since the twist- 
ing is uniform, these elements now become helices, all having the 
same pitch, but obliquities differing according to the distances from 
the axes. And the line of contact between two engaging teeth will 
partake of the helical form, though it will not be a true helix. For 
it is clear that the transverse sections, by successive planes, will be the 
original tooth outlines in successive phases, and in each section there 
will be a point of tangency, which must lie in the projection of the 
path of contact on a transverse plane. 

310. Now, in regard to the common normal at any point of con- 
tact. Pass through the point a transverse plane, which cuts out the 
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tooth outlines just mentioned^ and draw also the common tangent of 
the two helices wliich pass through the point ; these two lines determine 
the tangent plane, and the normal must be perpendicular to both. 
The first lies in the transrerse plane, but the latter pierces that plane 
obliquely. Consequently, the line of action can in no case lie in a 
plane ofroiationj but will make with it an angle more or less acute. 
In general, then, the line of action can be resolved into three com- 
ponents, viz : 

1. The component of rotation, perpendicular to the plane of the 
axes. 

2. The component of side pressure, parallel to the common perpen- 
dicular of the axes. 

3. The component of end pressure, parallel to the axes themselves. 

When the point of contact lies in the plane of the axes, the second 
of these components of course vanishes ; of which fact, as will pres- 
ently appear, advantage may be taken in so forming the teeth that 
there shall be no sliding between them. 

311. When the wheels are thus formed by twisting, instead of with 
successive steps of sensible thickness, the combination is known as 
Hooke*8 Spiral Gearing ; and is very commonly described and classified 
as a modification of screw gearing. 

That this is an error will be, perhaps, most clearly seen from the 
considerations, that the direction of the twist does not affect that of 
the rotation, and its amount does not affect the velocity ratio. Bc- 
garding the wheels as built up of exceedingly thin plates or laminae, 
each one of those composing the driver turns the corresponding one 
of the follower precisely as though the thickness were sensible, not 
only during the formative process of twisting but after. On reach- 
ing the limit when the plates become planes and the elements of the 
tooth surfaces become helices, the action is modified by the deflection 
of the common normals from the planes of rotation ; but regarding 
the driver as a screw, its endlong thrust being perpendicular to those 
planes, may have either direction and any magnitude without affect- 
ing the direction or velocity of the transmitted motion. Whereas in 
screw gearing proper, this endlong thrust either lies in a plane of ro- 
tation or has a component which does, and this component is the one 
which produces the rotation of the follower. In that class of gearing, 
then, the driver turning in a given direction, the follower will turn 
one way if the driver be right handed, but the other way if it be left 
handed ; and the screw pitch of the driver will obviously affect the 
velocity of the imparted motion. 
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312. From the very nature of the twisting process, as above ex- 
plained, it is evident that if the screw pitch of one wheel of a pair be 
assumed, that of the other is thereby fixed. And it may readily be 
ascertained, because if the teeth be indefinitely increased in number 
and diminished in size, any two which are in contact will ultimately 
become two tangent helices lying on the surface of the original pitch 
cylinders, and must, therefore, develope into the same right line on 
the common tangent plane, as in Fig. 32. 

Again, it makes no difference in which direction wo twist the first 
wheel ; but it follows at once from the preceding that if the pair be 
in outside gear, the helical elements of one will be right handed, 
those of the other left handed. In the case of internal gearing, on 
the contrary, the helices of both wheels will be either right handed 
or left handed, as the case may be. 

313. Practical Choioe of the Screw Fitch. — Although, as has been 
stated, the amount to which such wheels shall be twisted is abstractly 
optional, with the limitation mentioned in the preceding paragraph, 
yet in order to reduce the obliquity of action and the consequent end 
thrust it is best to make it in practice as small as may be, consist- 
ently with securing the advantages duo to twisting them at all. 

Xow when, as thus far supposed, any of the ordinary forms of spnr 
teeth are used, the angle of action is greater than the pitch, so that in 
any given transverse plane the action of one pair begins before that 
of the preceding pair ends. Consequently if a wheel of any given 
depth measured in the direction of the axis be twisted through an 
angle equal to the pitch of the teeth, all the phases of the action will 
at all times be simultaneously presented, and there will always be a 
point of contact in the plane of the axes. 

This til en may be taken as a good practical limit ; and it agi-ees 
with the deduction made in (308) when the number of steps becomes 
infinite ; — for the expression there given, 
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whence if » = «», we have AC = AB, 
314. Elimination of Sliding Friction. — If the teeth be so formed that 
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in any one plane the contact not only begins bat ends on the line of 
centres, continuing but for s single instant ; then the point at which 
thia contact occurs, which is of coarse upon the surface of each pitch 
cylinder, will be the only point of tangency between the tooth surfaces. 
In the next instant thia driTing point will bo found to bare shifted 
to the coQsecutiro plane, and so on continually, thus moTing endlong 
in the common element of the pitch 
cylinders. Under the ciroamstan- 
cea there ia no sliding fnction, since 
the coincident points of the acting 
sur&ces are at every instant moTing 
in the same direction and at the 
same rate. 

In order to comply with the above 
condition, the teeth may bo formed 
as shown in Fig. 187 or as in Fig. 
188. In tho former, the ontlmes 
are epicycloidal, bat the describing 
circles for tho faces are smaller than 
those used for tracing tho correspond- 
ing flanks. In the second case, sup- 
pose the teeth originally to hare been involutes, 
lines, tho flank proper, or port within the pitch circle is still of that 
form bnt the face or part without, is of greater curvature though 
it IS tangent to tho inner part at its intersection with the pitch circle 
In general then it will be 
eaa ly seen it is necessary 
that when the point of con 
tact 13 on the line of cen 
tres as in cither one of 
these figures all the con 
tour lines which pans through 
that point shall be tangent 
to each otl er but the faces 
mnat lie withm the carves 
which in ordinary spur gear- 
ing would bo conjugate to 
tho flanks determined on. 
^ very simple construction 
*^- ^- on the epicycloidal basis is 

shown in Fig. 189, the tops of the teeth being semicircles tangent to 
the flanks, which are radial, at their eztremitleB. 
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The action of plain spar vlieela thus formed would, of coarse, be 
correct only at the inatanta here represented ; bnt by the Eimple ei- 
pedient of twisting tliem, so that the action on ceasing in one plane 
ie continued in the next, these instants become consecutive, the ve- 
locity ratio is made constaat, and the rotAtion is transmitted by pure 
rolling contact. On this laet account, as might be expected, the 
action of these wheels is exceedingly smooth 
and noigelesB, almost as much so, if they be 
well made, as that of belting; bnt they are 
better suited for light work, because the pnea- 
/ sure is confined to a single point instead of 
being distributed alonga line. For heavy work 
it is, thereforo, preferable to employ tlie stepped 
wheels, or twisted ones in which the teeth, as 
in Fig. 186, arc of the usual forme, although 
the sliding friction still remains. 

31fi. NeutraliEKtion of End Fresiaie. — But the 
end pressure due to the screw-like action will 
exist, even after the forms of the teeth have 
been modified as above explained. What noir 
occurs during the rotation, as will bo evident 
from a moment's study, is precisely equivalent 
to the rolling together of two helices, one on each pitch cylinder, 
as illustrated in Fig. 32. And this end pressure, which must be re- 
ceived by a collar on the bearing, causes an amount of friction which 
it is desirable to avoid. 

This disadvantage may in its tnm bo 
obviated by the means indicated in Fig. 
190. Each wheel is made in two parts of ■ 
equal thickness, which are twisted in oppo- 
site directions, but to the same extent. 
The end thrust of one part, then, is ex- 
actly counterbalanced by that of the other: "'*■ ""■ 
and since the action now involves pure rolling contact only, this may 
be regarded as the very perfection of geared wheel-work. 

Pin Oearing. 

316. The term Epicycloidal is in its ordinary use applied only to 
teeth all of which have both faces and flanks whose describing curves 
are circles. 

There is, however, a form of gearing, in which the teeth of one 




1 amount of friction which 
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wheel of a pair are true cpicyoloida only at a theoretical limit, npon 
reaching ■which thoee of the other wheel become mathematical 
poiiit& The latter are in practice actnally made cylindrical pltiB 
of reasonable diameters, which fact has given rise to the name 
Fin Gearing; and the former in consequence deviate considerably 
from the epicycloidal outline whence their working contours are , 
derived. 

In Fig. 191, C and D being the centres of tho pitch circleB, let a 
marking point be fixed at A in the circumference of the upper one. 
Then while this point goes to E, in the progress of the rotation, it 
will trace npon the plane of the lower circle the carve EB ; the arcs 
AE, AB, being eqnaL This, evidently, is the familiar epicycloid. 




generated by rolling the upper pitch circle upon the lower. Mean- 
time, since the marking point does not change \\s position in the cir- 
camferenco of the upper circle, it can trace no cur^o at all upon its 
plane. 

Now let AF be a curve similar to BE, and imagine a pin of no 
Bensiblo diameter — a rigid mutcrial line — to be fixed at .1 in the 
upper wheel. Then if tho lower one turn to the right, it 
will drivo the pin before it with a constant velocity ratio, the 
action ending at E, if the driving curve be terminated at Fas here 
shovu. 

317. Supposing AE to be an aliquot part of the circumference, and 
A the pitch arc, wo have only to set the pins at equal 
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distances in the upper circle, and after dividing the lower one, to 
draw through the points of division the I'eversed curves as shown : 
this done, the elementary wheels are complete and capable of working 
in either direction. From these the practical ones are derived as in 
Fig. 192 ; the pins being made of sensible magnitude, the outlines 
of the teeth upon the other wheel are curves parallel to the original 
epicycloids. The diameter of the pins is usually about equal to the 
thickness of the teeth measured on the pitch circle, the radius being, 
therefore, one fourth of the pitch arc ; this, however, is not impera- 
tive, and the pins are sometimes made considerably smaller. When 
the radius has been selected, a number of arcs are described with it, 
having their centres upon the epicycloid, and the envelope of these 
arcs is the required contour of the working tooth. 

The pins are ordinarily supported at each end, two discs bein^ 
fixed upon the shaft for the purpose, as in Fig. Ill : thus making 
what from its form is called a lantern wheel or pinion« 

318. Peculiarities of the Action. — The most striking feature of wheel- 
work of this kind is, that the action is almost wholly confined to one 
side of the line of centres. 

In the elementary form, this is a direct and obvious consequence 
of the maimer in which the tooth is generated. Thus, in Fig. 191, 
if the curve AFdnwe, the action cannot begin until its root reaches 
the point A on CD, and is entirely receding ; if on the other hand 
this curve be driven by the pin, the action will terminate at the same 
point A, and will be entirely approaching. 

Consequently, pin-gearing is not well adapted for use in combina- 
tions which require the same wheel both to drive and to follow. But 
when that is not required, this peculiarity of the action is greatly in 
its favor ; the pins of coui*se being always given to the follower and 
the teeth to the driver. And previously to the introduction of cut 
gearing, it was very extensively employed, even for heavy work ; the 
facility of forming the pins, or staves, of the lantern pinions, in the 
lathe, especially adapting it for the construction of wooden wheels. 
At present its use is almost exclusively confined to clock-work and 
similar light mechanism, the pins being made of steel wire cut to the 
proper lengths. 

319. It has heretofore been taught, in all the treatises upon this 
subject which have come to our notice, that when the pins are made 
of sensible diameter, as in working wheels they always must be, the 
above-mentioned peculiarity is modified and a certain amount of ap- 
proaching action introduced in every case. 

The fact was too patent to escape notice, that the expansion of the 
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pin from tlie theoretical point into the practical circle, had the result 
o( aliortcning the driver's tooth uiid reducing the iimoant of receding 
^B^on. but while this pntpublo efTect of the new condition upon the 
^Hfae wbcn the action shati end was duly recognizud, no uno soenia 
^^nr tn have inquired whether the same condition might not also affect 
^^btime wlion I he action sliall begin ; and it ap])oarB to bare been 
^^Bten for grttntci] thut it would not. 

^^■ThuB in Kig. Wi, the pin £ is just qaitting contact with the tooth 
^^hich drivos it : and the theory- an hitherto laid down ie based npon 
theafeuraption, that correct driving contact witli the next pin A is 
just heginning when it occupies the position here sbown ; thus giving 
ifr\ nrci tif approach about eqnal to the radina of the pin, and making 
iii» U3 it. stands an exact limiting case. 
It will prcfcntlj he shown that this aasumptioa is erroneous, and 
^Uiii' tbi' nc\-t innrli It „•>/, in general, tangent to the pin A when in 
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h jM«seiit position. The error itself is physiQally small, which may 
luut for its having remained no long undetected ; but its efTcct ia 
I very iterceptible magnitude; not only changing very greatly the 
int of upproaching action, but in many cases making that action 
nlntely negative, the first driving contact between each tooth and 
kpin Dot occurring until after the latter has bodily passed the line 
i centres. 

KaSO. Kn-Wh«el andEack. — Since the pins are always given to the 
llMwer, the constnictiun of a rack will present two cases. If it is to 
\ the driver, as in Fig. 193, the elementary tooth is bounded by 
^oidf, generated by the pitch circle of the wheel ; from which the 
^itiefl of the working tooth are derived as above explained. 
n-Baelc and Wbeol.— In Fig. 194, the wheel is to drive, and the 
mtline is ihe invohite of its own pitch circle, the generatrix 
be pitch line of the rack. It is usually stated that It is unneo- 
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CBsary to construct the derired curve, ainoe " this process would merelj . 
reproduce the aame ioTolute in a different positiou,"' Although i 
is the truth, it is not I 
whole truth ; tmd tbi' 
which is hicking. will I 
found to vitiate the r 
deduced from th e jiart whid 
JB <;iTen. 

321. Inude Pin Gearing - 
Hero als" w(^ have two d JB- 
tinctLases, since Iheuno^^l 
wheel mny he required ei^^| 
to drive or to follow. ^^| 
Fig, 105, the piuiuo driTea. 
iirif! the pins are given to 
the wheel. The outer pilch 
Fib. lao. circle, then, by rolling ujxiii 

the inner, generates the internal epicycloid which forms the eleiiieul- 
ury tooth of the pinion. In Fig. 19C, the wheel drives, and its ele- 
mentary tooth is the hjT>ocycloid traced hy rolling the less cinMJ 
within the greater ; in both cases the cur>-es for the working teeth i 
derived in the usual manner. If the annular driver be twice a 
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08 the pinion, the hypocycloid becomes a right line, and the pro 
of derivation gives simply another right lino parallel to it, 
practical construction in thiacnso is shown in Fig. 19" ; the pinion B 

* Willis. (Principle ot Mecbanism, p. 96.) 
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bat tvo pins, which turn in blocks sliding in the two slots which, cross- 
ing each other at right angles, constitute the disguised nnniilar wheel. 

322. Practicability of AMuned Conditiona. — It ia hardly necessary to 
state that there are definite relations between the pitch arc and arc 
of action, the diameter of the pin and the height of the tooth, such 
that all these cannot be assamed with any certainty that the reanlt 
will be a practicable arrangement. The preceding figures give merely 
an idea of the general prinoiples and the general appearance of the 
varioaa modifications ; and we have now to consider more in detail 
the processes of construction. 

First, in regard to the elementary or ideal form, in which the pin 
is a point and the tootb- 
cunre a true epicycloid. 
Eeferring to Fig. 191, it 
appears that if we as- 
snmetl the pitch arc AB, 
the greatest possiblo 
height of the tooth is de- 
tCTmined by the intersec- 
tion of the front and back 
at Q ; and if this height 
be adopted, tlie action, 
beginning at A, will ter- 
minate at H, the point 
on the upper pitch cir- 
cumference tb rongh 
which G must pass in its 
rotation about D. Nov 
this point Q lies on the 
radial line which bisects 
AB, and wiD, therefore, 
fall £uiber to the right, 
the larger the pitch arc. 
Sboald it chance to coin- 
cide with S, or in other 
words should the point fio. i98. 

of the driver's tooth fall npon the pitch circle of the follower, the 
proposed case is exactly a limiting one. From an exaniiniitiou of the 
succeeding figures it will be seen that this is equally true when the 
driver is a raok or an annular wheel ; and also that in order to render 
the case practioally feasible, the point Q should fall within the pitch 
circle of the follower, except when the latter is annular, in which 
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case it shonM fall 'witbont This condition being satisfied, the tooth 
may be made pointed, or it may be topped off, at pleasure ; and 
finally, the arc of action is determined, as in previotiB constructions, bj 
the intersection of the path of the highest point of the tooth, with the 
path of contact — that is to say with the pitch circle of the piii-wheeL 
3S3. Second, when the pin is of sensible diameter. We give in 
Fig. 198, Prof. Willirt 
mode of determining the 
greatest diameter which 
can be naed under an; 
assumed conditions. Cand 
D being the centres of the 
follower nod driver re- 
spectively, suppose the 
I pitch arc, AB or AE, to . 
be assigned. Bisect AB 
by the indefinite radial 
line Dx, and draw the 
chord A£, cutting Dx in 
■/; then EI is the greatest 
radius for the pin, and 
any less one may be used, 
as in Fig. 192. Since / 
is unquestionably the last 
point of contact with the 
pin E, this conetmction 
would be correct, provided 
that the next tooth SM 
were now in driving con- 
tact with the pin .,4. Prof. 
Willis distinctly etates that 
''"■ "»- it is ; * and bases this as- 

sertion upon the previous statement f that " by the mode of ite de- 
scription the circle (of the pin) must touch the curve {of the tooth) 
when itscentro is in auy point of tlic epicycloid." The conclusion, 
therefore, is vcn,- plausible ; but it is not correct, because the cnn-e 
derived from the epicycloid AR (as was pointed out in Fig. 178), 
consists of two branches, one of which, and a. part of the other also, is 
effaced in the very i>r(iec6fi of formation. The normal to the epicy- 
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doid at its root, is AO perpendicular to CD ; the parallel carve then 
at first descends, having a vertical tangent at 0, forms a cusp at a 
point within the pin whose centre is A, and then rising, cuts its cir- 
cumference at some point if, which is evidently the lowest practicable 
point in the outline of the working tooth. Draw through M a nor- 
mal, cutting the original epicycloid at JV, and through that point de- , 
scribe an arc about i>, cutting the locus of original contact in JP. It 
will now be seen that the point M cannot come into correct driving 
contact, until JV reaches the position P; and the arc AP 18 the 
measure of the error in Prof. Willis's construction ; that is to say, it 
is the amount by which the arc of approach as determined, or rather 
assumed by him, must be changed. 

SS4. Absolute IMerminationB Imposiible. — It appears then that the 
limiting diameter of the pin as found by the above construction is 
too great. By reducing it, the tooth IL may be made enough longer 
to continue in action until the point 3f comes into driving contact. 
But the precise amount of reduction which will cause one tooth to 
quit contact at the instant when the next one begins to drive, it is 
impossible to determine ; because the positions of both the points M 
and /, which fix the times of the beginning and the ending of the 
action, depend upon the unknown magnitude, the radius of the pin. 
We are, therefore, compelled to adopt the tentative process shown in 
Fig. 199. Having found the point /, as in the preceding diagram, 
assume a radius for the pin, less than BI, and continue the derived 
curve to cut Dx in J, which will bo the point of the tooth. Through 
/ draw a normal to the epicycloid, catting it in S; through >S^ de- 
scribe an arc about i>, which will cut the upper pitch circle in T, the 
position of the pin at the end of the action. Drawing the working 
outline of the next tooth, we determine, as in Fig. 198, the points M, 
N, and finally P, the position of the pin when the action begins. Now, 
if the arc PT prove to be precisely equal to AE, we have an exact lim- 
iting case, and the assumed radius of the pin is a maximum : if PT 
be less than AE, the radius is too great, and must be reduced — but if 
the contrary, the case is a practicable one. 

In the latter event the tooth may be topped off ; and it need hardly 
be added that the above process enables us to determine whether the 
case be feasible or not, if both the diameter of the pin and height of 
the tooth are assigned ; the normal JS being drawn from the highest 
point of the given curve.* 

♦ Note. For details of the graphic processes of drawing these curves and the 
Dcmnals, the reader is referred to the Appendix. 
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Limiting Numbers of Teeth and Pins. 

326. When the Pin if a Hathematioal Point, the detenniiiation of 
the limiting oambers of teeth and pins ie easily effected by methods 
precisely like those used in the case of the common epicycloidal teeth. 
. Suppose the number of teeth to be assigned for the driver whose centre 
is D in Pig. 200, and let ^.fbe the pitch arc. The point, O, of the 
tooth must lie on the pro- 
longation of DL bisecting 
AF, in such a poBition 
that an arc OA of a circle 
whose centre lies upon DA 
produced, shall be equal to 
the arc AF. On the tan- 
gent at ^, set off ^ = 
aroAF, and AM = ^AG\ 
with centre M and radius 
MQ describe an arc cutting 
DL produced, in ; draw 
OA, aud bisect it by a per* 
pendicular NC, which cuts 
DA or its prolongation id 
C, the required centre of 
the follower. 

*""'■ ""■ In this diagram, the 

wheels evidently work in outside gear, aud .^Cis a minimum. Should 
fall upon the tangent AO, OA will coincide with that line, and 
the follower becomes a rack : if falls above A G, the centres C and 
D will lie on the same side of the point of contact, the follower will 
bo annular, and the radius AC thus found will bo a maximum. 

If, on the other hand, the number of pins be assigned for the fol- 
lower ; then tlio imsition of is known, and also the arc A 0, whence 
AO and .■IJf arc also determined. It is evident that OD when. found 
will bisect the chord AF, making OA = OF. Therefore, describe 
about Man arc with radius MQ, and about another arc with radius 
OA ; these arcs will intersect in F, and a perpendicular to AF 
through will cut CA or its j)rolongation in D, the required centre 
of the driver, whose rnJins will be a minimum when, as in this figure, 
.•1 lies between Caud D. 

If the point /^coincides with G, wo havo the limiting case when 
the driver becomesa rack : should /* fall below AG, the driver becomes 
in its turn annular, and its radios aa thus determined is a mazimnm. 
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3M. Wlwala witli Badial PlaoM.— Sioce the face OF of tho driver's 
tooth in Y\%. 200 is an epicycloid, it would correctly drive a SaDk 
tnced by the same describing circle. And this flank would be radial, 
wre we to ubo b pitch circle whose radins AE is twice AC. Hence 
this drirer will work not only with the pin-wheel, but with a wheel 
of twice the diameter of the latter, furnished with twice as many 
radial planes as there are pins : the combination presenting the Ap- 
pearance shown in Fig. 201. 

In other words, the minimum 
number of radial planes which 
can be driven by such a wheel 
ia eqnal to twice the minimum 
nnmber of pins. When stated 
in this way, it would appear 
that there ^ould always be an 
even nnmber of these planes. 
Bat it is to he ob8cr>'ed, that 
in compating the least nnmber 
of pins, we must take the next 
higher int^er in tho event of 
a fractional result ; we may, 
howerer, at once double that 
result in order to ascertain the 
least nnmber of radial plbnes, 
and the next higher integer is 
not then neoeflsarUy an even number; but on tho contrary, is an 
odd number in the majority of coses, as will bo seen by reference to 
the following tables. 

327. Idmitinif Satio of Fitch Circle* in Inside Gear. — In tlie use of 
the ordinary epicycloidal teeth, or of those of involnte form, the di- 
ameters of wheels in inside gear may be made very nearly equal if tho 
teeth are short enough, as in Fig. 129 : and such combinations are 
frequently met with in differential trains, tl)C annular wheel often 
baring only one tooth more than the pinion. And at first glanco it 
would appear perfectly feasible to adopt such proportions in pin gear- 
ing, whether the annular wheel drive or follow, 

Bnt in the former case, the teeth being hypocycloids of which the 
inner pitch circle is the generatrix, will become radial when the outer 
one is of twice its diameter ; and if this limit be passed, making the 
pinion more than half as large as the driver, the teeth of the latter 
will become concave : this, although geometrically satisfying the con- 
ditions, ia manifratly impracticable. 
U 
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If, however, the in ternaT wheel drive, no such difficulty is met with, 
and it may have nearly as many teeth as there are pins in the annular 
follower, if they be duly shortened as the number is increased. 

328. WUen the Pin is of Sensible Diameter, the action, as has been 
shown, begins at a different time ; and in consequence of the pecnlisr 
nature of the derived curve forming the working outline, it becomes 
in general impossible to determine the limiting numbers with precis- 
ion. For if the diameter of the pin be assumed, then because one 
pitch circle is the generatrix and the other is the directrix of the ele- 
mentary tooth, the diameters of both must be known before the point 
JIf of Figs* 198 and 199, which fixes the time when the action shall 
begin, can be found graphically or otherwise. 

In one case, however, this point can be located with exactness, as 
shown in Fig. 202 ; DD, CO, being arcs of the pitch circles of the 

driver and the follower re- 
spectively, and having the 
same radius. Let ^0 be 
^ the radius of the pin, which 
is here enormously exag- 
gerated ; CC cuts its cir- 
cumference at N and Z, 
and DD cuts it at 3/ and S, 
making the arcs AN^ AM, 
equal to each other. Rolling 
CC upon DD, the point A 
rises in the cardioidal curve 
ABy and when N reaches 
My the chord AN will 
have the position MB, nor- 
mal to this curve and also 
to the derived one. 
The latter is composed of the two branches OPy PE ; the second 
one, therefore, cuts the base circle and the circumference of the pin, 
whatever the radius of the latter, at the same point, M, Since MA = 
NAy the points M and iN^ will come together at ^4 as the rotation in- 
dicated by the arrow progresses : and moreover, M will then be in 
correct driving contact, the normal MB at that instant coinciding 
with the chord AL, 

329. We have thus ascertained, that when the driver and the fol- 
lower are of equal diameters, there is no arc of approach, the action 
beginning on the line of centres, without regard to the size of the 
pin. We may now assume a diameter for the latter, and by a slight 
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modification of preceding proceaaea we can determiDe the least num- 
ber of pins and teeth that can be ased. 

Let us suppose the pin to be of such size that the arc NL of Fig. 
2Qi shall be one half the pitch ; then in Fig 203 we shall have AO = 
1^ pitch, AL = pitch, and AF= 1^ pitch ; and the point P, of the 
working tooth mnst at the end of the action lie at the intersection of 
the chord OA with the radial linei>P which bisects AF. 

Now, were it true that the arc of approach is nil iu all cases, the 
limiting numbers conld be de- 
termined. The graphic pro- 
cess is as follows. First, if the 
number of teeth be assigned, 
we make the angle ADP = } 
pitch, set oft on the tangent at 
A, a distance AG cqnal to the 
[litch arc AL, make AM = ^ 
AQ, then with centre Jf and 
nuUns MQ describe an arc cut- 
ting the radial line DP in P. 
The angle GAP thus deter- 
mined is evidently equal to 
ACN, and, therefore, equal to 
\ of the pitch angle of the fol- 
lower, whence the required 
>ninimnm number of pins is 
easily found. Second, if the 
namber of pins be assigned, 
then PA is known, and PF 
most be equal to it ; also the 
arc ^Pwhen found must be \\ times the pitch arc ; this is of a 
known length, and having set off ^/T equal to it on the tangent, we 
can find Fas in previous cases, thus determining the required least 
nnmber of teeth, which could drive the given follower on the suppo- 
stion that there ia no approaching action. 

3S0. We mnst now proceed tentatively, for this supposition is true 
only in the one case in which there are just as many teeth as there iire 
pins. If then we assume various numbers of either, the minimum 
values OS thus determined will in general be incorrect ; but the errors 
will diminish as the number sought approaches equality with the 
nnmber aasomed, and when that equality is reached the result will 
be exact, 
. In thia way we find, by computation. 
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Least No. of Pins for 12 Teeth = 11.62. 
Least No. of Teeth for 12 Pins = 11.77. 
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Twelve teeth, then, can be used to drive twelve pins, but no leas 
numbers will answer for equal wheels when the pin is of the size above 
assumed, which is that most commonly adopted in practice. If the 
pin be made smaller these numbers maj be reduced, the limit being 
six for each wheel when the pin becomes a point 
331. The above process, with slight and obvious modifications in the 

diagram. Fig. 203, 
C \ 'v r would be applicable 

in every case, were the 
amount of approach- 
ing action known for 
every given ratio o! 
the pitch diameters. 
^ But it is not known; 
and further progress 
must be made in the 
face of additional 
obstacles due to the perverse nature of the derived curve. Consider- 
ing these now in reference to outside gear, we find that when the 
pitch circles are unequal, the- point Jf of Fig. 202, in which this curve 
cuts the circumference of the pin, no longer falls upon the base circle 
of the epicycloid. If the driver be the larger, the second branch PE 
cuts the pin first, as in Fig. 204, which represents the limiting case 
of a driving rack, subsequently intersecting the base line at some 
point 7?. The latter will come into driving contact when it has ad- 
vanced to A, but before that occurs the normal JT^ will have reached 
the position M'AB', thus bringing the point if into action, and giv- 
ing a greater or less arc of approach. If, on the other hand, the fol- 
lower be the larger, the working branch of the curve will cut the base 
circle before it does the circumference of the pin. The former inter- 
section is the one which would come into action on the line of centres, 
but since it is effaced in the process of forming the actual tooth, it 
does not come into action at all, and the latter intersection cannot, 
evidently, begin to drive until after passing that line, thus introduc- 
ing the phenomenon of negative approach. 

The limiting case in outside gear is that of the driven pin-rack. Fig. 
205 ; it is very tnie that the process of constructing the derived curve 
*^ reproduces the Siime involute in a different position " {PE), but it 
also introduces a part (P(?) of the other branch; to be sure, thisjs 
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effaced, but so too is a portion (PM) of what would be the acting 
tooth ; and Jbf cannot drive until it reaches the position B' in the 
path of contact CC, the negative approach being, therefore, equal to 
AB . 

332. Now, the exact mathematical determination of this lowest 
point J/, even when the 
diameters of both pitch 
circles and the pin are 
given, is a matter of ex- 
treme complexity, to say 
the least of it. And were 
it never so simple, that 
fact would bo of service 
only in determining the js 
limiting numbers by a 
series of approximations, 
since when one pitch circle 
is given the other is to be 
found. ^'<» 206. 

Still, these numbers may be ascertained with a degree of precision 
soflSeient for all practical purposes, we think, by the method which 
we have adopted in computing the subjoined tables. This is based 
upon the assumption that the amount of approaching action, positive 
or negative, can be determined as accurately as necessary by graphic 
processes. Which will appear the more probable, when it is taken 
into account that in the actual working tooth, the obtuse intersection 
M will be more or less rounded off, and not sharply defined ; and the 
effect of this will be to diminish the amount of positive, and to in- 
crease that of negative, approach. 

Accordingly, it appearing from preliminary trials that about six 
teeth will be the least that can drive a pin-rack, an accurate diagram 
upon a large scale (the diameter of the pinion being six feet) gave for 
a pin of the proportions named in (329), a negative approach equal 




to 



pitch 



12.41 

have the equation 



Then, assuming ^ the pitch as the actual amount, we 



or 



tan {\ pitch) = arc (1 + ^V) pi<^ch, 
tan 10a?** = arc 13x'' ; 



which being solved by the tentative process previously described, gives 
the limiting number, 6.44, for the pinion driving a rack. 
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Seven teeth, then, will driye in outside gear ; the negatire approadi 
would theoretically be a little less — ^but in view of the consideration 
above mentioned we have not reduced the amount, but have allowed 
^if the pitch in this case also. We have previously found that 12 
teeth will drive 12 pins, the approach being exactly zero : what le- 
mains;> then, is to take for the drivers between 7 and 12, a negatiye 
approach diminishing as the numbers of teeth increase, and to test 
the results of computation by graphic construction. 

333. Similarly, we find in the case of a rack driving a pin-wheel, a 
positive approach of about -^ pitch; which gives 4.64 as the least 
number of pins that can be used. As the amount of approaching 
action here named was determined graphically for a wheel of six pins, 
it is probably less than it would actually bo at the exact limit, and 
we have allowed the same amount in the case of a wheel of 5 pins, 
which, on this hypothesis, can be driven by one of 110 teeth. For 
the pin-wheels between 12 and 5, then, we have a positive approach, 
gradually increasing from zero to f^ of the pitch. 

We repeat, that no pretension to theoretical exactness is here made, 
the object being to furnish safe rules for practical guidance in using 
the customary proportions. We have, therefore, in apportioning the 
positive and negative approach, made the former rather less and the 

latter rather greater than the 
precise amount would proba- 
bly be. It may be observed, 
that the construction of the 
nomodont for the whole rangp 
from the driving to the driven 
'j^ rack, affords a tolerably reli- 
able check upon the grada- 
tion of the approaching action, 
since any serious error would 
be manifested by the conse- 
quent irregularity of the 
curve. Besides, the graphic 
constructions have been made 
^^° ^^- with considerable care and 

upon a large scale ; so that upon the whole we think it safe to say 
that if the radius of the pin be in each case made equal to half the 
chord of the pitch arc upon the smaller circle, the numbers here 
given will work ; and there is a strong probability that these limits 
cannot be practically transcended. 

334. Next, in regard to inside gear. When the annular wheel 
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driyeSy the positive approach is still greater than with the driving 
rack, as will be seen by comparing Fig. 204 with Fig. 206 ; the point 
J?, which will come into driving contact with JV, at A upon the line 
of centra being in the latter case mach farther from My the lowest 
practicable point of the working tooth. 

This increase in the approaching action reaches its limit when the 
diameter of the larger pitch circle is twice that of the smaller ; the 
hypocjrcloid then becomes a right line, the derived curve becomes 
another one parallel to it, and whatever the position or the size of the 
pin, the common perpendicular to these two lines through its centre 
always passes through A. In the case represented in Fig. 197, then, 
the approaching action continues during half the revolution of the 




Fici. 907. 

follower, and the receding action during the other half, each being, 
therefore, equal to the whole pitch. A greater number of pins and 
dots may be used, but the sliding blocks must then be dispensed with, 
and the angle of action will be reduced, its magnitude depending 
upon the distance from the driver's centre at which the slots terminate 
or intersect each other ; that is, in effect, upon the length of the teeth. 
335. On the other hand, when the pinion drives, the negative ap- 
proach becomes greater than in the case of a pin-rack. And here too 
an exact determination of its amount can be made when the diameter 
of the outer circle is twice that of the inner, as in Fig. 207 ; for the 
original tooth-outline AB is in this case also a cardioid, and the lowest 
point M of the working tooth falls upon the pitch circle, DD^ of the 
pinion. But the driver must now make two revolutions in order to 
have the complete cardioid traced upon its plane by a marking point 
in the circumference of the follower, whereas when two equal wheels 
work in outside gear but one revolution is necessary : and the same 
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proportion holds tme for the generation of any given portion of the 
curve. Therefore, instead of coming into driving contact at A, as in 
Fig. 202, the point M must advance twice as far before its action 
begins ; the point B comes into the original locus of contact at f, 
the normal MB at tliat instant taking the position SB' : thus fixing 
the arc of negative approach ASy which is readily computed when 
the size of the pin is given. 
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336. The Path of Contact in Pin Gearing. — In the elementary form, 
3 pin being a mathematical point in the circumference of the fol- 
der's pitch circle, that circumference is itself the locus of contact. 
When the pin has sensible diameter, its centre yet lies always in 
it circumference ; the common normals to the pin and its driving 
)th are chords of the cfrcle, all passing through the point J, Fig. 
3. Supposing the driver to turn to tlie right, then, we have only 
set off on each of these chords a distance equal to the radius of the 
1, measured from the circumference toward the left : the line join- 
l the points thus located, which is the curve called the limacoii, is 
3 path of contact. 

This might also be constructed from the outline of the working 
)th, by the process of Fig. 164 ; but the method above described is 
)re convenient ; and, as will be found more fully set forth in the 
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Appendix, it inyolves principles which enable us to determine with 
greater accuracy than would otherwise be possible, certain critical 
points not only in the path of contact itself, but in the tooth outline 
also ; since the latter, evidently, may by reversing the construction 
be derived from the limacon. 

Some Practical Considerations. 

337. Koise and Vibration. — Although not coming strictly within the 
scope of this treatise, the practical ill effects of using wheels with 
incorrectly shaped teeth ai'e so closely connected with the subject as 
to demand a brief notice. 

It is to be observed, then, that the noise and the vibration which 
often attend the action of toothed gearing, especially at high speeds, are 

not necessarily identical in origiu. 
It is true that the causes which 
produce noise will also produce vi- 
bration ; but vibration may be pro- 
duced by other causes, and may at 
least be imagined to occur without 
noise. 

To explain; suppose two wheels 
of perfect form and finish to gear 
with each other, the power and the 
resistance being absolutely uniform; 
then, whatever the amount of back- 
lash, there would be neither vibra- 
tion nor noise. Now in practice, 
£) this uniformity of power and re- 

no. 208. sistance seldom or never exists, and 

the variations in speed cause the fronts, and often the backs, of the 
teeth to strike together at short intervals. These blows cause a rat- 
tling noise, which is worse the higher the speed, and is accom- 
panied by vibrations due to the impact betw.cen the teeth. 

Tlie sole cause of the noise, evidently, is the existence of backlash ; 
but even were the teeth so perfect as to have no backlash at all, these 
irregularities in the power and the resistance would still give rise to 
vibrations, more or less injurious according to the suddenness of the 
changes; they would, however, take place in quiet, 

338. But again, vibratory action may result from a totally different 
cause, namely, incorrect forms of the teeth. 

To illustrate this, imagine two engaging wheels, whose teeth are, as 
before, of perfect finish, but not of proper contour ; let the speed of 
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the driver be absolutely nniforiny and the resistance such as to keep 
the acting outlines always in contact, so that there is none of the rat- 
tling above mentioned. 

The average velocity ratio will be correct ; if the driver has, for 
instance, 100 teeth and the follower 50, each revolution of the former 
will cause two revolutions of the latter. And further, y^^ of a revo- 
lution of the driver will cause -^ ota revolution of the follower ; but 
during this fractional motion the velocity ratio is not constant, 
the follower being driven too rapidly during one part of the action, 
and too slowly during the other part. 

Thus the action of each pair of teeth, though correct as a whole, is 
&ulty in detail, being made up of two counterbalancing errors. The 
speed of the driver is uniform, but that of the follower is fluctuating ; 
its motion consists of a series of pulsations, not necessarily audible 
at low speeds, though practically certain to become so at high ones. 
But even at moderate velocities, this vibration acts injuriously upon 
the whole mechanism ; and in many cases it is easy to see that the 
perfection of the work done by the machine may be impaired by the 
irregularity of its motion, no matter how slowly it runs. 

339. EfiEbct of Wear upon Teeth of Incorrect Forms. — It is clearly 
poor economy to require a machine to finish itself, even were it always 
able and willing to do so, since in the meantime its proper work must 
be imperfectly executed. Still it is sometimes asserted that teeth 
originally of incorrect contour will "wear into shape" and improve 
by use. 

Now wear means abrasion ; so that the only errors which could 
thus correct themselves, by the removal of superfluous material, must 
be errors of excess, not of deficiency.' But these are the very errors 
which would hardly be considered admissible by the most zealous 
defender of bad workmanship, as a little reflection will show. Let 
us suppose that of two wheels, accurately spaced, the faces only of the 
driver's teeth are too full, all the other curves being correct. Under 
these circumstances, it will be seen that during the receding action, 
the leading tooth of the driver will urge the follower too rapidly ; in 
order to admit of this, then, considerable backlash is necessary. A 
little space will be thus left between what should be the acting curves 
of the following pair; which cannot come into action until the lead- 
ing tooth quits contact, allowing the follower for an instant to wait 
for the driver to overtake it. Therefore, in addition to the disadvan- 
tage of having all the work done by one tooth at a time, there will bo 
a constant clattering as the teeth come successively into driving 
contact. 
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If, on the other hand, the faces of the follower only are too fall; it 
is then the last instead of the leading tooth which will have the work 
to do, and the follower will be driven beyond the normal speed during 
the approach. 

But it will be driven most rapidly during the first part of the ap- 
proach, its speed diminishing as the point of contact nears the line of 
centres : and though there will not be an absolute halt or interruption 
of the action, as in the previous case, there will still be something 
like a blow as each tooth of the driver comes into contact, and the 
wheels will be nearly as noisy as before. 

Like reasoning applies if the faces be made correct and the flanks 
too full ; so that practically the only errors in the forms of the teeth 
which the worst of workmen would admit in the rudest of mechaniam, 
are errors of deficiency. These may cause less noise, but they will 
certainly cause the pulsation above described; and when they correct 
themselves by wear, we shall be called upon to contemplate the phe- 
nomenon of growth by abrasion. 

340. Wearing to a Bearing. — The fallacy above mentioned, if 
crushed by theory, is pulverized by practice ; for we believe that the 
first case has yet to be found, where teeth whose original contours were 
not full enough, have worn into forms which made the Telocity ratio 
more nearly constant ; but every repair shop can furnish evidence 
that in this respect such teeth have gone from bad to worse. 

Nevertheless, it cannot bo disputed that gear wheels, both cast and 
cut, very frequently run better after being a while in use. In the 
case of cast wheels, this may be due to the removal by abrasion of 
rough and irregular spots in the metal ; but in both cases it may be 
due to other causes. It is likely to happen, especially if the wheels 
be of considerable thickness, that, owing to some slight error either 
in the process of cutting or in the keying of the wheel upon the shaft, 
some of the elements of the teeth are not exactly parallel to the axis. 
And what is technically called ** wearing to a bearing/' resulting in a 
general improvement of the action in smoothness if not in constancv 
of the velocity ratio, consists in point of fact not in the accretion o( 
metal where a deficiency exists, but in the removal of so much as 
stands in the way of line contact between the teeth ; and the gain is 
mainly due to a more equal distribution of the pressure. 

341. Effects of Wear in the Bearing. — In order to preserve a constant 
velocity ratio, the teeth of a pair of wheels must be conjugate to each 
other ; and if they be of other than involute form, it is also necessary 
that the distance between centres shall be equal to the sum of the 
radii of the pitch circles. But unless special provision is made for 
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idjastiuuat, which cannot alwaja hf. do:io, this (lislauce is subject 

iatiua on aocouut of wear la tho beuriuj^g, su thai tbo wheels 

i time will either mesh too <l«ciilj-. or not deeply enough ; nnd 

awj tliut if the lino of cputrea he thus made too short or 

p lonjt by a giveii amount, the effect n|>on the velocity ratio may he 

r with one tooth-system than with another, nlthuugh both may 

ginaliy Work with perfect precision. 

rill Bulweqiicnlly be shown that it is just aa feuaible to givo a 

tctical cmbodimeot to Sang'a theory as to the epioycloidal system, 

1 to produce accurate templates for inCcrcbnngeablc wheels, derived 

I any asanmed rack, by antomutio machinery. When this shall 

B been done, the question will naturally arise, which of the varioua 



■V. 



B*c cohd'i ODrmTotcerE. Fio, not. 
tth-sysiems thns placed wiibin etjTially easy reach will \>e affected 
Flhe least extent by tho disturbing causes above pointed out ; for 
I one which is, will cluariy ho the best for many purposes. 
MS. Tlu Odontoscope. — In order to answer this question, it is ncccs- 
f to have eorae convonieni means of comparing tho actions of dif- 
mt tttotli -systems under varying conditions. Neither graphical 
IT analytical treatment appearing eligible on acrount of tho exceed- 
by intricate nature of tho problems involved, Ibe author some years 
s deviwd the apparatus of which the principle is illustratM in 
Tbi* wm before tlie introduction of automatic machinery 
I tho shaping of gear cutters, and the original object was to test the 
loncy of such as were made hy hand. 
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For this purpose^ two templates, A and By are cut ont of tolerably 
thick sheet metal^ corresponding to the teeth of a pair of wheels; 
these are secured to arms turning ahout the axes C and D, whoee 
distance from each other is capable of adjustment. The shaft of D 
carries a graduated limb, Ky and may be slowly rotated by means of 
the arm, L, and tangent screw, E, or any equivalent device ; motion 
will thus be communicated to C, the tooth A being kept in contact 
with B, by a light weight or spring, not shown. 

iPand are small cylindrical barrels, accurately turned to diameters 
having the same ratio as those of the pitch circles, ^is fixed on the 
axis 0, while (}, which carries a pointer, H, turns freely on the axis 
j9, with which it is connected by a spring, not shown ; the tendency 
being to wind up on O the fine flexible wire /, secured to both bar- 
rels in the manner of a crossed belt Thus F and O will always torn 
in opposite directions, with a velocity ratio perfectly constant from 
the nature of the connection. The velocity ratio of the motions of 
C and B, however, is determined by the templates A and B, and will 
not remain constant unless their contours are strictly conjugate. 

The pitch circles being scribed on the templates, it will be apparent 
that when the intersections of these circles with the contours of the 
teeth are brought into coincidence, the centres of motion are at the 
correct distance from each other, and the point of contact is also 
exactly on the line CD. By turning the tangent screw in one direc- 
tion or the other, then, we may examine the action during the arc of 
approach or that of recess at pleasure ; if the templates are correctly 
shaped, the limb iTand the pointer ^will move at the same rate and 
in the same direction, so that if the latter be set at zero on the grad- 
uated arc, it will remain at zero throughout the action ; any inac- 
curacy being manifested by a moVement of the pointer over the limb. 

343. The sensitiveness of the instrument as designed for actual 
work is increased by the introduction of multiplying gear between 
the barrel or pulley G and the pointer^; thus producing a greater 
deflection for an error of given magnitude, and causing a very 
minute one to proclaim its existence. Its exact locality, however, we 
can not fix ; that, indeed, would be equivalent to determining the 
point of contact of two tangent curves ; and if the end in view is the 
correction of errors in the contours of the templates, the only re- 
source is careful inspection with a magnifying glass. 

But for comparative work like that previously alluded to, this in- 
strument is well adapted. Suppose that the templates work with 
perfect accuracy when the centres are correctly adjusted ; by means 
of a screw, not shown, the bearing of C may now be moved either to 
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B right or tlie loft through any given distance : then let the deflec- 
tion of the pointer bo noted for, eay every degree or half degree of the 
angle of action. If thisbc repeated after other changes in the distance 
CD, a comparison of these records witli similar ones for a different 
jiair of IcDiptates, will furnish all flooded information us to the effects 
of wear Ju the bonrioga upon the velocity ratio in the two Eyatems of 
^gearing represented. 

^H Teeth of Xon-Circular Whceh. 

^^ 341. Vhen two pitch cuTei of any form roll together nbout fixed 
asee, the point of contact always liea upon the lino of centres, and 
divides it into segments inversely proportional to tho angular velocitioe 
at tho instant. ^r| 

k Through this jK>int there must pass 
e common normal of any two con- 
gate toot li -curves ; these, conse- 
quently, must satisfy the condition of 
(181). viz.; they can be traced upon 
the planes of rotation during the 
action, by a marking point invariably 
connected with a describing tine whicli 
moves in rolling contact with both 
^nitch currcB. 

^^ftThe forms of non-circular wheels 
^IpD so numerous and diverse, that it 
^^ould be an endless task to discuss iit 
lengtli the various possibilities rela- 
ting to the paths of contact, limiting Fio. sio. 
numbers of teeth, and matters of kindred nature. 

But the use of such uhecls is so limited that the consideration of 
all these questions ha^ by no means the importance or interest which 
ich to it in relation to ordinary gearing : and we shall accordingly 
B content with briefly explaining a purely practical method of con- 
noting the teeth by graphic opemtions. 

846. Laying out the Teeth of Elliptical Wheels.— In Fig. 210, let A 
be the semi-major and 10 the scmi-miuor axis of a pitch ellipse. 
Although no part of this curve is truly circular, yet circular arcs may 
C found which agree witli it bo closely that for all practical purposes 
Jsy mity bo substituted for it 

I Thus by trial and error we find a centre, C, on tho major axis, such 
tat an arc described about it will coincide with tho ellipse in tho 
gjon of tho vertex A, so nearly that the difference will not bo per- 
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coptible. eTen when the cnnre is drawn with the finest visible line. 
The deviation will, however, become apparent if the arc be extended, 
and it should be terminated at some point, B^ a little before this limit 
has been reached. If the closest possible apjNroximation is desired, a 
normal through B should pass thipugh C; if on trial this prove not 
to be the ease, a minute change in the position of either B or C, or 
both if necessar\', will cause this condition to be satisfied. On BC 
produced, we now seek for another centre 2>, such that an are M 
described about it through B shall sensibly coincide with the' contin- 
uation of the elliptical contour. Proceeding in this way, we shall 
finally have a centre, H. upon the minor axis, for the arc QIj vhicli 
completes the quadrant of the ellipse. 

For the purpose of illustration, we have in this diagram represented 
an ellipse whose eccentricity is much greater than that of any likely 
ever to be used as the pitch curve of a wheel ; yet a very perfect ap- 
proximation is made by means of the four circular arcs for each 
quadrant ; probably three will suffice for any case to be met with in 
practice, and in most instances two :mswer the purpose abundantly 
well. 

346. The next step is to subdivide the perimeter of the ellipse for 
the location of the teeth and spaces. The outline now being com- 
posed of circular ares, these are rectified by Prof. Bankine's graphic 
process. Thus in the figure, we lay off upon the tangent at ff, the 
lengths GE y GI of the arcs GEy GI\ similarly upon the tangent at 
B, the lengths of BE and BA are laid off, and their sum being added 
to 7 jE" already found, gives jT-i' equal in length to the quadrant 
IE A, This right line is next to be properly subdivided according to 
the number of teeth determined on, and the points of division are 
then transferred to the ellipse by means of Prof. Rankinc's converse 
process applied to the approximating arcs and their rectifications: 
this spacing is indicated in the diagram by the alternating fine and 
heavy lines on both tangents and contour. 

A circle is used for generating the tooth -outlines, rolling it first 
within the ellipse to trace the flanks, and then without to describe the 
faces ; and thus this operation is made identical with that for circu- 
lar wheels. The radius, JZ, of this describing circle should not be 
greater than \ A(.% which limiting value will give nidial flanks to the 
teeth whose edges cut the ellipse upon the approximating arc AB \ 
the other flanks being concave. 

347. The complete wheels in gear are represented in Fig. 211. In 
regard to the number of teeth, it makes no difference whether it be 
even or odd ; but in either case it is eminently desirable that the two 
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wbcele shotild be alike. In order to make them bo, if tlicre bo an odd 

namber of teeth, they ehonld bo so arranged that one extremity of 

cither the major or the mir 

axis shall bisect a tooth, the 

opposite extremity bisecting a 

Gpace. If the number of teeth , 

be even, then thoy mnst bo bo : 

placed that the fronts of two of ' 

them shall cut the pitch ellipse 

at opposite extremities of one of 

the axes. 

Now, the action of the teeth 
on different parts of the peri- Fia. aii. 

meter cannot, under any circumstances, be equalized in all particu- 
lars. In order to secure the same amounts of approaching and reced- 
ing action, it would be ncceseary to make the faces of varying bngths ; 
and even then the result is of doubtful utility, cinco the degree of 
obliquity is continually changing. Conrcquently it is held to bo suf- 
ficient in practice to mako the faces of uniform length ; and this 
should be such as to ensure that in the piirt of the irholo movement 
in which the obliquity of action ia greatest, one pair of teeth shall not 
quit contact until the next pair has fairly come into engagement. 
Thus the form of tho blank is determined by drawing a curve \Kir- 
allel to the pitch ellipseat a given distance without, the bottoms of 
tho spacea are bounded by another at a given distance within, and the 
two blanks, secured side by side, may bo cut at the same (imc with 
milting cutters precisely like those uwed for 
circular wheels. 

It is not necessary to furnish elliptical 
wheels with teeth all round their periph- 
eries, when used under circumstances which 
permit their free foci, as in Fig. 212, to he 
I connected by a link. In this case, a few 
teeth near tho exti-emities of the major axis, 
as shown, suffice to carry the wheels past 
the dead points, which occur when tho lino 
of the link coincides with the line of cen- 
tres. Tho remaining portions of each wheel 
p». »>, niust be formed exactly to the contour of 

the pitch ellipse ; these will then transmit the rotation by direct and 
purely rolling contact, in either direction, so long as the contact 
ndins o/ the driTer is on the increase, (88). Since while tho radius 




1 



226 ELLIPTICAL WHEELS — INVOLUTE TEETH. 

is on the decrease^ the work must bo done by tho link, it is necessary 
to use a sufficient number of teeth to preyent excessive obliquity of 
action while the link is thus made the sole means of transmissioiu 

348. Elliptical Wheels with Involute Teeth. — It is worthy of notice, 
though more as a matter of abstract interest than of practical mo- 
ment, that tho teeth for a pair of pitch ellipses may be made in the 
form of involutes of smaller base ellipses having the same foci. In 
Fig. 213, let C bo the fixed and A the free focus of the ellipse whoa) 
major axis is XX. Lot i>, at any distance from C, be the fixed focus 
of an equal and similar ellipse, tho position of the major axis IT 
being found as follows : about D describe an arc with radius = Ci, 
and about A an arc with radius = CD ; these *arcs intersect at 5, 
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which is the free focus of tlie second ellipse. Draw CD and AB, 
intersecting at P. The common tangent to the two ellipses, GH, 
will also pass through P (see Appendix) ; and if we suppose it to 
represent an incxtensiblo band, wrapped around and secured to the 
ellipses, it will be wound upon tho right hand one if it turn about 
Cas shown by the arrow, and unwound from the other, which will 
thus be caused to revolve about />, with a definite varying velocity 
ratio. During this motion, a marking-point fixed at P in this band, 
and moving with it, will trace upon the planes of rotation the invo- 
lutes of the ellipses, KPL, OPL These curves, therefore, if used as 
the outlines of teeth, will maintain the same velocity ratio that was 
originally established by the band. 
349. But, as will be seen by comparing this diagram with Fig. 55, 
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P is also the common point, and TPT is the common tangent, of two 
ellipses confocal with the original ones, whose major axes are IFF, 
UZf equal to each other and to CD ; and these will roll in contact 
about the fixed foci. 

Thus four different elementary combinations are represented in this 
figure ; we may use either 

1. The levers CAy DBy connected by the link AB ; 

2. The smaller ellipses, connected by the band 0H\ 

3. The involutes KLy 10 y acting with sliding contact ; or 

4. The larger ellipses, acting in pure rolling contact. Or, these 

may be used simultaneously, the velocity ratio being the same in each 

CW CV 
at any and every instant, and varying between the limits -pyy TTr* 

SSO. The distance CD being arbitrary, it follows that for the same 

base ellipses, an infinite number of pitch ellipses may be assigned. 

And on the other hand, for the same pitch ellipses, the teeth may be 

involutes of any base ellipses having the same foci. - From which the 

deduction is, that so long as the teeth of this form engage at all, they 

will gear correctly in the sense that the action will be equivalent to 

the rolling together of a pair of true ellipses of some form : but 

whereas in the case of circular wheels the velocity ratio was not 

affected by altering the distance between the centres, it is to be noted 

that in elliptical gearing the limits between which the velocity ratio 

varies, wiU be affected by such alteration. For the focal distance CA 

is invariable, while the major axis WV is always equal to CD ; so 

that a change in the length of the line of centres changes the cccen- 

CV 
tricity of the pitch ellipse and the value of — rr^ • 

If then it be essential that the limits of variation should be exactly 
maintained, the involute form of tooth possesses no advantage over 
that previously described ; and it is hardly necessary to add that if 
the free foci of a pair of elliptical wheels which are provided with 
teeth, be connected by a link, the distance between the fixed foci must 
be kept constant, on whatever system the teeth are laid out. If the 
involute system be adopted, care must be taken lest the base ellipses 
be so small as to produce excessive obliquity of action. In regard to 
this. Prof. Rankine, to whom is due the credit of first discussing this 
form of tooth for elliptical gearing, observes that the common tan- 
gent should cut the fronts of at least two teeth between the base and 
the pitch ellipse ; which, although it may not be necessary in all cases 
in order to ensure the transmission of rotation, is unquestionably a 
safe practical rule. 
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351. ConrtraotLon of Teeth of Lobed Wheels. — As above iatimated, the 
method of operation first described is perfectly general, and may be 
employed with pitch curves of any form. The centres of the circular 
arcs of which the contour is to be made up, may be found by assum- 
ing a number of points, at which the curvature begins sensibly to 
change, and drawing normals through these points (graphic processes 
for which are described in the Appendix) ; the intersections of the 
normals being the required centres. 

But if the i)itch curves be carefully drawn, it will be found that for 
all practical purposes, these centres can bo located with sufficient 
accuracy by trial and error; and at best the laying out of teeth for 
such wheels requires much time, care, and patience. 

If the same describing circle be used throughout, its diameter 
should bo such as to give radial flanks to the teeth in that part of the 
pitch lino where the curvature is greatest ; should other parts be very 
much flatter the teeth may in consequence spread too rapidly at the 
root or in the flank. This may bo remedied by using different de- 
scribing circles for the teeth in those parts, care being taken that the 
same one bo always used for the conjugate face and flank. 

352. Practical Limit to the Obliqoity.^In any form of gearing it 
would be very desirable to have the line of action peri)endicular to 
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the lino of centres, since then there would be no component of side 
pressure. 

In speaking of the teeth of circular wheels, the obliquity was de- 
fined as the angle made by the common normal of the acting curves 
with the common tangent to the pitch circles. This, however, was 
because this tangent is then a perpendicular to the line of centres; 



LOBED WHEEI£ — UHII OF OBLKJUITY. 



2'iO 




and in general the obliquity is the inclination of the line of action to 
Euch a perpendicular, whicli latter may or may not coincide with the 
common tangent to the pitch curves. This it seldom tloea in the 
class of wheels now under consideration, and in consequence a much 
greater obliquity than would bo admissible in circular gearing is often 
unavoidable. 

Thus in Fig. 214, VW, XY are arcs of the pitch curres, in con- 
tact at P, on the line of centres CD, to which PO is perpendicular. 
The lower whoel driving, as shown by the arrow, let E bo Ifao point 
of tooth-contact, the line of action through whicli, PEN, has Iho 
greatest inclination to PT, the common tangent to the pitch curves. 

It will then be apparent 
that when the angle TPO, 
which this tangent makcG 
with the perpendicular PO 
is greatest, the total obliquity 
NPO will be a maximum, 

Tho results of esperienco 
show that tho angle TPO 
should not, if it be practicable to avoid it, exceed from 25° to 30°. 
In other words, the contours of the non-circular pitch curves should 
be such that tho angle between tho tangent and the radius vector 
shall at no point be less than 00° or 05°. Nor should the anglo NPT 
exceed from 15" to 20°; thus limiting the range of the maximum 
total obliquity, NPO, to from 40° to 50° ; though if the object bo 
rather the modification of motion than the performance of heavy 
work, higher values may in extreme cases be used. 

353. This limit, it will bo perceived, has not been regarded in Fig. 
215, which shows tho appearance of the dissimilar pitch curves of Fig. 
75, when furnished with teeth. 

In Fig. 216, we have a pair of similar but unsymmetrical uni- 
lobes, the pitch lines being elliptical below the horizontal centre 
lino, and of the logarithmic spiral form above, as in Fig. 73. 

The lower halves of tho 
dissimilar pair shown in 
Fig, 217 are alike, tho log- 
arithmic spiral being tho 
pitch curve ; while above 
the line of centres, that 
spiral is used for a part of 
'"■ ^^ the contour, the remainder 

being elliptical, as in Fig. 74. But the wheels here represented pre- 
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sent the peculiarity that the limits of variation in the Tclocitjr niio, 

vhich suddenly change when the wheels rcoeh the position giTcn in 

the figure, are not the 

for the two halTcs 

of the revolution. 

A still greater and 

abrupt transition 

r iJ^ is produced by the pair 

s\_^;^^ represented in Fig. 218, 

of which the pitch 

cur\-es are similar and 

equal logarithmic 

spirals. It is tolerably 

evident that in this caso 

the absolute velocity 

must be small in order 

to avoid violent slioclis 

at the instants of the 

change : yet wheels very 

similar to these have 

the moulding machine of Gallas and 




been used — as for instance 
Aufderheide. " 

354. Non-Circular Pin 
Oearing. — The labor of 
laying out tlio tocth of 
a )>air of dissimilar 
wheels may be abridged, 
and the difficulty of 
cutting them in part 
avoided, by making one 
of them after the man- 
ner of a pin-wheel. The 
principle of t!io process 
(which may also be ap- 
plied to the ellipses or 
to any similar as well as 
to dissimilar lobed 
wheels) is precisely the 
same as in the cusc of circular gearing. That is to say, the [litch 
cur\'D of the follower is used as the describing line, by rolling which 
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upon the pitch curve of the driver are generated the elementary 

teeth for the latter ; and the 

working outlines are at a 

constant normal distance 

within these^ equal to the 

radius of the pin, as shown 

in Fig. 219. 

In regard to the size of the 
pinsy and their distance from 
each other^ it is sufficient to 
say that, as the contour of 
each wheel is regarded as 
made up -of approximating 
circular arcs, the whole op- 
eration is reduced to the fa- 
miliar one of constructing epi- 
cycloids and their parallels; 
so that the limits in relation 
to the pitch and the diameter 
of the pins are readily de- 
duced for each particular case 
by application of the reason- 
ing given in the discussion 
of circular gearing of this 
description. Though it may Fio. 219. 

be well to repeat that the teeth in all cases should be as small and as 
numerous as they can be made consistently with securing the neces- 
sary strength. 
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1. The Teeth op Bevel Wheels. — General Principles of their Comet Formi- 

tion by means of a Describing Cone. TredgokVs Approximate Method. De- 
tails of correct Process. Results of the two Methods Compared, for E|ncy- 
cloidal Teeth. Inside Bevel Gearing. The Involute System. Action of 
Bevel and Spur Wheels compared. Teeth of Conical Lobed Wheels. Methods 
of Cutting the Teeth. Corliss's Bevel Gear Cutter. Twisted Bevel Wheels. 

2. The Teetu of Skew Wheels. — Theory of Willis and Rankine. Describing 

Ilypcrboloid. Approximate Methods. Direct Construction of Teeth thusGfO- 
crated. Fallacy of this Theory. Such Teeth Impracticable. A New Thcoiy. 
Olivicrs's Involutes in Difltercnt Planes. The Fronts of the Teeth Single 
Curved. They Vanisli at the Gorge. The Length of the Tooth Limited 
Backs of Teeth Warped. The Conjugate Teeth Unlike. Action Reversed on 
Crossing the Gorge. Twisted Skew Wheels. 

8. The Teeth of Screw Wheels. — Common Worm and Wheel. Construction 
Referred to that of Hack and Pinion. Distinctive Features of the Action.* 
Close-fitting Tangent Screw. Practical Proportions. Sang's Theory Embodied, 
Multiple threaded Screw Wheels. Screw and Rack. Oblique Screw Gear- 
ing. Construction of Teeth from Oblique Rack and Pinion. Peculiar modi 
fication of the Action. Close-fitting Oblique Worm. Oblique Screw and Rack. 
Construjlion for Least Amount of Sliding. Resemblance to Skew Gearinp. 
IIour-gIa.ss Worm Gear. Genenxl Arrangement. Form of the Pitch Surface ol 
tiie Worm. Forms of the Threads. Action Confined to one Plane. Forms 
of the Whcol-teeth. Multij)le- threaded Hour-glass Worm with Face-gear 
Wheel. Rollers Substituted for Teeth upon the Wheel. 

4. The Tketii op Fa( e Wheels.— Efjual Wheels with Cylindrical Pins. E^iial 
Wiiecls with Axes Perpendicular to each othor. Unequal Wheels Similarly 
Situated. Unofjual Wheels with Axes in Different Planes. Miscellaneous 
Arrangements of Face Wheels. Combination of Face and Screw Gearing. 
Spherical Screw and Wheel. 

355. In Treating cf Spur Wheels it has been convenient, since all 
the transverse sections are alike, io consider all the motions as taking 
place in one plane, and thus to deal with lines instead of surfaces. But 
we must not lose sight of the fact that the pitch and describing curves, 
and also the tooth-outlines, are but the bases of surfaces with elements 
perpendicular to the paper, and acting in right-line contact. Thus 
in the epicycloidal system, for itistnnce, we must imagine a describing 
cylinder rolling upon the pitch cylinders, the common clement ])eing 
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the instaiitaneoiia asis, about wliicli the describing line is revolving 

at any given phase of the action. Now tlio teeth thus generated 

must touch each other along a 

right line; and this principle 

is capable of a more extended 

application. The very slight 

modi Scat ion by which spur 

wheels arc transformed iuto 

l>eTel wheels is at once suggested 

by regarding the pitch cylinder 

88 the limitingform of the cone, 

in which the vertes is infinitely 

remote ; and this leads directly 

to tho analogons generation of 

the tooth surface by the rolling 

of a describing cone in contact 
with the ))iteh cones. 

Tliis is illustrated in Fig. 220; supposing the arcs AP, AB, to 
be equal, then while the smaller cone rolls upon the larger, the ele- 
ment C/* will generate tho surface CPJ3 ; to which tho plane CPA i) 
normal, since at the phase here represented, C.l is the instjmtaneous 
axis. This is tlic essential property, and is independent of the forms 
of the bases of the cones ; but if na hero shown these be circular, the 
extremity P of tho generating radius will trace a curve, BP, lying on 
the snrfacc of a splicre, and ciillcd. since it is described by the rolling 
of one circle npon another (although the two arc not in the same 
plane), a spherical epicycloid ; which may be considered as the direc- 
trix of the conical surface CPB. 

In like manner, by the rolling of ono cone inside of another, both 
having circular bases, a spherical hypocycloid may be described. And 
whatever the buses of the cones, it is evident that a surface is gener- 
ated in this case also, to which the plane determined by the describing 
line and the element of contact at any instant, will be nominl. 

It is thus readily seen that, the describing cone being tangent ex- 
ternally to one pitch cone and internally to tlie other, these two sur- 
faces will be swept up stmnltaneonsly as the rotation progresses, and 
will at every instant have a common normal plane, cutting the plane 
of the fixed axes of rotation always in tho common clement of the 
pitch cones : they arc, therefore, correct forma of tooth -surf aci>s, and 
will maintain tho original velocity ratio, be tbe same constant or 
vaiiablo. 
S66L Tn^dld'i Approzimatioii. — Before considering in detail tlio 
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practical operation of laying oat the teeth in accordance with the 
exact theory as aboTe set forth, it is proper to describe the method 
more commonly employed, which inyolyes possibly a little less 

labor, and gives results, not 
rigidly accurate, but suffi- 
ciently so for many purposes 
under ordinary conditions. 
M The principle of this proc- 
ess, which, it should be ob- 
served, is applicable only in 
the case of circular wheels, is 
shown in Fig. 221. Let CA, 
CBy in the plane of the paper, 
be the axes, and CP the oom- 
F»a- «!• mon element, of the pitch 

cones CPEy CPF\ whoso bases EP^ PFj are small circles of ike 
eplierc shown in dotted outline. Draw APB jierpendicular to CP; 
then APhy revolving around CA will generate the cone PAFfVoH 
BPy by revolving around CBy will generate the cone PBEi these 
cones are tangent to the sphere, and respectively normal to the pitch 
concH. 

Now, AB is also the trace of a plane tangent to the sphere at P, 
and tiingcMit to both noi;mal cones ; and, in the diagram at the right, 
the points A\ P\ B', are the projections of A, P, and B, upon this 
ian^'ciit i)hiuo, atul the arcs OP'M, LP'N^ are the developments of 
the l)asi»8 FP, PE, These arcs are next to be treated as though they 
were the }>itch circles of spur wheels, and teeth are to be laid out 
iiixm tlu'in u(!(;ording to any of the systems previously explained, 
that of niu-^oarin^ of course excepted. 

Hu])|)(Kso thcso teeth to be cut out of a thin sheet of metal, and then 
wrai)iH'(l back ui)on the normal cones ; their outlines are then to be 
traced, a!i(l treated as the directrices of the conical tooth-surfaces, all 
of whoso elements, as before explained, converge to the vertex Cof 
the ])itch cones. 

357. The oi)erati()n of finding the tooth-outlines upon the normal 
cone may he performed graphically, as in Figs. 222 and 223. Since 
the tooth projects beyond the pitch circle to R\ the normal cone 
must 1)0 correspondingly extended to /?, which determines the ex- 
treme diameter of the Z»/rtwXr (7772; and the bottoms of the spaces 
upon its development are limited by the circle whose radius is A'S'y 
to which AS is, of course, equal. The points R, P, and S, in re- 
volving about ACy describe circles which in the side view appear 
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the right lines JiT, PF, SO ; these are seen in their tree fonn and 
size in the end riew. Fig. 233, which it is necessary to cotiBtnict in 
order to draw the aide view. Obvionsly, the length of the arc which 
measures the breadth of the tooth at the top, at the bottom, or on 
the pitch circle, will be the ^me in the end view as in the develop- 
ment, tho chord being a little less in the former. The aume holds 
tree in regard to any intermediate circles which may bo drawn, and 
thas tlio outlines of the teeth in the end view may be determined with 
any required degree of precision ; after which they are projected to 
the side view, the tops to the line RT, the bottoms to the line SO, 
etc., in the ugaal manner. 
Since all the elements of the tooth rnn to the vertex C of the 




pitch cone, it follows that if it be limited at the smaller end by 
another normal cone, as in the flgnre, its outline there will be of the 
same form as that of the outer end ; and the nicdc of drawing it is 
sofHcicntly indicated without further explauatioa. 

35& Tho shaping of the blank by the addition of a frestum of the 
normal cone TAR, is the readiest and best means of giving a present- 
able finish to the teeth, which would be weak at tho extreme points, • 
and project beyond each other in a very unsightly manner, were the 
larger end of the wheel terminated by a simple transverse plane. 

And the UBomptioD npon which this method of laying out tho 
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teeth rests, is thnt the trace upon this normal cone, of the nirbce 
generated by rolling a describing cone upon the pitch cone, will spOB 
development become a true epicycloid, or at least not seneibly dJrr 
from it within the hmits made use of for the teeth. Letusfint, 
then, see how the exact trace of this Biirfoco upon the normal eact 
may be determined. ' 

359. Conttrnction of the Correct Tooth-Oatline. — In Fig. 224, let CPF 
he the pitch cone, QAH the normal cone, indefinitely extended; 
and let CL be the axis of a describing cone, ICK, which ii 
tangent to the pitch cone along the element CP, and intcrsecti 
the normal cone in the curve POA'. Making a projection nponi 
plane perpendicular to CA, the circle FP is seen in its true siic h 
F'TP', the curve of inter;ection appearing as P'RN'S. 

Now taking CPI as tJic describing element, it is clear that if it 




Flu. 334. 

revolve abont VL, the other cones remaining fixed, it will pierce the 
normal cono, at every instant, in some point of the curve POU. 
From this curve, then, the requiied trace may be found as follows. 
Suppose the pitch cono to tnrn as shown by the arrow, throngb an 
angle mcasui-ed by the arc Pa. The describing element CP will 
thus be (aiifcd to revolve about CL, through an angle ivhich, the 
velocity ratio being known, can be i-eadily ascertained ; aud this will 
enable tis to fix tiic point i, in which at that time it will pierce the 
normal cono, Aud the lino ba will be a portion of the required trace. 
Let the rotation progress until a reaches the position c ; then since ftffl 
moves with the pitch cone, it will at that instant appear as ec ; and 
the angular motion of the describing element meantime being known, 
we can find the point A upon the curve P'RN','m which it will then 
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pierce the normal cone, and extend the trace, as ced : which operation, 
repeated at short inter?als, will enable ns to construct the true form 
of the tooth-outline with any stipulated degree of accuracy, within 
the scope of graphic operations. 

By proceeding in like manner with the describing cone internally 
tangent to the pitch cone, wo may complete the tooth by finding the 
trace of the flank-surface. 

960. Eesults of the Two Methods Compared.— In Fig. 225, the full 
outline represents the tooth of a wheel laid out by the method above 
explained ; and the dotted 
curves are the forms of the 
faces as constructed by Tred- 
gold's process. 

The wheel selected for this 
comparison is one of a pair 
of mitre-wheels, as those are 
technicallv called which are 
of equal diameters, and have 
their axes perpendicular to 
each other; the diameter of 
the base of the pitch cone 
being 30 inches, the number 
of teeth 24. 

In the api)lication of Tred- 
gold's process, we are at lib- 
erty to assume a describing 
circle which will make the 
flanks of the developed teeth 
radial, its diameter being, 
therefore, equal to the slant 
height of the normal cone, 
and this was done in laying out the tooth here shown. On wrapping 
the developed sheet back upon the cone, then, these radial lines will 
become elements of that surface ; so that the flanks of the teeth thus 
constructed will be radial planes. 

But a straight line can be generated by the rolling of a circle, only 
when it rolls within another circle of double its diameter, in* its own 
plane. No circular cone, then, can generate a perfect plane by roll- 
ing within another one. However, if the angle at the vertex of the 
describing cone be half that at the vertex of the pitch cone, the sur- 
face swept up will curre so slightly near the first element of contact, 
that for all practical purposes the flanks may be regarded as truly 
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piano surfaces. But now^ the same describing cone must be used for 
the face- surfaces ; and^ as shown in the figure, the discrepancy between 
the results of the two methods is quite decided, and sufficient to 
affect materially the constancy of the velocity ratio if the approximate 
form be adopted. 

361. Bevel Wheels in Inside Gear.— In laying out the teeth of a hol- 
low bevel wheel, by Tredgold's process^ it is apparent that the size of 
tlie describing circles must be fixed with due regard to the limits 
deduced for the case of annular spur gearing, in order that there may 
be no interfei^ence upon the development of the normal cone. The 
spherical epicycloids and hypocycloids^ it is true, diifer from th«r 
plane namesakes in this, that they are not capable of two generations; 
BO that tlie peculiar feature of double tangency between the face and 
the flank of a pair of engaging teeth does not exist in inside bevel 
gearing. But it is none tlie less evident that if the outlines of the 
teeth upon the developed sheet be such as to interfere with each other, 
the wheels constructed from them by this process will not work. 

From this consideration we deduce, as a safe practical rule in se- 
lecting the describing cones when laying out the teeth by the exact 
method, that the diameters of their bases should not be greater than 
those of the describing circles which can bo employed in the approxi- 
mate method ; the circumferences of these bases being tangent to 
those of the pitch cones. 

A pitch cone rolling in contact with a plane disk (see Fig. 81), 
presents, upon the application of Tredgold's process, a case analogous 
to that of a rack and wheel in spur gear, and requires no special 
notice. In the use of the exact method, the details of the operation 
uie substantially the same as already explained ; the vertex of the 
cone normal to the plane disk being infinitely remote, that cone be- 
comes a cylinder, but no additional difficulties result from the intro- 
duction of this new feature. 

362. Bevel Wheels with Involute Teeth. — When the developed bases 
of the normal cones are taken as pitch circles, teeth may be laid out 
upon them by the involute as well as by the epicycloidal system, and 
the wheels thus made will work as well as the others. The surfjiccs 
of their teeth are obviously approximations to those which would be 
generated by the rolling of a plane in contact with two base cones. 
Such a rolling plane must, clearly, cut the plane of the fixed axes 
alwavs in the same lino, and this line will be the common element of 
two pitch cones whose diameters will have the same ratio as those of 
the base cones. And, taking this radius of the rolling plane (whose 
motion is, during the rotation of the cones, one of revolution about 
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an axis perpendicular to the plane, passing through the common 
vertex), as a describing line, we may follow its movements, and hy 
finding the points in which at given intervals it pierces the normal 
cones, determine the exact tooth-outline with as great facility and 
precision as in tho preceding case. 

This tooth-surface may be also generated in another manner ; sup- 
pose the pitch cone to be cut from vertex to base along an element, 
and the surface to bo unrolled into a plane ; this plane will, during 
the process, be alwavs tangent to the cone, the cut edge will sweep 
up the surface under consideration, and, since it is of constant length, 
its extremity will trace a curve which may be properly called a spher- 
ical involute. 

It is not necessaiy to go into a detailed examination of the form 
of the surface which by rolling in contact with tho pitch cones would 
generate teeth of the forms here spoken of, since tlic method above 
given is much more simple. The close analogy between the plane 
and tho spherical involute, however, is sufficient to make it apparent 
that such a conical surface, whose spherical directrix will havo a 
corresjwnding analogy to the logarithmic spiral, is capable of thus de- 
scribing these identical teeth, which concequently form no exception 
to the general law. 

363. Action of Bevel and Spur Wheels Compared. — It is true of bevel 
as well as of spur gearing, that the smaller and more numerous the 
teeth, the better will be the action, because there will be less of both 
eliding and obliquity. 

Now experience shows that, other things being equal, a pair of 
bevel wheels will run more smoothly, and in a general way operate 
more satisfactorily, than a pair of spur wheels of the same numbers 
of teeth. Tho reason of this will be seen very clearly by reference to 
Fig. 221, if we imagine the outer ends of the teeth to be bounded by 
the surface of the sphere, and confine our attention to the action 
upon each other of the outlines thus formed. The point of contact, 
throughout the engagement of any one pair of teeth, will always lie 
in or near to the plane ABy perpendicular to CPy upon which are 
develoi>ed the normal cones, which latter in their turn do not, within 
the limits of the height of the teeth, deviate greatly from the spheri- 
cal surface. Tho result cf this is, that although the velocity ratio is 
determined by tho lengths of tho perpendiculars PGy PH, the dura- 
tion of tho action is very nearly the same as it would be were the 
developed teeth to work together in their own plane about the centres 
i4', B', The action of these wheels, then, in so far as it is affected 
by tho numbers of the teeth, is substantially the same as that of spur 
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wheels of the same pitch, with PA, PB, for the radii of the pitch 
circles. Or, in general, the action of a bevel wheel of a given num- 
ber of teeth, is in this respect equivalent to that of a spur wheel iiav- 
ing a number greater in the proportion of the slant height cf the 
normal cone to the radius of its base,- or of the slant height of the 
pitch cone to its altitude. 

364. Teeth of Conical Lobed Wheels. — If a cone of any form be inter- 
sected by a sphere whose centre is at the vertex, every point of the in- 
tersection is equally distant from that centre ; let a describing cone be 
rolled upon the first one, as in Pig. 220, then thd extremity of anyone 
of the elements of the rolling cone will trace upon the sphere a curve, 
which may be considered as the directrix of the conical surface genera- 
ted by the element itself ; and that surface will, in accordance with 
the general principle, be of the fonn required for tho tooth, tho first 
or base cone being regarded as a pitch surface ; and, without going 
into details, it is apparent that tho determination of the spherical 
directrices may be effected by graphic means. 

Otherwise ; let a i)lane be passed, say perpendicular to the fixed 
axis of rotation, or to tho line of symmetry, if there be one, thns 
forming a base for the ])itch cone. Inasmuch as its contour may be 
j)ractically made \\\) of approximating circular arcs, the pitch cone 
nuiy 1)0 cousidorod as made up of portions of various circular cones; 
and those may ho treated as previously explained, by either the exact 
or the api)roxiinatc method. The normal cones, ujwn which the 
traces of tlio tooth are thus obtained, will not have a common vertex; 
but sinoo oaoh is to bo dealt with sepanitely, this is of no consequence. 

Thoro is no instance to be cited of tho actual employment of these 
non-circular conical wheels ; which indeed have not been described 
by any ])rovions writer. An objection might be urged on account of 
the diflftculty of making them : whfch, however, does not lessen the 
abstract interest attaching to them as a new class of kinematic com- 
binations. Tho above suflices to show that the graphic operations 
relating to them arc sufficiently simple in detail, although tedious by 
reason of their number ; and it may bo questioned whether they 
would really i)rove more difficult to make than tho skew wheels 
which are occasionally met with. 

365. Methods of Cutting the Teeth. — Since the teeth taper from end 
to end, the outlines of the transverse sections are continually chang- 
ing ; it is thorofore, impossible to cut them with perfect accuracy by 
means of a millincj cutter of the usual form. Nevertheless, this i? 
the method almost universally adopted when they arc cut at all. In 
order to distribute the unavoidable errors as uniformly as may be, it 
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_ i customaiy to make the ontline of the cutter agree in form with the 
crofti section of the tooth at the middle of its length ; its travel is 
directed ulong the line joining tho face and Hank of the tooth, that 
13 to Bay along the element of the pit^h cone, first on one side of the 
si>ace, and then on the other, the thickness of the cutter being leas 
than the breadth of the space. 

The eSect of this is, that at the larger end of the tooth the flank 
is too full and the face not full enough, while at the smaller end these 
errors are reversed ; besides, the tooth surfaces thus cut are not conical, 
hat cylindrical, all the elements being itarallel to the line along which 
the travel of the cutter is directs. These surfaces, consequently, 
will not work in true line contact, except at tho one instant when the 
junctions of faces and flanks reach the plane of tho axes, until they 
have " worn to a bearing" by use ; but neither then nor thereafter 
will they work correctly. 

366. Corlin's Bevel Gear Catting Engine. — There are, however, ways 
and means of accomplishing better results than this; and to the tn- 
gennity and enterprise of Mr. George 11, Corliss, of Provideuce, R. I., 
is due the production of an engine, capable of doing the work 
with absolute theoretical precision. In this admirable machine the 
milling cutter plays no psirt, but the teeth are planed out, element 
by element. 

Without going into details, it will be understood, first, that the 
catting point of the toot is made to travel always in a right line pass- 
ing through the vertex of the pitch cono ; it mast, therefore, at each 
cut plane out an element of a conical surface. Second, that tho 
motions arc so controlled with reference to a guide template, that a 
line drawn from the vertex through the cutting point shall always 
touch the outline of the template, which is, then, tho direotri.i of 
this conical surface. 

Now, all that is necessary to the production of a perfect wheel, is 
to provide this machine with a template whoso outline accurately 
conforms to that of a transverse section of a tooth. This, it should 
also be titatcd, is practically laid out upon a larger scale than if the 
outer end of the tooth were to be drawn in the usual manner, because 
it is placed in tho engine considerably farther than the base of the 
blank from tho vertex of Ihe pitch cone ; thus reducing tho propor- 
tional magnitude of any unavoidable errors in the graphic processes. 

367. Twiited Bevel Wheel*.— Tlio feasibility of placing upon the 
same shafts a series of bevel wheels cut from tho same cones, but in 
different phases of their action, is self-evident. The advantages of 

ich stepi>ed wheels would bo exactly tho same as in the similar ar- 



S42 



TWISTED BETBC VHEBOS. 







rangement of Bjrar gearing ; but there are practical drawbacks wl 
it may be adruitt^od, would prevent their omplojtnent. But tho pla- 
cets of twisting, bj which the spur wheels ore tninsformed ))i'" 
Hooke's spiral wheels, may bo equally well applied to coiiical om-" 

andto the form of bevel gearing thns produced no reasonable objeci 

can be made, cscept tho difficulty of making it; and this, its » '.. 
presently appear, is not insuperable, nor ho greutasniigbt be snppi'^i! 
In Fig. 226, it Js evident that if each plate of tbo vertical jui. ■ 
cone be twisted through the same angle, it will drive the corre^injiji; 
ing plato of the inclined cone throngh an angle depending U[M)ii 
relative diamctera ; so Ihat if these plates bo indc6nitely increi 
number, the rectilinear elcmculs, 
JiF, will become conical helii 
shown. 

The graphical construction p 
Konta no difficulty : wo have in es 
case a uniform roUition, combu 
with a uniform advance along 
■ element. Consequently aiuce if > 
amount of twist upon one cunfi 
assumed that on the other i* km 
both ciir^'es are readily drawn ; 
move in perfect rolling contact,] 
devclope upon tho common to; 
plane into the same Arcbimi 
spiral. 

Just lis with the spar whoelii,; 
form of tooth which will work 
rcctly before twisting will doe 
ward ; and if the faces bo pti 
made not full enough to be conjngate to tho engaging flanka, t 
will be at each instant but a single point of fangency, which | 
alway lie in the plane of the axes, and the wheels will mn in i 
rolling contact. 

Now, although such teeth as these cannot be made by the nsaoM 
milling cutter, it will bo apparent that if the blank be placed i 
Corliss machine above described, and given a molion of uniform I 
tion during the advance of tho cutting point, they can be ploDodl 
as easily and as accurately aa any others, 

Tkf Tedh vf Skew n'hcch. 
368. The Problem of Det«niiuuiig the Forms of Teeth which shall i 
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igbb-liDQ contact vhilo tronGmilting rotation about Gxe<\ axes, pre- 
B itseU in a new form when those axes Vie in different planes. 
11 wbecls with t^cth which act in this muuncr must ultimately 
ICC to jtitcli Burfttccs whoso class depends upon tho relative poei- 
iof tiwaxcs; theso will he tangent to each other along u right 
, anil move In contact of which the sliding, if there be any, is also 
g tho common t?lemunt^ A third surface of the same claas being 
ed in contact with these along the sorao lino, will move in contact 
be aamc nature with either or both ; and if one pitch surface 
e the other, the motion of the third is tho same whether wo 
rd it as derived from tlio first or tho second. Wlien the velocity 
> is constant, theee will be surfaces of revolution — cylinders, cones, 
yporboloida ; and in either case all three rotate in contact about 
i axes. 

tiring 8ueh rotation, wlien the axes are i)arBllel, an element of tho 
1 cylinder, by its motion relatively to tho pitch cylinders, siniul- 
OQsly generates tho conjugate surfaces for the teeth of spur 
eU. Now the cylinder is tho limiting form assumed by the cone 
D the Tertex is infinitely distant ; and accordingly, when the nsea 
ISect, tlie third cone in like manner describes the surfaces for tlie 
I of bevel wheels. 

gain, the cone is bnt the special case of tho hyperboloid in which 
generatrix approaches infinitely near to the axis, and by pursuing 
malogy we should reach the deduction that an element of the 
I hyperboloid, if taken as a describing line, will generate the con- 
te tootli-anrfacos for skew wheels. 
6. This conclusion is plausible, and hasjeccived the indorsement 

authorities. Thus, Prof. Willis says:* 
The surfaces adapted for teeth in the case of rolling hyperboloids 
lit be obtained in a manner similar to those of rolling concB, by 
ig an intermediate describing hyperboloid ; but it does not appear 
[ble lo derive from tliis any rules sufliciently simple for appli- 

Ib adds that a sufTiciently close approximation may bo made by 
Fing two cones normal to the hyperboloidal frustum selected, do- 
ping these, and after laying out teeth, as in Tredgold's method for 
1 wheels, wrapping them back in their proper* relative positions, 
forms and proportions of the teeth traced upon the larger and 
tmallercone respectively, are presumably the same; and the toolh- 
Bcc is composed of right lines joining the corresponding points of 
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their contours after the derelopments are restored to their OTigioal 
conical forma, in dae relation to each other as determined by the gen- 
eratrix of the pitch by- 
perboloid. 

Frof. Ranki DC,* again, 
remarks: "Thesnrfaces 
of the teeth of a skev- 
bevel wheel belong, lllte 
its piteh snrfsce, to the 
hjperboloidal class, and 
may be conceived to be 
generated by the motion 
of a straight line which, 
in each of ite succeEsire 
positions, coincides with 
the line of contact of a 
tooth with the corre- 
sponding tooth of an- 
other wheel. Those 
surfaces may also be con- 
ceived to be traced bj 
the rolling of a hjper- 
boloidal roller upon the 
h}-perboloidal pitch 
surface." 

And he in turn pro- 
ceeds to describe at 
some length a process 
of constructing the teeth 
which, although differ- 
ing in detail from that 
above explained, gives 
nearly, and in some 
cases precisely, the same 
results ; both are, then, 
to be regarded as ap- 
proximations more or 
less close. 

370. IMreot Frooes of 
Comtmotion.— But, as- 
of an auxiliary hyper- 
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boloid are correct, it is nearly, if not quite, as easy to construct tlieni 
directly as in the exact method for bevel wheels ; supposing the pitch 
surface and the generating surface to rotate in contact, the axes being 
fixed, we have simply to follow the movements of the describing line, 
and find the points in which it pierces the normal cones at various 
phases of the action. 

In Fig. 227, F, Y are the vertices of the cones normal to the verti- 
cal pitch surface, and the inclined describing hyperlwloid, touching 
the other internally, is shown in position for generating the flank of 
the tooth. 

For convenience, the velocity ratio of these two hyperboloids is 
taken as 2 to 1 ; hence a rotation of the vertical surface through the 
angle BVP, will cause the other to turn through the angle BCO 
twice as great. The describing line, which was originally at AB, will 
then have the position BO, piercing the upi)er normal cone in some 
point Sf which being found, occupies a known j)osition in relation to 
the element VP ; and a point similarly situated with reference to the 
element VB, will evidently lie in the trace of the required flank upon 
that cone. By repeating this process any desired number of points in 
the curve may be located ; and applying it to the lower normal cone, 
wo determine the outline of the smaller end of the tooth. Or by ex- 
tending the describing line, and finding where it pierces the plane 
of the gorge circle, we may in a similar manner map out the trace 
upon that plane. 

871. Next, the describing surface Ixjing placed in external contact 
along the same line, AB, and the normal 
cone being sufficiently extended, the face 
of the tooth is constructed in a similar 
manner, needing no illustration. The 
method of finding the point in which the 
describing line pierces the normal cone is 
shown in Fig. 228. V being the vertex of 
the cone, AB its base, and MX the line, 
draw through Fa line, FO, either parallel 
to or intersecting MX; this line pierces the 
plane of the cone's base in 0, and MX 
pierces it in P. Therefore the plane deter- 
mined by MX and VO cuts the plane AB 
in the line OP, which, produced if neces- 
sary, cuts the circumference of the base in 
the point L ; now drawing VL, that element ^'°- ^*- 

of the cone ciita the given line MX in S, which is the required point. 
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372. The Teeth not Symmetrical. — It will bo perceiyed that the trace 
of tlio tooth upon the normal cone is derived from tho intersection of 
that cone with tho describing surface^ just as it was in constmcting 
the correct teeth for bevel wheels. In that case the axes of these two 
surfaces were in the same plane^ which divided the curve of intersec- 
tion symmetrically. But this is not so with the hyperboloid, and in 
Fig. 227 that curve will not be symmetrical with reference to the ele- 
ment VB of the normal cone. The result of this is, that the traces oi 
the two flank surfaces, derived from the parts of the curve on opposite 
sides of tho point B, will not be similar. The same holds true in 
regard to tho face surfaces, so that the trace ofthecwnpUte tooth vpon 
the normal cone will not he symmetrical to a radius, as it is in the 
constructions of Prof. Willis and Prof. Bankine. 

This may bo seen from another point of view, thus : Tho inclina- 
tions of the describing line to the elements of the normal cone will 
not vary in the same manner nor in tho same degi'oe in the opposite 
directions of its motion from the position AB. The difference of form 
is not great for the flanks, but is more conspicuous in tho faces, as 
might be expected from their greater length and more rapid changes 
of curvature. 

373. Determination of Height of Tooth.— In Fig. 229, let I) be 
the axis of a wheel, perpendicular to the paper. LBO the base 

of the normal cone, 

T. ^ — 7z\ — ^S the generatrix 

of the pitch surface, 
BT the intersection 
A. of the normal cone 
with the describing 
hyperboloid, from 
which is derived the 
trace BFO of the face 
D of the tooth. The ac- 
tion of this face begins 
at J5, and BT is the loons of contact ; hence if the angle of recess, 
BDPy be given, wc draw through P a curve similar to BG^ cutting 
^7" in E, which will be the liighest point of the face. Conversely, 
if the height BF of the tooth be assumed, an arc through /^ about 
the centre D cuts BT in E, and FDE or its equal BDP will be the 
angle of action between this face and the engaging flank of the other 
wheel. 

Let (7 be the axis of that second wheel, also perpendicular to the 
paper ; HK the generatrix (coincident with AB when the wheels are 
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i position) ; HU tho trace, on tlic second normal cone, of the 
same describing liyperboloid lliat wtis iisctl for tlio face of the first 
wheel ; and ffA'thc trace of the flank. Now the turning of tho first 
wheel through tho given angle, BDP, causes the describing surface to 
turn through a known angle ; which onablca us to find the point / in 
HV, corresponding to that angular motion. Then an arc about 
centre C through this point /, cuts HN in R, which limits tho acting 
depth of the flank. Ov, otherwise ; tho given rotation of tho first 
wheel will drive the second through a known angle JIC'S; then a curve 
through S, similar to HN, cots JIU\a I; and thus the acting depth 
is found without reference to the rotation of tho describing eurface, 

The same process is to be repeated with respect to the face of the 
second wheel and tho flank of the first, which completes this op- 
eration and determines the whole angle of action for each wheel. 
But the flank-eun-es are to bo continued beyond tho points thus 
found, because, as in any other form of gearing, clearing Bijocea must 
be provided in e.ich wheel, for the passage of tlie teeth of the other, 

374. Seteriniiiatioii of the Form of the Blank When the height of 

the tooth lias thus been ascertained, or assumed, the position of tho 
deecribing line which passes through the outer pointof its face is defi- 
nitely fixed. Now, this clement of tho tooth -surface, in revolving 
BTonnd tho fixed axis of tho wheel, generates a new hyperboloidj and 
the blank should bo made in tho form of a frustum of that surface, 
limited by tho cones normal to the pitch hjperboloid. For otherwise 
tho teeth will begin and end their action at a single point, instead of 
along a line : the obvious result being that the points, especially of 
iho follower's teeth, will suffer from abrasion. 

If tho wheels are located in tho immediate neighborhood of- the 
gorge planes, tho true hyporbolic outline must be carefully followed 
in making the blank, in order to avoid this danger. But if not, the 
hyperbola becomes so fiat at a short distance from tho vertex, that it 
will ordinarily sufiico in practice to use a frustum of a cone tangent 
to this external hyi>erboloid, at the middle of the length of tho tooth 
OB measured along its outer clement, 

376. This is illustrated in Fig, 230; the dotted curve .£'/' is the 
outline of tho pitch surface, to which tho cones whose vertices are 
Fand 3'aro normal, and ON is the outline of tho external hyper- 
boloid, generated by revolving tho describing line which passes 
through -Vthe highest point of tho tooth, about the vertical axis VX. 
NM being the length of tlie outer hyperbola to be used, let this be 
bisected at B, at which point draw a tangent to the curve ; this will 
intersect the axis at X, the vertex of the tangent cone. 
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The method of drawing the tangent to the hyperbola is also ehowa. 
Since the position of the generatrix of the oater earfaoe with respect 
to the axis is known from the antecedent oonstructiona, it will, when 
parallel to the paper aa in the diagram, take a known direction, AB, 
asymptotic to the hyperbola ON. The oompanioa generatnx then 
becomes the other asymptote AL ; now draw through Ji a parallel to 
AB, cutting AL in P, and on AL aet off PC = AP, then RC is the 
required tangent. 

376. Tber forms of the 
teeth for a pair of wheels, 
laid out by the processes 
}J above described, are shorn 
in Figs. 331 and 232, the 
wheels being seen froni 
the smaller end ; the loDg 
tooth on the right, in the 
upper part of each figure, 
is continued till cut by the 
goige plane, the shorter 
teeth on the left being lim- 
ited by an inner normal cone 
as in Kg. 230. In the 
lower part of each figure 
are shown the common ele- 
ment of the pitch surfaces, 
the trace of one side of the 
tooth upon the outer normal 
cone, and the parts of the 
Pio. !3o. cnrves of intersection used 

in the conBtniction. The lines employed in the determination of the 
other side of the tooth are omitted in order to prevent confusion ; 
but it is proper to state that these figures arc copied from drawings 
executed with great care upon a large scale, in exact accordance with 
the methods above set forth. The conditions assumed are, that the 
projections of the axes upon a plane parallel to both, shall cross each 
other at an angle of G0°, as in Fig. 97, and that the wheels shall have 
eighteen and twenty-seven teeth respcctiTcly. 

It is to bo noted tbtit in consequence of the peculiar relation 
between the pitch and describing surfaces, not only are the fronts and 
backs unlike, but the traces on the various normal cones are also dis- 
similar, the whole form of the tooth changing with the distance from 
the gorge plane. 
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377. Fallacy of tb« FreoedinK Conttmotion.— The correctness of the 
above method of geaerating the oonjagate tooth-surfacea for skew 




vheela has hitherto passed oncballeDged ; a fact perhaps not to I 

irondered at, ao planeiblo 

is the analogical reasoning 

by which the deduction is 

reached. 

Either one isnnquestion- 
ably oorreet in relation to 
the describing hyperbo- 
loid. Let the upper and . 
lower bases of the latter 
two discs fixed upon one 
axis, and in these let a 
single wire be secnred, to 
represent the describing 
line. It this axis be prop- 
erty placed in relation to 

either pitch snrface, it will fm. 2as. 

be oomotly driren by the correspondlDg tooth-surface acting against 
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the Tire, after the jnsnnor of a pin-wheel in spur gearing. And by 
hypothesis the engaging Bnrfaces have at every instant in common 
this dcscrihing line, by which they were simultsneonaly swept up 
dnring the action. 

So far, well ; bnt one thing more is neceesary — this common hue 
must be a lino of tangency ; and it appears to hare been asscmed that 
this is the case, probably becanae up to this point the analogy is perfect 
Every linkln the chain has stood the t£st; nowlet us examine the hook. 
378. It is necessary, first, to gain a clear idea of what occurs when 
one hyperboloid rolls aroand another which is stationary ; a qnestion 
jjg_^ not previously considered. 

If the two snrfaces shovn 
in Fig. S33 turn as shonm by 
the arrows (tho axes being 
for tho moment regarded at 
fixed), let AL, AI he the 
linear motions of the points 
which fall together at A ; 
these will have the same com- 
ponent, AK, perpendicular to 
•K the common element, AB, 
y^ and /X represents the amount 
of sliding between the two 
hypcrboloids along that ele- 
ment, 

Now suppose the motion 

of the inclined surface to be 

suddenly arrested, and the 

axis of the vertical one to be 

at tho same instant released 

from its bearings, its rotation 

continuing. The latter must 

~ then revolve around the axis 

of the former in tho direction 

oppORite to that in which the 

former woa turning, and with 

Pia. 333. the Bamo angular velocity. 

Tho point A of tlio vortical liyperboloid will then have a component 

motion, AL, due to its original rotation, and another, AH, equal and 

cpijosito to .)/, due to the revolution. 

Tlic resultant of these is A 0, in BA produced, and equal to IL. 
This is ua it should be, evidently, since the relative sliding of the two 




THE ANALOQICAI. THEOBT WRONG, 



251 



mrfaces must romain the same; but, moreover, tlio motion of every 

point in or connected with the travelling hjperboloid mnBt have a 

component eqnal and parallel to AO. The only other motion of 

which any such jwint is eapable is one of revolution about AB, and 

Bince the angular velocity must be the same for every point, it will 

suffice to find it for one. 

The point E Was a. component motion> £P, equal and opposite to 

AL, duo to tho rotation ; and another duo to the revolution, in the 

direction of Aff, but greater, in the proportion of DE to DA. The 

resultant is DT, the tangent to the helix whicli the point /i' is at tho 

iustant describing. Therefore OT, perpendicular to Ali, is the linear 

velocity of the rotation of this point about the common element of the 

OT 
two HnrfaeeB, and -—r, is the angular velocity for every point in the 

rolling hyiverboloid. 

379. Pi-ecisely the same result has already been reached in a differ- 
ent manner, as will bo seen by reference to Fig. 25, and the accompa- 
nying text. The nature of tho action is most explicitly stated by 
Prof. Runkine, thus " : "If one of those bodies isDxed, iind the other 
made to roll upon it, they continue to touch eacli other in a sti-aight 
line, which is the instantaneous uxia of the rolling body, und the rota- 
tion about that instantaneous axis is accompanied bya sliding motion 
along the same axis so as to give, as the resultant compound motion, 
a helical motion about tho instantaneous axis." 

If, then, wo take any clement of the rolling hypcrboloid as a describ- 
ing line, it is at any instant in the act of generating a helicoid, which 
will be tangent all along this lino to the tuoth-surfaco generated by a 
continuation of tho rolling. Therefore the plane tangent to the latter 
surface at any point, is determined by the describing line itself, and 
tho tangent to the helix at that point constructed as above. 

380. Now in generating tho conjugate tooth-surfaces for a pair of 
wheels, the describing hyperboloid rolls upon the outside of ono])itch 
surface, und upon the inside of the other, aa in Fig. 934, Tho direc- 
tion of tiie rotation about the instantaneous axis is of course the same 
in both cases, but that of the sliding is not ; in tho rolling upon the 
inclined pitch surface the sliding is represented by A 0, while in the 
rolling within the vertical surface it is represented by AP, in the op- 

r ^osito direction. 

In Fig. 235 let tho vertical line AB represAit tho common element 
t the pitch surfaces or instantaneous axis, und OE the describing 
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line, the rotation being indicated by the arrows. The tangent to the 
helix described at the instant by the point P will lie in the plane tan- 
gent to the cylinder npon which that helix lies, and in the horizontal 
projection will have ttie direction P'l' perpendicnlar to P'A'. Let 
the motion parallel to AB be upward, then PI will be the vertical 
projection of this tangent. Let MN be a horizontal plane ; it cnta 
PI at Z, and OE at 0, giving O'L' as the trace npon MN of tbe 




plane tangent to the lielicoid at P. If, on the other hand, P have a 
downward motion parallel to AB, P'l' will be horizontal and PH'Cm 
vertical projection of the tangent to the helix, which pierces MN at 
li, giving O'R' as the trace of tliis tangent plane, which cuts tbe firet 
one in the line OE. A vertical plane through the moving line will 
evidently also contain the tangents to the helices described by the 
point ^of that line, which is at the least distance from ^5. At this 
point, then, and Ht no other, will the two helicoida have a common 
tangent plane. 

381. Consequently the hook breaks, the chain is useless, and these 
teeth will not work at all. The common line of the engaging face 
and flank is a line not of tangency, but of intersection, and these sur- 
faces, Bimultaneonaly swept into existence by the auxiliary hyperboloid, 
are instantaneously swept out again by each other. That this would 
occur in the special case in which the pitch hyperboloids retain their 
limiting forms, the one being a cone and the other a plane disc or 
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rather annnlns, as in Fig. 101^ was pointed out by the author in a 
paper published some years since ; * but not at the time of that writing, 
mor until the present, was it perceived that the analogy fails in gen- 
eral, and that this whole method of constructing teeth for skew wheels 
is radically wrong. 

382. A Practicable Method. — A different line of procedure must, 
therefore, be sought ; and a basis of operations which will lead to 
reasonable results is found in a peculiar property of the involute, first 
pointed out by M. Theodore Olivier. 

In Fig. 236, AB is the common tangent of the two circles whose 
centres are C and D, and is, therefore, the locus of contact of the 
involutes O'P, FH, shown in contact at P. Let the first circle be 
now revolved on the line AB, 
as on a hinge, until its centre 
reaches the position (7, the 
circle then appearing as an 
ellipse, and the tooth taking 
the position OP. The axes 
will then lie in different 
planes, but it is evident that 
OP will still drive PJJ exactly 
as before, AB being the locus 
of contact, since it is the inter- 
section of the planes of the base 
circles, whatever their inclina- 
tion to each other. 

Therefore the action of the 
fronts of the teeth is not af- 
fected by the change in the 
position of the originally par- 
allel axes ; but with regard to 
the backs the case is quite different Their locus of contact, when the 
circles were in the same plane, was the other common tangent UF, 
which cuts AB at 0, and it will readily be seen that the two points of 
the backs of the teeth which would meet at in the first place, will 
do so still, but no other points of those curves will come into contact 
at all. Consequently, regarding the wheels as of no sensible thick- 
nen, we perceive that either of them can drive continuously in only 
one direction. 

883. Of this combination Prof. Willis remarks, f 

* Scientific American Supplement, Nos. 174, 176 and 178. 
t Principks of Mechanism, p. 152. 




Fio. 296. 



I 



254 



A NEW THEOBT — OLIYIEB'S IlHrOLUTES. 



^^ Involute wheelSy therefore, may be employed to oommunicate a 
constant yelooity ratio between axes that are inclined at *any an^e to 
each other^ but which do not meet. But the demonstration supposes 
the wheels to bo very thin, since they coincide with the planes that 
intersect, and the invariable points of contact are situated in this 
line of intersection. The edge of one of the wheels must be in prac- 
tice rounded so that it may touch the other teeth in a point only." 

This, however, is not the only expedient for securing substance or 
body for the teeth, although it is strictly true if both the curves are 
involutes. But, retaining one of them, it is possible so to modify the 
other, when sensible thickness is given to the wheels, that the locus 
of contact shall not coincide with the intersection of the two planes, 
and to form teeth which shall work together in contact along a right 
line. 

884. In Fig. 237, let AB, the common tangent to the bases of the 




Fig. 237. 

two cones, be parallel to the common perpendicular of their axes, 
whose extremities, P^and" 11", are the vertices. In the tangent plane 
thus determined, draw EF parallel to AIJ i it will be tangent to the 
two circles cut from the cones by planes parallel to their bases, and 
dividing proportionally both the axes and the elements. 

The involutes PG, PII, of the bases, will work together as in Fig. 
236 ; so too will those of the other sections, shown in contact at B. 
ThcFC curves may be considered as traced, each in its own plane, by 
marking points at P and 7?, drawn along by two cords, AB and EFy 
while the cones turn as indicated by the arrows ; in which motion 
the linear velocities of the marking points are directly proportional 
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B the radii of the liases of cither fmstnin, and these to tlicir distancee 
nm the Tertes. measured either on the axis or on an element, 
I Draw PJi and produce it to cnt I'H' in 0; then if P move to a 
r position /or L, tie corresponding position of Ji will be ^ot J*', 
1 that 

TV _ ri _ ^ _ BW _ /"O 
IIM ~ Ry~ EV ~ F\V ~ RO ' 

is to eay, the point and the two marking points will always 

] one straight Unci. 

385. The Tooth-ntrface a Single-cnrred One. — CnnEoqnently any 

number of tracing points may be placed between P and 0, each in 

like manner generating a pair of involutes which will work together 

in the preceding iigiirc ; the point itself describes two circles, 

icb may be regarded ae the involntee of their centres Fand W. 

id the straight linos joining the corresponding points of the invo- 

itcfi belonging to cither cone conetitute a surface ; which may also 

generated by sliding a right lino upon any three of these iuTolutes 

directrices. 

In the latter mode of generation, every point of the right lino is at 
any instant moving in the same direction, because the tangents to all 
the involutes are |iamllel : but the upper end is moving faster than 
the lower end. Therefore, the eonsecntive elements intersect each 
T two and two, and the surface is not a warped one, hut single 
ihI, and the plane tangent to it at any point is tangent to it all 
a right line. 

Bnt it does not follow, nor is it true, that the two surfaces thus 

mltaneoosly generated by the line PO will l>e tangent to each 

Tlie plane tangent to either at any point is determined by 

the rectilinear element, and the tangent to the involute, which pass 

through that point. But the two involutes generated as above lie in 

diflerent planes, their tangents have different directions, and in con- 

icnca the plane tangent to one surface is not tangent to the other. 

'ning one of them, however, it is possible to construct another 

lich shall he tangent to it in ouch uf the different positions, by a 

alogous to that of deriving a conjugate tooth from a given 

form. 

886. Adaptation to Hyperboloidal Wheels. — The application uf this 

the case of hyperboloidal wheels will be understootl by reference to 

233 ; if through C and T> two lines be drawn parallel to the 

imon clcmonl A 0, these lines, by revolving aboul the vertical and 

nclincd axes respectively, will generate two cones situated relatively 
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to each other as in Fig. 337, and the tooth-surfaces for tho wheels 
may be formed as above explained. Those for tho first wheel, being 
composed of true involutes, may be constructed without reference to 
the second, as shown in Fig. 238, which is drawn without regard to 
practical conditions or proportions, for the purpose of exhibiting dis- 
tinctly some peculiarities which must bo taken into account in laying 
out Buch teeth for actual use. 

Let KIM be the upper base and EOF the gorge circle of the hyp« 




boloid, whose generatrix, OM, is parallel to the vertical plane, KS, c 
taining the axis C Through Jf draw a perpendicular to OM, pierc- 
ing this plane at A' ; thou the circle about C through A ' will be the 
base of the cone. On A'M produced take any point P, and let PO 
be the position of the generatrix of the tooth-surface at the beginning 
of the action. The wheel turning as shown by the arrow, let the 
action continue until a marking point at i* reiiches^', tracing the 
involute, PA, whose position at the end is P'A'. Any other point i 
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on P Owill meantime trace another involute, RBy whose final position 
18 RB'y while Avill trace the arc 00* ; and the. final position of the 
generatrix is OB' A'. When P has advanced to M, B will have 
reached N, and OM is, it will be noted, tangent to all the involutes 
tiBced by points upon PO. 

387. The Teeth Vaniah at the Gorge Plane.— In Fig. 239, MO 
18 the generatrix, and SVFX the meridian outline, of the pitch hy- 
perboloid. 

Now, considering first the part which lies above the gorge plane 
£F, we jMjrceive in Fig. 238 that the outer points of the teeth, as P, 
i?, lie in the line PO, whoso least distance from the axis is CO, and 
G is below the plane BF. Similarly, the lowest points, A\ B', lie in 
a line, A'O, of which the point, -ff, nearest to the axis, lies above that 
plane. These two lines generate two other hyperboloids, whose 
meridian outlines in Fig. 239 are respectively TWF and MHF. 

The teeth then vanish at the gorge circle, but if the generatrix be 
continued below it, they will reappear ; and their highest and lowest 
points will also lie upon an exterior and an interior hyperboloid. It 
is here to be noted, that it is not necessary thus to prolong the same 
generatrix ; but if it be done, as in these diagrams, the interior hy- 
perbola, FOZ, will be a continuation of the exterior one, TWF, and 
FY an extension of MHF, In this case it is also necessary to make 
the angle POM in Fig. 238 equal to the angle MOA, if it be required 
that the teeth of the upper and lower portions shall be symmetrically 
disposed, so that for example Q'J' may be equal, similar, and opposite 
to P'A\ Such symmetry, though not essential, is obviously desira- 
ble if the wheels are to be used in double pairs (161) ; but the 
angles just mentioned need not be made equal ; and if not, the result 
will be that in Fig. 220, altho^gh TWF and FGZ will be respect- 
ively similar to Fyaud FHM, they will bo parts of different hyper- 
bolas. 

388. Limit to the Prolongation of the Tooth. — It is to be understood 
that in Fig. 238, as in previous cases, the vertical plane containing 
the axis C is parallel to the axis of the engaging wheel, the point 
lying upon the common perpendicular. If theu the angle MO A' be 
assumed, the point A' in which the generatrix of the tooth-surface 
pierces that plane limits the distance of the upper base from the gorge 
circle. For the transverse plane through that point cuts from the 
fundamental cone a circle to which PMA' is tangent, so that A' is the 
root of the involute traced by the marking point in that plane ; and a 
marking point in any higher plane, in the prolongation of OP, would 
advance beyond the point of tangency between its path and the corro- 

17 
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sponding section of the cone^ and thns begin to trace the reyerse 
branch of the involute of that circle^ which is clearly inadmissible. 
Conversely^ if the distance from the gorge be assumed^ the point i 
is thereby determined^ \vhich in tnm fixes the greatest possible value 
of the angle .dt'O jr. 

We have thus far referred only to the lowest acting points of the 
teeth which lie upon the interior hyperboloid in Fig. 239. But it 
may be necessary to cut more deeply into the blank in order to pro- 
vide clearing spaces for the passage of the teeth of the engaging wheel. 
The involutes are then to be continued as far as required below the 
last acting points ; should the root of the involute have been already 
reached in any transverse plane, as at A' in Fig. 238, the continuation 
in that plane will be a radial line. 

389. Construction of the Bai^ of the Tooth. — The complete working 
teeth must be provided with backs as well as fronts ; and we have now 
to consider the results of this operation. In Fig. 240 we have a 




Fio. 240. 

single tooth upon a larger scale, the curves A'P'y B'R, correspond- 
ing to those similarly lettered in Fig. 238. For our present purpose 
we may disregard the clearing space, and suppose the depths deter- 
mined by the points .1 ', B', to be sufficient. Considering A'P', then, as 
the front of the tooth, its back is to be a similar involute in the same 
plane, and for illustration we will assume the pitch to be such as to 
make the tooth ])ointed, as shown ; tlien the radius through P' will 
bisect the arc A'D, which measures the thickness of the tooth on the 
circle through -i'. 

Make the angle OCG equal to the angle A' CD ; then the arc OG^ is 
the thickness of the tooth at the gorge circle, and the lowest (acting) 
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points of the backs will lie upon the right line OD. Thus, a circle 
through B'y about C", cuts OD in Ey and B'E is the thickness of the 
tooth in the plane containing the involute B'R\ The radius which 
bisects B'Ey cuts B'R at JT, through which point passes the reverse 
involute, EKy or back of the tooth in that plane ; in alike manner we 
determine the section HLF of the complete tooth by a plane still 
nearer the gorge, and so on indefinitely. 

390. The Extension of the Tooth Practically Limited in Both Direc- 
tions. — It will be observed that the points of these sections become 
more and more obtuse, and the depths less and less, as we approach 
the gorge plane. And in that plane, bisecting OG by the radius CJ, 
the front of the tooth is the arc OJ, and its back is the arc GJ ; these 
being, as previously suggested, the involutes of the centre, C. 

If then we make the section of the tooth by the plane farthest from 
the gorge pointed, we perceive that the fronts of the sections nearer 
to the gorge cannot be extended to the full heights, as /, /?', found 
as in Fig. 238, since they are intersected by the backs before those 
heights are reached. And a sufficient number of these intersections, 
as Ly Ky being determined, a line, JLKP\ is drawn through them, 
which, by revolving round the axis, C, will generate a surface which is 
evidently the correct blank for the wheel upon the above supposition. 

The meridian outline of this surface is the curve TVP, in Fig. 239, 
which, it is to be noted, intersects the pitch hyperboloid at F. But 
OMy of Figs, 238 and 239, the generatrix of that hyperboloid, is also 
a line of the front tooth-surface. This is now cut off at V by the 
transverse plane through F, and it is clear that between this plane 
and the gorge the teeth cannot possibly engage with each other. 
Practically, then, they should terminate still farther from the gorge 
circle. 

391. Suppose now, however, that the pitch is so much increased 
that the section of which B'R' is the front may be carried up to the 
foil height and made pointed at R\ The reverse involute through R' 
will cut the circle through ^' at a point JV"; the angle OCG va\\%i 
then be made equal to that measured by the arc B'Ny and a straight 
line from this new position of ff, through N, of which XQ is a por- 
tion, will contain the lowest acting points of the backs under the new 
condition, as did GD under the old one. Below R the state of 
things will be analogous to that which previously existed below P' ; 
and we may proceed to construct as before a curve corresponding to 
JLCP', and to ascertain the limit beyond which the teeth cannot be 
continued in the direction of the gorge. 

But above R we shall have, in the first place, a right line, RP'y 
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which is, of course, a portion of FO of Fig. 238, the generatrix of 
the exterior hyperboloid, TWFy of Fig. 239, which is now the form of 
the blank. In the next place the tooth above R' will not be pointed, 
but will have a sensible thickness at the top. Thus, the arc J'Q 
being made equal in circular measure to BN and QT similar and 
opposite to A!P\ the tooth outline on the upper plane is bounded at 
the top by the arc P'T. Other planes perpendicular to the axis may 
be passed at any convenient intervals, apd the arc limiting the section 
of the tooth at the top being found in like manner for each, the line 
J2'Tis determined, Avhich is the outer edge of the back of the tooth, 
and lies, of course, upon the hjrperboloid generated by RP' . It is 
not a straight line, but in most, if not all, practical cases, its curvature 
within the limits employed will be very slight. 

392. Nature and Action of the Back of the Tooth. — ^Evidently, when 
we thus assume any plane as the lower base of the frustum to be used 
for a wheel, we need not make the section of the tooth by that plane 
pointed ; for instance, we might have made J^'Jf greater, so that the 
lower, as well as the upper, section would have been blunted. This, 
however, would not in the least affect the mode of proceeding, nor the 
nature of the surface Avhich forms the back of the tooth. This sur- 
face can not be generated as was that forming the front, as will be 
seen from the consideration that the tangents to the involutes at i), 
Ey and F, in Fig. 240, are not parallel. Therefore it is not of single 
curv^aturc ; it is not of double curvature, for it contains the right line 
GI)\ it is, then, a waq)cd surface, and generated by sliding the right 
line upon any three of the involutes as directrices. 

Xor does it work in right-line contact with the engaging tooth of 
the other wheel. Supposing the latter for the moment to be of the 
same nature, it will be seen, by reference to Fig. 236, that the only 
point of contact between the involutes of any two transverse sections 
of the fiindamentiil cones which have a common tangent (which may 
be called conjugate sections), is found by revolving either of those 
circles about that line until it lies in the plane of the other, and then 
drawing the lino of centres, which will cut the tangent at the point 
in question. 

Wore the wheels made up of laminw, each acting upon its conjugate 
only in this manner, we should have a series of such contacts, the first 
occurring in the pianos nearest the gorge, the last in those most 
remote ; the tooth touching each other in a single point, which would 
travel endlong, in a line parallel and near to the common element of 
the pitch hyperboloids ; very much as in the case of twisted spur 
or bevel wheels. 
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^^93. Peculiar Acttoa of the Bocks of the Teeth. — This, however, is 
not the case, aa the supposed luiiiiiia> aro not capiiblo of such independ- 
ent action. Let a conjugate piiir at any instant touch each other as 
aboTo ; then ai Iho next instant, the consecutive point of one ecction 
will como into cwntJiot with tho engaging tooth at a point not sttnat«d 
in the conjugate pUnu but in ii plane Iwyond. But since the above 
described contacts between conjugate planes occur ut successive 
iostanta, we have in effect that successive pliuseB, o£ the action uro 
sunultuneon^Iy represented, the re§ult being that tho two teeth at any 
giTen inslutit t/juch each ol.her along a cnvvod line of liraitwl length ; 
Viu-h poiut iif whirli during tlio iictiou trivcla along the tooth from 
end to end in tho manner jireviously explained. 

384. Coutmiitioii of the Back of the Conjugate Tooth. — tinder thc^o 
circumstances, if the back of the tooth of one wheel be made np of 
the reverse involutes, aa at first supposed, it is not demonstrable that 
th« b«ok of tiie engaging looth should be, hut its proper form may be 
determined us follows: puss any plane perpend icnlar to the axis of 
tho second wheel, and apon it draw the outline of the section cnt by 
it from the assumed tooth of the first. Rotate this plane through a 
small angle, and turn the first wheel through the corresponding 
angle, determined by the given velocity ratio. The ontlino of the new 
soctiun of tho given tooth is now to be traced upon the plane, and the 
process rei)eatcd until tho section of tho conjugate tootli, which, of 
course, is the envelope of the various curves thus traced upon the perpen- 
dicular plane, is mapped out with the desired degree of accuracy, A 
new traasverso piano is now to be passed, and the same series of opera- 
tions again performed ; and this once more repeated, gives us finally 
three directrices, n|»on which a right line being made to slide will 
generate the back of the reqnirod conjugate tooth. 

395. ConatruotioiL of the Front of the Conjii^t« Tooth. — The front 
also of this conjugate tooth, as staled in (386), will be different from 
that of the first wheel, whose gcncralion was illustrated in Fig. 238. 
Referring to that diagram, it is seen that in every position of the gen- 
eratrix, the tangents to all the involutes are parallel to O.V; and they 
nre all [Kinillcl to tho gorge plane. Therefore O-V is the trace upon 
the gorge plane of the plane tangent to the tooth-surface ut aiiy 
pha«o of the action ; tho latter plane turning upon OM as ujion n 
iiingc, during the rotation of the wheel. And in each of its positions 
it will cnt a right lino from any transverse plane of the second wheel, 
vbichi meantime rotating about its own axis, will tfans have traced 

^Mn it a scries of linos, to which the front outline of the section of 

^nDonjagobe tooth by that plane mnst be tangent 
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ThuH, in Fig. 341 O'C is the vertical axis of the first vheel, com- 
Bponding to C of Fig. 238, O'M' correspondB to OM of the Bame 
diagram, O'D' is the axis of the second wheel, and the right-hand 
portion of this figure la a projection upon a plane perpendicular to 
the inclined axis ; in which P^^isthcpathof a marking-point which 
generates an involnte pertaining to the first wheel, this path corre- 
sponding to P^V.r of Fig. 338. The arrow indicating the direction of 
the rotation, P is already the lowest possible point of the acting (ace 
of the tooth of the second wheel, and PM is the position of the plane 
tangent to the tootli of the other at this phase. When P has moTed 
to A this plane will hare the position AM, and the radioe DP will be 
found at DB, the arc P^ being equal to PA. So when P reaches 5, 
the plane will appear as BM, and DF will be the new position of D?, 
the arc PF being equal to PB. Thus the outline of the tooth being 
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tangent to the trace of the plane in each of ita sncceseive positions, 
we are enabled to map out its fomi as shown at FB. 

Evidently this curve is not a true involute, which could be produced 
only on the supposition that the tangent plane should always be par- 
allel iQ AM \ but in most practical cases the angle PMB will be small, 
and the deviation of the tooth -outlines from the involute form will be 
comparatively slight. 

398. Diflferent Actions on Opposite Sides of the Gorge.— A singular fact 
in relation to the teeth thus constructed is thut ou opposite sides of the 
gorge plane the fronts and backs are transposed, as will be seen by refer- 
ence to Fig. 838 ; so thiit if a double pair of such wheels be employed, 
turning in a giron direction, the work of one pair will be done by the 
single cun-cd surfaces of the teeth, that of the other pair by the 
warped surfaces, the ilistribiition being reversed if the directions of 
the rotations be changed. 
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Dno attention should be paid to this point if a single pair only ia to 
used, and unless the arrangement of other parts of the machine 
'Tents, the wheels should be placed on that side of the gorge plane 
lich will secure the advantage of having the acting snrfaces of the 
ith touch each other throughout their leogth. 
397. Practically, then, this constmction enables ns to make a pair 
skew wheels which in one direction of the driver's rotation will 
<rk in right-line contact. The location of the npper bases of the 
perboloidal frusta being arbitrary, they shonld be placed as far as 




Bsible from the gorge planes, in order to reduce the transverse 
liquity to the lowest limit. 

The blanks should, of course, be terminated by cones normal to the 
ich surfaces, as previously explained ; the truces of the teeth upon 
ese cones are most readily found by passing a series of transverse 
ines, and drawing in each the ootlines of the tooth ; whicli will 
t«rsect the cirolee cut tiom the cones in points of the required 
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The appearance of the complete wheel as thus laid oat is shown in 
Fig. 24t3, which represents the larger of a pair having respectively 48 
and 32 teeth, the angle between the projections of the axes being 60.° 
On the right is shown the development of the tooth-outline on the 
outer normal cone of the larger wheel, the corresponding development 
for the smaller one being given on the left. These outlines, it will 
be observed, are by no means symmetrical, owing to the transveree 
obliquity of the teeth, although in one wheel the sections by planes 
perpendicular to the axis may be symmetrical with respect to the cen- 
tral radii. 

398. It will be apparent on reflection that thg analogy between 
conical and hyperboloidal wheels, in order to be perfect, requires that 
the teeth of the latter should vanish at the gorge, as do those of the 
former at the vertex. It is true that models have been made, as, for 
instance, those by Schroeder of Darmstadt, in which teeth of sensible 
magnitude arc given to wheels whose mid-planes coincide with the 
gorge circles of hyperboloids, whose elements are represented by 
wires passing through the teeth ; it is also true that these wheels 
work, transmitting the rotation with perfect constancy of velocity 
ratio. 

But it does not follow that these are true skew teeth, nor that they 
work in right-line contact at all on either side. These wheels, as 
made, arc thin ; and, as will be seen presently, screw teeth formed 
upon pitch cylinders tangent to these hyperboloids at the gorge 
circles will curve so little in the small portion used, that it would be 
difficult by mere inspection to detect the curvature or to ascertain 
whether contact existed in more than one point. And in fact such 
teeth arc very often, if not always, actually made by means of a mill- 
ing cutter travelling in the direction of the tangent to the helix at the 
mid-plane of the wheel, without rotating the blank during the 
operation. 

But those wheels cannot be made of any considerable length in the 
direction of the axis, and the suspicion of their identity with those in 
the models above mentioned has yet to be removed by the production 
of a pair in which st might-line teeth extend past the gorge circles 
from end to end of long hyperboloids. 

399. Skew-bevel wheels arc not often met with in practice. The 
usual expedient, when two axes lie in different planes, is to introduce 
a counter-shaft, whose axis intersects both the others, and to use two 
pain3 of bevel wheels. And when they are at a great distance from 
each other this may be unavoidable ; but if they be not, there can be 
no question that the loss of power due to the imperfect rolling of the 
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pitch snrCaccs, and the traoBTerse obliqaity of the teeth, with a pair 
of properly constructed skew wheels wonld in many cases be less than 
that incurred when the arrsitgement above mentioned is adopted ; to 
eay nothing of the Buperiority of the single pair in respect to neatness, 
lightness, and compactness. 

400. Twiited Skew Wheeli.— If we suppose a pair of tangent hyper- 
boloide to be made up of a series of transverse laniinie, it is clear that 
by twisting them uniformly, as in 
Fig. 243, the rectilinear elements 
will be changed into hyperboloidal 
helices, while the sur&ces still touch 
each other along a right line as 
before. And bad teeth been added - 
previously to the twisting, then, as 
was the case with the spur and the 
bevel wheels, these t«eth would con- 
tinue to act with the proper velocity 
ratio. 

This at first glance appears a useless 
addition to an already ample degree 
of complexity, but upon closer exam- 
ination it will be seen that such twisted 
teeth can actually be made more easily 
than straight ones. The hyperbo- 
loidal Kelts can bo traced by suppos- 
ing a marking point to travel uni- 
formly along an clement, while the 
surface turns uniformly apon its axis. 
And if the teeth begin and end their 
contact upon that line, as in Dr. 
Hooke's spiral wheels, this will be the ^"'- *"• 

only line of their surfaces whose form is of essential importance. 

Practically, therefore, it is requisite merely to arrange proper mech- 
anism for simultaneously moving a milling cutter along the line of an 
element of the pitch surface, and rotating the blank upon its axis, 
both motions to bo uniform.* 

The same mode of proceeding holds good when, as in Fig, 101, the 
hyperboloids retain the limiting forms of a cone and a plane, for if 
we imagine the disc to he made up of as many concentric rings as 
there are laminsa in the cone, each one will be driven round by the 
twisting of tho latter, so that the original line of tangcncy on the 
" Scientiflc American Supplement, No. 1T8. 
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plane will be distorted into a cnire of a spiral form, wliicli may ck> 
be traced as above described by the nniform motion of a marloDg 
point along the right line of contact, while tlie disc rotates onifonnlT 
aboQt its axis. 

The teeth thus formed, it is evident, will have but a single pointol 
contact, which will travel along the common element of the pitch 
snrfaccs, just as in the case of other twi8t«d wheels ; bnt this is mffi- 
cient to make the action continuous, if the amount of twist in tbe 
length of the tooth be a little greater than the pitch ; and the action 
will be peculiarly smooth, since the amount of sliding friction will te 
no greater than that between the pitch surfaces. 

The Teeth of Screw Wheels. 
401. The most common example of Serew Qearing is the arrangement 
familiarly known aa the Endless Screw, or Worm and Wlieel. In this 
case the axes are situated in planes which are perpendicular to each 
other, and the nature of the action will be readily seen by inspection 
of Fig. 244. C being the centre of a pitch circle, and TT the pitch 
line of a rack, let 
t«eth he constructed 
of any of the forms 
proper (or spur 
gearing. In the 
plane of the papei 
draw any line DO 
parallel to TT, anA 
taking it as an axis, . 
let the outline of 
the rock bo made 
the meridian eec- 
Fio. SM. tioM of a screw 

whose pitch is equal to that of the rack teeth. This Bcrew is still a 
rack, and if moved endlong will turn the wheel ; but if instead of this 
the screw itself bo turned, the effect will he precisely the same. For, 
supposing the wheel to be very thin, its tooth is confined between the 
threads of the scrciv, all of whose meridian sections ure alike, buteach 
successive one is in advance of the preceding, so that when the screw 
has mudo one revolution, tiic whccl-tooth must have been driven 
through an angle mousured by tho pitch arc. In short, the screw is a 
rack which advuuces by rotiition ; and this is the fundamental princi- 
plo of all screw gearing, with the exception of one combination, which 
will be described hereafter. 




NATURE OF THE ACTION. 



e into a right line, wliicli, when 



402. Diitinetive Pecnliaritiei of the Action. — Tho line TT, hj rerolv- 
ing about the axis DD, gtmurutoa the pitch cylinder of tho screw, 
which is tangent to that of the wheel at the point A, 

Three eharuot^rietic features distinguiah tho action from that of 
twisted gearing, viz. : 

1. The velocity ratio ia independent of the relative diameters of the 
pitch cylinders, and dei>endB wholly upon the screw pitch. 

3. The directional relation depends -a\yon the direction of tho twist ; 
the screw, turning in a given direction, will drive the wheel one way 
if right-iianded, the other way if left-handed. 

3. The rotation of tlie wheel is caused solely by tho end thrust of 
the screw, 

403. Wheeli with Similar Transverse SeotionB.— In giving sensible 
thickness to tho wheel, we may proceed as follows : tho elements of 
the two pitch cylinders which pass throuffh .1 determine the common 
tangent plane represented by MN^, in Fig, 245, Tho screw liolix 
through A will developo upon this plai 
the plane is wrapiwd uikjh the 
pitch cylinder of tho wheel, will 
beei)me another lielix lying on 
that surface ; these two helices 
will be either both right-handod 
or bolh left-handed. Through 
each point in tho outline of the 
whool-tooth, already laid out, 
draw a helix of the same pitch ; 
we shall thus have a wheel pre- 
cisely like one of tho twisted pair 
shown in Fig. 109, all tho trans- Fiq.ms. 

verso sections being similar. The thicVuess of this wheel is to be de- 
termined only by coDsidcrattons relating to tho pressure to 1hi Inins- 
mitted and the strength of the material; it has no bearing upon tho 
kinematic action, since at any instant each tooth touches the engaging 
screw-thread only in a single point in the original transverse plane 
throngh tho axis of the screw. Therefore, ihia form of wheel is ujien 
to the objection that the wc^ir will Iw comparatively rapid, being con- 
fined to one line ii]ion each thread and each tooth. 

404. CloM-fitting Tangent Screwi. — A worm wIimI (n which thin 
objc<^tion docj not apply cun ho practically made in this manner : un 
exact copy of the screw in steel is notched and hardcnc<l ■«» as to bo- 
eomo II cutting tool, which is used to finish the teeth, usnally roaghly 
cut upon the blank with an ordinary milling cotter. The cutting 
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screw is often made to drive the worm v^heel during this operation ; 
but a better plan is to have the wheel-blank driven at the proper 
speed by independent means. 

When this method is adopted it is necessary, after taking one cut, 
to press the axes nearer together, and then take a lighter finishing cut 
Therefore an involute wheel-tooth, working with a straight-sided slo- 
ping rack tooth, is to be preferred, because this change in the position 
of the axis does not affect the velocity ratio. 

In this manner a perfect worm wheel is practically made with great 
facility. The accurate delineation of it is inore difficult and tedious, 
but it can be made by a process illustrated on the right in Fig. 241, 
where is shown a section by a plane through the axis of the wheel per- 
pendicular to that of the worm. LL is the mid-plane of the wheel, 
in which the teeth were first laid out, as above explained. 

405. If now wo pass any plane as iV parallel to LL, it will cut from 
the screw a curved line ; this being taken as a rack tooth, the form of 
the wheel tooth which will work with it may be determined by the 
process of Fig. 162, and this will be the outline of the wheel tooth in 
that plane. Another parallel plane at M will give a different section 
of the screw, from which we derive, as before, the conjugate form of 
the wheel tooth, and this may be repeated as many times as is deemed 
necessary. 

The blank for the wheel is usually of the form shown ; the line OR 
describes a cone, from which the parallel planes, Jf and Ny cut circles, 
and the intersections of these circles with the outlines of the wheel- 
tooth in these planes will be points in the visible contour of the tooth. 

406. Superior Action of the Close-fitting Screw. — Not only are all 
meridian sections of the screw alike, but all sections by planes parallel 
to and equidistant from its axis are alike. The whole screw being a 
rack which advances bv rotation, it is clear that at each instant there 
will be points of contact not only in the plane LL, but in other con- 
secutive planes as X, M, etc. These points constitute a lineof contact 
which, though not a true helix, will evidently be a line of double cur- 
vature of kindred nature, and during the rotation it will travel along 
the. wheel-tooth from the point toward the root. Between each tooth 
and its thread, then, we have contact along a line, and the wear is 
distributed over a surface. 

407. Practical Proportions. — Abstractly considered, both the diameter 
of the worm and the number of teeth in the wheel are optional. But 
it is found that in practice the results are not satisfactory if the wheel 
has less than from twenty-five to thirty teeth ; with a stniight-sided 
rack and involute wheel-tooth,' the obliquity l>eing 15% thirty-six teeth 
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ftiil give n total angle of action greater than twieo the pitch, with tlio 
tif r^cQsa uno and a half timos as grout as thnl of tt;i[iroach, which 
11 (Iml coultl be deairod. This is, of conrst, for a single-threaded 
■ ni -, ill ri'gurd to ite diiiiiio(«r, a ifimplo iind a good pnicticnl rule 
>i miike the rudiu« of the blunkat>ou(. Inife the pitch. If thowhcel 
t l^imp]e twij-tcd one with all its tninfivcr^ Bcctioiiff alike, its blank 
11 lie a cylinder, wlio§c Ihiokneea should bo from two aud a half to 
' ■• times the pitch ; if it l>e cut: by the screw, and of the form 
'>\ !i in Fig. 244, the angle HOP may be made froui (10° to 00°, tie 
: kuvSH Wing (IS just given. 

108. Phyrical Embedment of Bang's Theory. — The etnployroeut of 
Mri?w ti) ciil its own wheel ul once eiiggcstfi the formation, iu the 
■riic manner, of guide tcmjiltites suitable for iiee in connection with 
tantagraphic cutter engine of Pniit & Whitney, In cutting such 
hplnte the screw practically and automatieally esecutea the process 
Biding the form of a tuuth conjugate to that of a given rack, aa 
mt«d in Fig. 1G3. 

r if, OB in Fig, 244, wo aso a Btraight-sided sloping rack tooth, 
bsnlt will bo the formation of a series of involute templates ; if 
utoidffll arcs be substituted for straight lines, as in Fig. 120, we shall 
- .■ ;i set of templates for cpicycloidal teeth with n constant describ- 
.■j, tircle. But tbo outline of the aerew-lhread may bo made of any 
otluT reasonable form ; and according to Song's Theory (283), if it be 
boandod by any four similar and equal curves in alternate reversion, 
, Ui6 series of t«mplat«s produced will be interchangeable, and tlnia 
wans of the pantagraphic engine, the cutters for wheels upon any 
ed basis or system may be readily and accurately duplicated. 
, Koltiple-threaded Screw Wheels, — Thus fiir we have supposed 
row lo be single- threaded, with a pitch equal to that of the fun- 
ID tal rack tooth. 
pir the helical pitch may Iw doidiled, 
piwn in Fig, 240 ; this will double ^ H^f^ 

ralar velocity of the wheel, but 
\ other change be made, the alteniate T — 
I only will xs>me into action. This 
■lUy ia obriuffid by making the screw 
fr-lhreaded, aa in Pig. 247 ; which 
irae reduces by one half the 
bro upon each tooth, 
■liko manner wc may make the heli- 
ptch three, four, or any whole nuni- 
[ times ua great as the tooth-pitch, increasing the number of 
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threads accordingl;, and taking caro to make the diameter grot 

enough to avoid exceaeive obliqaltj of action. 
And in this way we may give to the Bcrew as many threads as there 

are teeth npon the wheel, or even more ; the eomhination then baviiig 

but slight resemblance to the single-threaded endless screw, as will be 
seen by referring to Fig. 110, which repre- 
sents a pair of screw wheels properly eo 
called. 

When the numbers of the threads and 
teeth are equal. Prof. Willis states that the 
two wheels may be made exactly alike;* 
this we imagine to be a mere slip of the 
pen, since that eminent writer was the 
first to point oat the true constniction, 
which requires the section of the scrD' 
thread to be a raeh tooth, although it need 
not be disputed that the difference vonM 

not bo conspicuous, nor that if they were exactly alike they vonld 

engage and transmit rotation, bat with a slight fiuctuation in tbe 

velocity ratio. 

410. Screw and Back. — There is no limit to the increase in thcnnm- 
bor of teeth uimn Hie worm wheel, and if it be made infinite, ite 
wheel becomes a rack, whicli if cut by tiie screw itself, will be iden- 
tical with a i»ortion of an ordinary nut. 

Now the exterior surface of the screw and the interior surface of the 
nut nro precisely the same ; and this affords an illustration of tbe 
extreme case in deriving the conjugate to a given rack tooth, men- 
tioned in (282), for if we split the nut and screw longitudinally 
throufrli Uic axis, the meridian sections will correspond to the tm 
conjngut<! racks shown in Fig. 1C3, being exactly converse to each 
otJier. 

Oblique Screw Gearing. 

411. The axis of the screw thus far lias been supposed to lie in the 
plane of rotation of the wheel. This, however, is not essential, for 
even if it cross that j)Ianp obliquely, rotation can still ho transmitted 
with a constant velocity ratio, by the end thrust of the screw. 

And in this new relative position of the axes, as before, the screw 
may liave two, three, or any numlwr of threads, and thus we pass 
from a simple endless screw to the disguised forms of oblique screw 
wheels. 
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' The fundameatal principle remains nncbanged, however ; tbp screw 
lit altll a rack which advances by rotatiun. nndlbefiist ^tep in thecan- 
Btructioii is to ileKrniiuo tlie form of its coujugate tooth with refer* 
cm>i) to the new conditione. 

412. The Oblique Back and Wheel — That this is the case, may be 
I*rliu|« most nwiiiy seen by lirst considering the things which may 
U.- accomplished by the rack and wheel alone. 

OrJinsrily. as is well known, the rack travels in the piano of rota- 
tion of the wheel. But this, again, is not a matter of necessity ; 
tritbont the slightest change in the forms of tbe teeth, it may be mode 
io travel obliquely across that plane, the velocity ratio remainini 
eolutely constant, although lid 
T»lno ■will be changed. 
This is illiistnited by Fig. 
; t( wu snppose n rack to be 
JBAiIe by cutting teeth across a. 
rectnngnlar plate, if.V, 
licated by Liio dotted liucfi, it 
ill nt onco )>e seen that it can- 
only move from right to " 
, cansing tJie wheel to turn 
I nenal, but is also free to slideM;- 
I the dinxition of the axis, and 
tat it may receive both motions 
it once. • 

' If now a strip be cut diagon- 
&y ttom this broad rack, and 
ido to travel by guide rollers, 
■ Bbown, or by any other means, 
: the direction of that diag- 
ta\, tbe effect is precisely the fiq. »w 

aiDir. The action botwoen tbe teeth is unchanged ; but assigning 
■ deflnile linear velocity to the rack in the new direction, ihiit motion 
may bo resolved into two componente, one lying in Ihc plane of ro- 
tation, the other {jcrpendiculur to it. Tho latter does not affect the 
vlieel, bnt the former does, and causes it to rotjite ; and tbe linear 
city of the pitch circumference is equal in magnitnde to this eRbc- 
Ifre oomponcnt. 

' It will readily Iw seen that another rack may be cut n|>ou the back 

Ctbitf one, with teeth per[H'ndiciilur to its sides, which may e 

E*wJth another wheel in the ordinary manner ; and thus wc have a new 

I of transmitting a limited rotation with a constant velocity 
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ratio between two axes in diSeront jilanp-a, by the use of coami 
spur geiiriiig only. 

413, The resolution above mentioned is ropreaented in Fig. Us . 
tbo obliquity of the rack's travel, when assigned, gives tlio direeliun 
of the resultant, and if the eomi)onentin the piano of rotation < 
made equal to the pitch arc, the magnitude oT Uio resultant iIfIm 
mines the distance through which the rack will advance while thi 
wheel turns through the pitch angle. 

Let us assume this distance as the helical pitch in constmctin: 
from the rack an oblique single-threaded worm, as shown in Fig. ii'\ 




A being ite pitch cylinder, li that of the wheel, P their [wint of tW-.j 
gency. Let P be also the present point of contact between a th] 
and a tooth, as shown at P', below; when cut by the plane XJtf, n 
to Ike axis of the whtel, let the section of the thread have the fom 
the rock t^oth in the preceding figore, and that of the whec1-toot| 
conjugate to it afl before. 

Ail the screw rotates there will always be a section uf its thmull 
ilar to this, similarly situated with regard to its axis. Thia 
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TTRTel along with uniform speed, as indicated by t 
advancing in one rotation to the new iwaition, O. 

Now in order that the velocity ratio mny remain atrietly constant, 
this travelling section of (lie thread must be always iicting against a 
tooth outline of the same form. Consequently, in fi'cry transverse 
section of the wheel, the teeth will be bounded by similar <'urfe^, 
althongh, as will eubeequently appear, they will not necessarily ho of 
uniform height. 

414. We have now to consider the twist of the wheel ilsclf, which 
depends upon the same principles as in the common arrangement. 
Thus, suppose the thread and the tooth in contact at P, to be grad- 
ually reduced in size; they will ultimately become two helical lines, 
lying one u])on each pitch cylinder, still tangent to each other, nnd 
therefore developing upon the common tangent plane into the same 
straight line. Thus, if the pitch of the screw-helix be given, that of 
the other is found as in Fig, 245, and is the same for all the helices 
of the teeth of the wheel, which, if cut from a cylindrical blank, will 
be a simple twisted one, as in Fig, 1 10, with all its transverse sections 
alike. 

415. Carefnl consideration of tbe action will show that the surfaces 
generated as above explained are ju'eciscly such as the screw would 
cut for itself under the ussumed conditions, and thus confirm the 
previous statement (401) that the proper forms of the tooth in this, 
as well as in the common ammgomont of screw gearing with axes in 
planes mutually perpendicular, are to he determined by the principles 
which apply to the case of a wheel working with a rack, and not with 
another wheel of any finite radius whatsoever ; notwithstanding tho 
(act that the latter constmctinn is tho one given by Prof. Rankine. ■ 
\Vc would not be understood to assert that two oblique screw-wheels 
will absolutely refuse either to engage or to work with each other 
because otherwise fashioned, but that tho method of construction 
hero set forth is (lie only one by which i»erfcct theoretical precision 
can bo alt^iiued. 

416. Peculiar Features of the Action. — Tho teeth of tho wheel in 
Fig, 249 are sections by successive transverse planes through Jl, P, ; 
their conjugates, R', P', 0', being cut from tho screw by the same 
planes. 

Wc now obson'o that one rotation of the worm will drive the wheel 
through more than the original pitch angle, altliough tho helical 
pitch ia equal to tho diagonal pilch of the rack in the preceding 
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figure. In tliat case, tho rack-tooth was always acting against a sur- 
face whose elements were right lines i)erpendicalar to the plane of 
'rotation. But the worm acts against helices which cross the plane of 
rotation obliquely, and with different degrees of obliquity, for they all 
have the same pitch, but lie at different distances from the axis. 
Since, however, the velocity ratio is constant, we may confine our 
attention to tho helices upon the pitch cylinders, and study their 
action as represented in the development of these surfaces upon the 
common tangent plane. 

Thus, in Fig. 249, having drawn PK, perpendicular to PO and 
equal to the circumference of the pitch cylinder -4, OK is the devel- 
oped helix through 0, and PE is tho length of the new pitch arc for 
the wheel. If then a complete wheel is to be made, the proportions 
must be such that PE\^ an aliquot part of the pitch circumference. 
417. And all this accords precisely with the fundamental principles 
relating to the composition and resolution of motions. In Fig. 250 
lot DD and C7Cbe the elements of the pitch cylinders of the worm 

and the wheel respectively, inter- 
secting at P ; PO the pitch of the 
worm, PK perpendicular to PO, 
and equal to its pitch circumfer- 
ence, and OK the developed helix, 
all as in the preceding figure ; then 
PM parallel to OK is the developed 
helix through P, which point wo 
will assume as before to be the pres- 
ent point of contact between a 
tooth and a thread. Bv the turn- 
ing of the worm, the point P 
virtually advances uniformly in tho 
direction P/), going in one revolu- 
tion to the new position 0, while 
meantime the coincident point P 
of the wheel must move in the di- 
nx^tion PE. Regarding PM as a 
holi\ of tho whtvU and sup|xv<ini: tho screw to be pushed endlong in 
tho n\tun\or of a i\uk\ wo oWorvo that PO mav be resolvetl into the 
oom|HM\ot\tH /M/, /*A\ l>f tho.<i\ ihotinJt is simply the sliding compo- 
nont \\\\y\ u\otTivtno : but PK is tho ono which must represent the rota- 
tion of tho »luvU duo to tho supivs^ni rectilinear motion of the screw. 
NN hot\» i\o>vo\ot\ >vo sup|Hv<\^ tho worm to have a motion of rotation 
ouh» \t\ tho diiwtiou shown by the arrow in Fig. 249, let PK repre- 
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ANALYSIS OP THE 

'«nt the linear motion of its clriTiiig point P, wliieli acts against the 
helix PM oi the whoeh The normal and tangential components of 
/'A' are respectively Pff perirendicular to PM, and i^i/ coincident" 
with it. The resultant motion ot the point /' of the wheel most bo 
in the direction i'/',perpendieiilar to CC, and of such magnitude, PE, 
as to have the same normal component, PG. 

The same method miglit have been used in relation to the recti- 
linear motion PO of the screw when used as a rack, and with concor- 
dant results, since PG is the normal component of that motion also. 

41B. In all the foregoing the diameter of the pitch cylinder of the 
worm was assumed at pleaanre, which it may be, subject to the condi- 
tion above pointed out, that PE mitst bo an aliquot part of the pitch 
circumference of the wheel. 

It is perfectly possible, then, that a double u.9 well as a single thread 
might be made npon a pitch cylinder of given size. Supposing this 
to be desired, and also that the subdivision of the given wheel should 
remain unchanged, it is then evident that in Fig. 250 we must double 
PE, the pitch arc, and not PO, tho helical pitch of the screw, which 
will now 1)ccome PN, determined by producing KFto cut DD in N. 
We thus determine new helices, A'JV, PL, with reference to which the 
motion PKh to be resolved as before, /*//" being the normal or effect- 
ive, Pixha tangential op sliding component. 

419. The diagram. Fig. 350, ia drawn without regard to practical 
profMrtions, the conditions being selected with a view to illustrating 
one particular in which oblique screw gearing may, in some cases, 
differ from the ordinary arrangement. Wo have seen that when the 
axea He in pianos perpendicnlar to each other, the helices on the worm 
and the wheel, whatever the number of threads and teolh, are cither 
both right-handed or both left-handed (403). 

Now in Fig. 250, botli KO and ^^V will form right-handed helices 
upon the pitch cylinder of the screw : but on wrapping the tangent 
plane down upon the wheel, EN wilt become a right-handed, KO a 
left-handed, helix. Evidently there ia an intermediate position in 
which the developed worm-helix will bo parallel to CC, and will, 
therefore bcconio a rfclilinear element of the whoel's pitch cylinder. 
In that case the screw will work with a common Hpur-whcol ; and the 
proportions which must obtain in order to secure this result are shown 
in Fig. 251. If tho pitch arc, PE, and the obliquity, CPD, are both 
usaigned, tho pitch and circumferenco of tho screw arc deterrainc<l 
by drawing through E a perjKmdicular to PE, cutting DD at 0, and 
/*jr perpendicular toDDatK. If the pitch arc, PE, and tho circum- 
ferenco PK are assigned, we first describe an arc about P with radius 
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Fig. 251. 



PE\ draw KE tangent to it, and also PD perpendicular to PL 
Then KE produced cuts PD in 0, determining the pitch PO and 

the obliquity OPE. 

420. dose-fitting Oblique Tangent-screw.— The 
oblique worm may be used to cut its own wheel, 
just as in the common arrangement ; and the 
wheel itself, instead of being cut from a plain 
cylindrical blank, may, for the sake of a neater 
appearance, conform somewhat to the curvature 
of the screw, and be terminated by conical frusta 
instead of transyerse planes. The form of the 
blank is fixed by very simple considerations; 
regarding the screw as a thread wrapped around 
a cylindrical core, we perceive that the tops of 
the wheel-teeth must just go clear of that core 
during the rotation. Now imagine the whole screw to revolye about 
the axis of the wheel ; thou the element of the core which lies nearest 
to that axis will generate a hyperboloid, and if the blank for the 
wheel be turned to this exact size, the tops of the teeth will just 
touch the core. It should therefore be made a little smaller. 

It will be seen that the screw still travels obliquely across the plane of 
rotation, so that the transverse sections of the teeth are all of the same 
form, contact existing between each thread and its tooth at a single 
point only ; whence the only advantage gained by the adoption of this 
form of blank lies in the fact that the teeth become higher as they 
recede from the mid-plane, and, therefore, continue longer in action. 
421. Oblique Screw and Back. — Further, it will be seen that the di- 
ameter of the oblique worm-wheel may be increased at pleasure until 
it eventually loses its curvature, and assumes the form of a rack. 
Under these cireurnsUmces Prof. Rankine's instructions,* if we inter- 
pret them correctly, are to the effect that the normal section of the 
worm-thread should be that of the tooth of a wheel working with a 
rack, the tooth-outline of the latter to be adopted as the normal sec- 
tion of the rack to work with this worm ; and he gives specific direc- 
tions for finding the radius of that wheel in any given case. 

AVithout disputing that the thread and tooth thus formed will 
work, wo would remark that it is not the only nor yet the best 
manner of forming them. The tooth-surfaces of the rack must be 
made up of parallel rectilinear elements, and since in the case cf a 
rack and wheel the teeth have but a single point of contact, the 



Machinery and Mill-Work, p. 290. 



OBLiqCE SCREW ASD HACK. 



27? 



DOtli-surfocc of the rack will, in Prof. Raukiiie's construotioii, touch 
loh oth(.T io tliat {Mint only. Wliich would hold tiue at tlie limit 
bco tlic obliquity vanisliea ; wlicrcas It ia (Mrffctly patctit thai the 
Kk may then be a pnrt of a nut, and its whole gurfoce in contact 
vith tliat of tlie scrcw-throttd, whatever the form of the latter. Thie 
Kiperlirial eoiitoct is not attainable wlien tho rack travels obliquely, 
t i» true ; but line-mntact lietweeii the noting surfacee may be secured 
Hth a gcrpw- thread of any Teasgnuble form, us will appear from the 
[dlowing conaidorations, 

^432. Taking a common tiiaogiilar-throaded acrew in illuHtration, 
t have, in Fig. 262, a meridian Ecction on the left, and an outside 
n tho right, tlio nxis being parallel to the (taper. The apparent 
jBtoiir of the completed screw 
|. the trace of its projecling , ^. ./~\ / 

lUnder, whoso olemenls are | \\', 

londicnlar to the pjiper, and | 

^gent to the Burfaco. If then V^ VJ* 

|raok be made, as shown in 

Stion lielow, its teeth bounded ''"' ''^'^ 

rth« aamo outlines and their elements also )^q)endicular to tho 
)er, Hiesf teeth will always touch the screw along tho line of ite 
feble contour, wlipthor the rack be made to travel endlong by turn- 
5 the screw, or to slide transversely, or both. And it these actions 
nir aimultaReoualy, we have the obliqae motion desired. 

le-oontact is tlius obtained, and the normal section of the rack- 
^tli is determined by merely drawing the screw, in its simplest 
■ition. But this is not Ihe only form which will effect the 
(nlt ; for iu whatever direction we chose to look at tho screw, if the 
""(pace lietween tho threads ho visible at uU, the litic of apparent cou- 
tonr will give tho normal Eoction of a tooth for a rack which will 
work in line-contact with it, cither longitudinally or obliquely. 
w4SS. Among so many forms, the selection of tlic best may be safely 
i to the screw itself, which will assert its preference if given tho 
xirtanity. This maybe afforded by allowing it to cut its own 
ick, the latter being moved by independent means m the required 
Mition, and at the same speed as that which it is eventually tu re- 
hire from the screw. 

Ut iR clear that the amount of metal removed will be the Icjist possi- 
; whence the deduction that llie normal section of the rack-toolli 
HI be the visible contonr of the Eimco between tho screw-threads 
Bm vtowed from tho direction which will give tho greatest apparent 
idtli to that space. 
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What that precise direction is, may depend somewhat upon tlie 
meridian section of the screw, but probably will not vary appreciably 
from that of the tangent to the helix of mean obliquity. 

It will be seen by reference to Fig. 251, that if the pitch, diameter, 
and inclination of the screw to the line of travel be properly propor- 
tioned^ the rack may be made of the usual form, that is, with the 
teeth cat transyersely across its face. But whatever the arrangement, 
proportions, or form, the kinematic action consists of sliding contact 
pure and simple ; there is not, as has been sometimes erroneonsly 
stated, the slightest admixture of rolling contact, or of anything even 

distantly resembling it 

424. To SecDTD the Laut 
Amount of Sliding. — Althongh 
^ the velocity ratio depends upon 
the pitch and not upon the 
size of the screw, yet it is evi- 
dent that for a given pair of 
axes, and a given velocity ratio, 
there must be some definite ratio 
between the diameters of the 
pitch cylinders, which will iB- 
volve less sliding than any other. 
What this proportion is, may 
be thus deduced. If upon the 
given axes we construct a pair 
of rolling hyperboloids with 
the assigned velocity ratio, these 
surfaces will work in contact 
with no sliding other than that 
along the common element 
This element passes through 
the common point of the gorge 
circles, and lies in a plane tan- 
gent at that point not only to both hyperboloids, but to their inscribed 
tangent cylinders of which the gorge circles are the bases. 

Now, if these be taken as the pitch cylinders of the screw wheels, 
and the common element as the developed helix, the amount of slid- 
ing will be the same as that between the two hyperboloids when rota- 
tating with the given velocity ratio. 

And this amount is then a minimum. In Fig. 253, let PI repre- 
sent the motion of the point P of the inclined surface ; if the ver- 
tical one be driven by it, we find in the usual manner the motion of 
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ho coincident point to bo PLy and that tho sliding is represented by 
XM on the line of contact. PI remaining unchanged, let the verti- 
cal hyperboloid bo compelled to revolve, by independent means, faster 
han i^he other should drive it ; and let PK bo tho new velocity of 
tS point P. Tho sliding component along PB now becomes POy 
ivhich is greater than PN\ and there will bo also a sliding perpen- 
licular to the common element, represented by OH. A similar 
result would follow, wcro PI io bo increased while PL remained tho 
same ; whence it appears that tho sliding is least when tho velocity 
ratio is that for which tho hyperboloids were constructed ; and this 
liolds true of the tangent cylinder?, the obliquity of the helices being 
letermined as above. 

425. The sliding action represented by GH cannot actually occur 
nrhen teeth are used ; but the linear motions P/and PiTcan still bo 
retained in the case of screw gearing, as shown in Fig. 254, by mak- 
ing tho developed helix PB parallel to KI\ all the sliding must 
necessarily bo in this direction, and its amount OM is, of course, 
greater than before. This proceeding, it will bo observed, is merely 
the converse of that explained in connection with Fig. 250, tho results 
being exactly concordant. 

If tho axes lie in planes perpendicular to each other, tho hjrperbo- 
loids have two common elements, either of which may bo taken as tho 
ieveloped helix, according to tho directional relation desired; both 
irheels will bo right-handed in one case, and left-handed in the other. 

426. Beiemblanoe to Skew Wheels. — The appearance of screw gear- 
ing thus constructed is quite unlike that of the familiar worm and 
nrheel. In that combination tho wheel cannot move tho screw, nor 
is it usually desirable that it should, since in most cases the latter is 
required not only to turn tho wheel, but to hold it in any given posi- 
tion. Eut in the arrangement now under consideration either wheel 
may bo used as tho driver ; it is quite apparent that a single-threaded 
worm, made in tho manner above described could not work unless it 
s^ere of great length and its axis nearly parallel to that of tho wheel, 
but that this construction is adapted only for tho teeth of screw wheeU 
wark properly so called ; and equally evident that for this it is tho 

j6Sw« 

The mid-planes of these wheels are tho gorge circles of the tangent 
lyperboloids ; tho pitch helices are tangent to the elements of those 
mrfaces ; and from the considerations presented in (420), it will be 
«en that both blanks may be made of hyperboloidal outline. From 
ill which, there results a resemblance between these and skew wheels 
mfficiently close to be misleading. 
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This rcsomblaiico, however, is superficial; Iho toeth ore itiu<Ie|| 
of cylindrioal lielices, toucK encb other in a single point; only, am ^ 
extended only to a eliort distAncc either way without ceaainc i 
cnguge, und tlicir acting sections ara rBSjHiO lively those of a Bimrirliiv, 
und ft rack. 

And the one whose Ecctton corresponds lo tlmt of tin? rnek-tootii 
may be made of nny length, und if dceircd may ho need us d rnrV, 
driving the other wheel not by rotation, hut Ly moving longitudiMllj, 
whatever the inclination of the axes or the uuralwr of threads. 

Hindley's Srren; or Ilonr-t/lugs ]i'orm. 
427. A Worm may be eo shaped as to eonform to the currntiiri' r[ 
[O the wheel, assuming a figiu. 

' n/^1 somewhat like that of on hw 

gluaa ; in Fig. 255. the coni]4 

13 represented o 
and on the right is given Ai 
U tion throujfti its axis by ft 

*^? piTpendicnliir to thul of I 

wheel. The snrfaco ofj 
thread is of a eoniplictitedfl 
peculiar nature, but pracUJ 
it is very easily made, tbm 
tool, with a cntting point o' 
conUjur of the wheel's tood 
EO dumped to a disc liiq 
tipper surface lies in the meridian piano of the worm, und botid 
disc and the worm blank are driven by intermedJute geimng ftt S 
proper relative velocities. 

In this manner the screw was made by Hindley. who first inj 
dnccd it. For some reason it bus never corae into general ] 
although in smoothness and steadiness of action it would appt 
be superior to the common form of tangeut^screw. 

The worm itself may now be formed into a cutter, and I 
finish its own wheel in the usual manner : which is tho i 
adopted by Messrs. Clem & Morse of Philadelphia, Penn., who 
recently constructed a very elegant engine specially designed for jj 
ting this description of screw gearing. 

488. The outline of the pitch surface of this worm is an arc ofH 
pitch circle of the wheel. Upon this suface the helis EFP, in Fin. 
25*1, is traced by a point which movus about the centre (7thronph t' 
are EP, while the worm makes one revolution, both motions I 
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uniform in Telocity. The longitndinal advance, UV, is not equal to 
EP ; it is not aniform, nor is it tho samo for BnccessiTe conTolutions, 

The projection of thia helix uijon a plane, OC, perpendicnlar to DD, 
as Bhovn at the right, is of n spiral form, resembling that of the hy- 
perboloiditl helix in Fig. 243; to which this curve is very similar. 
Other points in tho outline of tho tooth, either within or withont the 
pitch circle, also dc- 
flcribo curves of tho 
samo nuturo, lying 
upon snrfaces whose 
meridian outlines are ^ 
circular urcs ; these 
cnrvcs are easily 
drawn, and their /i\ 
cuTelopo is tlie visi- ^ 
ble contour of the 
worm. 

Tbc form of the 
threads is, abstractly, 
arbitrary ; their me- 
ridian sections are Fro. icw. 
ciactly converse to those of tbo whoel-tceth, tho spaces between 
wbicb, as seen in Fig. 355, they fit and fill entirely, througbont the 
action. Thus there is no relative motion in tho manner of a rack or 
otherwise, but the worm is locked into tho wheel, and can move ouly 
by revolving about one axis or the other. A good and siinplo practi- 
cal form for the teeth of the wheel is that given in Fig, 255, tho sides 
being straight sloping lines, equally inclined to the radins of symme- 
try ; the amount of inclination is fixed by the consideration that, in 
the extreme position of the action, tbo outer side should lie in a line, 
AB, perpendicnlar to DD, in order that the worm may he readily 
disengaged from the wheel. 

4S9. The Aotion Confined to the Kd-pUne of the Wheel— The ad- 
vantage of the hour-glaes worm lies in the fact just stated, that the 
whole side of every thread, t'n the meridian plane, is always in con- 
tact with the adjacent tooth. 

It has been asserted that the teeth of the wheel, when cut by tho 
worm, touch the threads of the latter at all points;* or, in other 
words, that the whole surfaces are in contact. 

Either one of two considerations is sufficient to show that this is 
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impossible. Let any side plane be passed, parallel to the axis of the 
worm and perpendicular to that of the wheel ; then, in the first place, 
the sections of the successive threads will not be similar; and, in the 
second place, the section of the pitch surface of the worm will not he 
a circle, whereas the teeth of the wheel travel in circular paths. 
Therefore, such superficial contact is attainable only when the radii 
of these paths become infinite, in which event the pitch surface of 
the worm becomes a cylinder, the worm itself a common screw, and 
the wheel a portion of a nut ; but, in general, the action is confined 
to the central plane of the wheel. 

430. Th6 Pitch Surfaoe of the Wheel may to some extent conform to 
the curvature of the worm, as shown in section in the right-band 
part of Fig. 256. Any side plane, LM, parallel to the mid-plane, NRy 
cuts the base, IH, of the worm's pitch surface in a point i, which 
when revolved about the axis of the wheel into the gorge plane OC, 
takes the position L'y thus giving a point in the contour L'P'S. 

By a similar process, reducing the radius VF of the gorge of the 
worm, and increasing the radius CP, according to the height of the 
tooth, we may determine the outline of the blank. This conforma- 
tion of the wheel does not, it must be noted, secure any additional 
contact, or in any way affect the action, but merely gives a neater 
finish than if the blank were made a plain cylinder. 

431. The Teeth of the Wheel arc automatically shaped by the cutting 
worm with perfect ease ; but the accurate delineation of the form 
thus determined is a rather complicated and tedious matter. Still, if 
necessary, it can bo accomplished in the following manner. 

When the outline of the blank has been found, as above, it will be 
seen that any transverse plane will cut from it a circle, which will 
limit the height of the teeth. The same plane will cut from the 
threads of the screw a series of sections of varying form, each lying 
a little in advance of the meridian section of the same thread. The 
sections of the wheel-teeth by the same plane must lie in the spaces 
between those of the screw-threads ; and since each revolution of the 
worm turns the wheel one tooth ahead, it follows that each tooth- 
section must take in succession all the different positions thus deter- 
mined. . We may, then, proceed thus: lay a piece of tracing paper 
over the drawing, and secure it by a pin fixed at the centre of the 
wheel. Upon this, trace the sections of two consecutive threads, and 
also the circular arc bounding the top of the tooth in this plane. 
Then rotate the paper about the central pin through the pitch angle, 
again trace the sections of the two adjacent threads, and so on until 
all have been traced ; the clear space within the lines thus drawn 
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will be the required section of tbe tooth by the given plane. Abso- 
Inte certainty of definition will require the screw to be placed in bct- 
entl poeitionfl, cnt in each by the same plane, and the above process to 
be repeated for each, using the same tracing throughout ; because the 
sections of these peculiar screw-threads in the different phases of rota- 
tion are dissimilar. And Boally, this whole operation must also be 
repeated with several different planes, the number depending upon 
the degree of accuracy aimed at : all of which we leave the reader to 
execute at leisare. 

43S. Hntt^de-threaded Honr-glaM Worm — Tliough wc are not aware 
that this form of worm has ever been made with two or more threads, 
there seems to be no abstract objection to increasing the number. 
Also it is clearly possible, by making the screw pitch sufficiently 
large, to use the wheel 
OS the driver : in which 
case the teeth might pre- 
ferably be made in the 
form of turned pins, set 
into the periphery of a 
cylinder as in face gear- 
ing. Evidently a greater 
number of these pins, or 
teeth, would bo simul- 
taneously eng^ed than 
in the common form of 
screw wheels, which 
would certainly tend to 
incrcaae the steadiucss of 
the motion ; bn t the 
whole action is confined, 
Bsbefore, to the meridian 
plane of the worm per- 
pendicular to the axis of 
the wheel. 

433. Boilers Babatitn- F«k m. 

t«d fi)r Teeth. — With the purpose of reducing the sliding friction as 
much as possible, the (lingular device illustrated in Fig. 257 has been 
proposed. 

The meridian section of the screw-thread la bounded by right lines 
at right angles to each other, and tlic worm is made long cnongli to 
embrace more than one quarter of the circiimferenco of a wheel, the 
nnmbcr of whose teeth must bo ti mnltlplo of four ; for this wheel is 
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eabstituted a frame carrying rollers, luranged in the manner Bhown 
Id the figure. 

The object of diminishing the friction ia certainly acoomplislicd; 
but, on the other hand, only one thread of the worm ia in tctional 
onee, during the greater part of the time. And that one has at no 
instant more than a single driving point ; for, since the warped Ear- 
face of the Bcrev cannot be placed in right-lino contact with a surface 
of single curvature, these rollers cannot be made cylindrical, as the; 
have sometimes been represented ; but their contours must be slightl; 
convex curves tangent to the meridian eections of the threads. 

Taking these drawbacks into consideration, it would appear tbat 
this arrangement is, from a practical point of view, more curious 
than useful ; although it might serve a purpose in very ligbt-runniog 
mechanism intended rather for the modification of motion than for 
the transmission of power. 

The Teeth of Face- Wheels. 
434. I«t two Wheels, exactly alike, whose teeth are cylindrical pine 
fixed in the faces of circular discs, be so 
placed that each axis lies in a plane perpeo- 
: dicular to the other, at a distance from it 
equal to tlio diameter of the pins, as in Fig. 
258. 

Under these circumstances, the angle 
FDE will always bo equal to the angle 
HCG, as long as the pin E of the driver .1 
h in contact with the pin G of the follower 
D : the velocity ratio is, therefore, perfectly 
constant. 

The length of the pin E must bo such 
that the noxt pin I of the other wheel shall 
not catch upon its end in going into gear. 
And it will also bo noted that although the 
pin I, at the instant when the next pin K 
ot the driver begins to act upon it, may also 
toucli the pin E upon the back, it cannot 
contimic to do so. It is not possible, there- 
fore, even theoretically to secure entire free- 
dom from backlash. 
The maximum length of one pin having been ascertained, it is of 
course the same for all. And it is next to be observed that if the 
number be increased this length must be diminished ; also, that there 
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will in every case be a limit beyond wliicli tlio niimbor cannot be in- 
creased nithout at tlic sumo lime diminishing the diameter, and in 
consequence tho distance between the axes. 

Ultimately, tlicu, tlio axoa will intersect at right angles, and the 
pins u'ill bccomo consecutive points iu tho circumferences of two 
equal circles rolling together like tho bases of tho pitch cones of a 
pair of mitro-wlieols. In other worda, there are no pitch surfaces, 
these degenerating into Unes, and the elementary teeth into points. 

435. Equal Wheeli with Axes at Kight iinfflM.— Tho preceding is 
the simplest form of face gearing, but it cannot be used if the axes 
intersect, as is often necessary. \Vhen they do, however, the teeth 
of one wheel may still be made cylindrical : 
those of the other being solids of revolution, 
whose outlinesmay bo determined as follows. 

In Fig. 259, let tho two wheels be of 
equal size, their exes perpendicular to each . 
other. Let £ be a pin of no sensible di- 
ametor,'f)xed in the wheel A, and ^a simi- 
lar one fixed in the wheel B, tho distance 
between the two being arbitrary. Let the 
wheels turn through equal angles as indica- 
ted by the arrows ; the pins will come into 
the new positions O, H, and /, K, and in 
the meantime their common perpendicular 
will continually change both in position and 
in magnitude. 

But it is always easily determined; and - 
it ia cridont that it we now mako F the 
axis of a surface of revolution, the radius of 
each transverse section being this common 
perpendicular, wo shall havo tho form of a 
pin or tooth for B, which will work with Fw. :». 

the pin E of no sensible diameter, tho Telocity ratio being constant 
throughout. 

This process is moro fully illustrated in Fig, 260, in which portions 
of tho pitch circles only are shown, Tho action is readily traced : 
the curve EI will Ito generated while the pins E and F traverse the 
equal arcs EP, FO, and the curve LG, while they move through 
the arcs PO, OR, which are also equal to each other ; the ordinates 
X, z, being found by placing the pins in the intermediate positions 
shown, any required number may be determined in a similar 
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436. Upon uBsnming a Benaiblo diameter for the pia of the nppei 
irheel, we proceed to derive the outline of the working tooth of the 
other, precisely oa waa dono in the case of pin gearing, as Ehown on 




the right in tho fignre ; drawing a curve at a constant nonnal &*■ 
tancc from LO, equal to tlio radiua of the pin. 

Since on the equal circles AA, BB, we have the arcs EP = FO = 
F'0\ and PG= 0R= O'R', it follows that the arcs EF', Pff, QK, 
etc., arc also equal to each other. Whence, EP being equal to P6, 
we find tliat EII is greater than QK; similarlj x is greater than t, 
and, in general, all the ordinatcs of EI are greater than the corre- 
sponding ordinates of GL, the difference diminishing as ne descend, 
until finally IM is equal to LX. 

Consequently, the working tooth for the lower wheel moat be de- 




rived from the curve GL and not from EI ; and in order to secure 
rece<]ing instead of approaching action, tho cylindrical pins must be 
given to tlie driver, and not to the follower as in pin gearing. 

437. UneqnalWheekwithAxM at Bight Angles.— In Fig. 261, let tho 
cylindrical pins bo given to tho smaller wheel, of which AP'A is the 
pitch circle. Assuming any point E npoo this circumference, draw 
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through it a parallel to CD, cutting the larger pitch circle BPB in F, 
Then the arc EP' is greater than tlie arc FP ; therefore, if we make 
Jf'O equal to EP', a parallel to CD through will cut the tangent at 
JP' in some point 7'on the right of P' ; and IM will be the lowest 
ordinate of the curve EI, which, as in the preceding figure, will be 
gencnited while a pin at E traverses the arc EP' and one at F moves 
to O. Also P' Twill be equal to LN, the lowest, and evidently the 
least, ordinate of the curve LO generated while the pins traverse the 
equal arcs OR and P*0. The whole process, including the determi- 
nation of the intermediate ordinates, is the same as before ; but since 
the least of the two elementary surfaces must necessarily be employed, 
we perceive that the working tooth in*this case must be derived from 
EI instead of LG, and also that the cylindrical pins must be given 
to the follower, as in pin gearing, and not to the driver, in order that 
the action may be receding. 

438. As the diameter of the driver becomes greater its curvature 
becomes less, and at the limit will disappear; the combination then 
becoming identical with that of a rack driving a pin-wheel. The 
curves EI and OL will in that case evidently bo similar and equal, 
each being the cycloid of which ^-4 is the generating circle. 

There is, in fact, a close analogy between pin-gearing and face- 
gearing ; for if in the latter we suppose the axes to be parallel, the 
teeth of one wheel will project radially from the curved surface of a 
cylinder, and their contours will be precisely like those of a spur- 
wheel working with the round staves of a trundle, or lantern pinion. 

439. But the cylindrical pins may be given to the larger of the two 
unequal wheels. The 
case is then very nearly 
the converse of the pre- 
ceding one : the rotations 
being in the same di- 
rection, the pointed 
tooth, as seen in Fig. 
262, apj)ear8 on the op- 
posite side of the plane 
of the axes, and if the 
action is to be receding, 
the larger wheel, with the cylindrical pins, must drive. 

The greater the difference between the diameters of the pitch 
circles, the shorter will be the teeth of the follower for a given arc of 
action. And^ in consequence of this, the size of the driver cannot 
be indefinitely mcreased, since upon reaching the limit, its pins 
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would move in a plane parallel to the face of the follower, and the 
tooth of the latter would reduce to a series of concentric circles lying 
in the same plane. 

440. Unequal Wheels with Axes in Different Planes. — Precisely the 
same method of construction is applicable also when each axis lies in 
a plane perpendicular to the other, although they do not meet, and 
whether the wheels be equal or unequal in size. Thus in Fig. 263, 

c 




supposing the cylindrical pins to be assigned to the smaller wheel, the 
axis E of one of them is placed arbitrarily with reference to the axis 
^of a tooth of the other, whose contour is derived from a curve £/, 
determined as in Fig. 2G0. It is clear that under some conditions 
this elementary tooth may be pointed, as it was in Fig. 2G1 ; and iu 

Fig. 264 the condi- 
tions are so selected 
that this is the case; 
but, as before, the cy- 
lindrical pins being 
given to the large 
wheel, this iK)inted 
tooth makes its ap- 
I)earance on the other 
side of the axis, the 
direction of the rota- 
tion being unchanged, 
llencc wc perceive that in order to secure receding action, the larger 
wheel must drive, no matter to which one the cylindrical pins arc 
assigned. 

Had the wheels been made of the same size, but with the least dis- 
tance between the axes greater than the diameter of the cylindrical 
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pin, the samo ])roces8 would have enabled us to determino the fonii 
of the working tooth for llic other wheel : in short, the eonstruction 
is general for the relative positions of the axes above mentioned, and 
Fig. 258 represents only a special case. 

441. Uisoellaneous Arrangements of Face Gearing. — It is not essential 
that either tlic pin^^ur the teeth, hccauso they are turned in the lathe, 
should l» inscrlcil into plane surfaces ; and wc append a few exam- 
pies in which thoy are otherwise arnirigod. 

Lot the asea in Fig. 2G5 intersoct at any angle; let the velocity 
ratio bo given, and snppose the 
cylindrical pins to be assigned to 
the wheel with the vertical axis. 

Draw AJi, dividing the angle 
DAC according to tlie Telocity 
ratio as in bcvol gearing. Through 
any point i,' of AB draw a vorti- 
cal line as the axis of a pin ; and 
also a horizontal line cutting the 
inclined axis in f; then EC hy Fiu. «». 

revolving around A C will generate the cone ECF. The teeth of the 
inclined wheel are to bo solida of revolution, whose a.\e8 will evidently 
be elements of this cone ; ami they may bo Qxcd in the surfaoe of 
another cono OI'L, normal to HCF. 

A pin of the vortical wiieel is shown at E in contact with such a 
tooth, whose contour may be determined as followa : First, suppose 
the cylindrical pin to have no sensible diameter ; then if the vertical 
wheel turn through a given angle, the other will also turn through 
an angle which is known, because the circumferential velocities of 
tho oircles which roll in contact must bo equal. 

Consequently, tho relative positions of tlio axes of tho given pin 
and Iho required tooth may he determined fur any phase of the 
action, and their common perpendicular at that instant may be 
found. 

Having repeated this process as many times as may lie deemed nee- 
essarj', these common perpendiculars will obviously bo tho radii of the 
transverse sections of tho required tooth for a pin of no sensible diam- 
eter. From these the meridian outlino can l)e constructed, and tho 
contour of the working tooth is derived from this in tlic usual manner 
by ussijTiing any radius at pleasure to the cylindrical pin. 

442. A modiflc^tionof thirl arrangement is »linwn in Fig. 2GG, the pins 
being fixed radially in the p;.'iiphory of tho cylinder with the horisoutal 
axis ; but the process of constructing the tooth is tlio same m before. 
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From the employment of the conical surfaces, which afford the moit 
conyenient and natural means of supporting the teeth of one whed 

of a pair, these combinations 
have b3en erroneously suppoaed 
to contain the germ from whid 
bevel gearing was devdoped. 

But a moment's stady of 
these figures will show that 
the principle of rolling cones, 
upon which bevel gear wholly 
depends, is not here involved 
in any way whatever ; the fun- 
damental idea appears to bare 
been that of causing the teeth 
or pins to present theroselreB to 
each other, at the instant of passing the plane of the axes, in the sane 
relative position as though the axes were parallel. 

But, as shown in Fig. 267, the same methods and processes are ap- 
plicable also to the construction of what may be called bevel hce- 
gearing, the axes of the pins coinciding with the elements of one 
pitch cone, and projecting nor- 
mally from the surface of the 
other. 

Face gearing is for general 
purposes practically obsolete ; 
hence it has not been deemed 
necessary to discuss in relation 
to it the questions of limiting 
lengths or numbers of teeth, 
angles of action, and the like. 
For models and light machinery 
it is sometimes employed, on ac- 
count of the facility of forming the teeth in the lathe ; a special con^^ 
struction would in any event be almost necessary for each individual 
case, and this can readily be made by the aid of the preceding expla^ 
nations. 

443. Screw and Face Gearing Combined. — An example has already 
been given, in Fig. 257, of the use of rollers for reducing the friction 
which attends the action of the worm and wheel. In that case the 
screw was of the hour-glass form ; but the same expedient has been 
employed in connection with the common variety, as for instance in 
Van der Mark's hoisting apparatus ; the axes of the rollers projecting 
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radially from the periphery of a cylindor, and their outlisee being 
the sumo aa those of the spiir-tceth, conjugate to the rack-teeth ent 
from the screw by a meridian plane. Since the teeth of the wheel, 
whether they be rollers, capable of rotating, or not, are solids of rev- 
olution, this arrangement combiuca the peculiarities of both screw 
and face gearing. 

In Fig. 268 ia represented another combination of essentially the 
same nature. Upon the upper 
face of tiio disc B is formed a 
spirally coiled rib, constituting 
nhttt may be properly called a 
plane or face Bcrew. 

The section of this rib by a 
plane normal to the axis of the 
wheel C should, iis in the figure, 
have the form of a rack-tooth, 
the conjugate to which ia the 
meridian section of the teeth of C 
Thus, the distance between the 
corresponding edges of the adja- 
cent coils being equal to the 
pitch, the action ia precisely 
eijuivalcnt to that of a rack and 
gpur-whocl. 

444. This arrangement has been 
erroneously represented na having 
the rib coiled in the fonn of an Fio. ms, 

Archimedean spiral, and the axis of B lying in the same plane with 
the axes ot the teeth of C. 

But the radiant of that curve does not cut the coils normally ; and 
in order to secure perfect kinematic action, the spirals, as shown in 
the figure, should be involutes of a circle vhoao circumference is 
equal to the tooth-pitch, and the axes of the teeth of C mnst lie in a 
plane parallel to the axis of £ at a distance from it equal to the 
radiua of that circle. 

This is, of course, upon the supposition that, u3 in the case selected 
for illastration, the spiral expands at tlio rate of one tooth-pitch in 
each convolution, thus making the action eqiiiralent to that of a com- 
mon single- threaded worm. Wo may, however, double or treble tho 
rate of expansion, increasing the angular velocity of tho facc-whccI 
in the same proportion, and introducing a corresponding number of 
intermediate ribs or coils; if this b<)done, the diameter of tho base 
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circle of tho inTolut«8 most be also doubled or trebled, aa the case maf 
bo, and tho position of tho plane of action changed according!;. 

446. Spherical Borew and Wheel — A curious, and we beliere a norel, 
modification of the preceding arrangement is shown in Fig. 269, the 
rib being coiled upon tho concave earface of a hollow sphere, fonning 
T.'hnt may be called a Bpherical screw ; the constmctioa is as followi. 

Tho Bpherical involute OFF is generated by a point in the plane 
ACB, while tho piano rolls around tho cone ACKto which it is tan- 
gent. Since tlio element of contact is tho instaQtaneons axis, the 
tangent to tho curve at any point is perpendicnlar to the rolling 




piano ; which latter cuts from tlio sphere a great circle tangent to tlie 
base of the cone, Tlieroforc, tlio points G, F, E, etc., of tho curve, 
will in revolving about the horizontal axis of the cone, come normally 
into the piano A CB, nt points in tho clrcumferenco of tho great circle 
cut liy it from the sphere. 

Or otherwise : let (he cono .-irA'and a disc ACB move in rolling 
contact nbont fixed axes; then while the former makes one revolu- 
tion to tho right, tlie latter will turn to tho left through an arc FO 
equal to the circumference of the cone's base AK, and if the spiiere 
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revolTe witt the couc, tlie point P will trace upon ita aarface the 
same cune PFO in a reverse order. 

If then a groove of this form be cut in the concave Burfaco of a por- 
tion of a spherical shell, and 0, P, Q, etc., represent equidistant pins 
projecting from the edge of the disc AC'B, it is clear that a rotation 
of the shell about the horizontal usis will impart to the disc a rotsr 
tion about an axis perpendicular to its plane, with a constant velocity 
ratio. 

446. Let us now take the circumference of the disc na the pitch 
circle of u wheel, and lay out upon it the form of a tooth suitable for 
driving in ita own plane a pinion in inside gear, as shown in the 
upper diagram in the figare. It will then bo apparent from what 
precedes that this tooth outline will be the normal section of the 
thread of the spherical screw, whoso aurfaco it will sweep up if the 
disc roll around the cone as before ; and that this screw will correctly 
drive the internal pinion if its teeth bo made solids of rovolntion as 
shown in the cut. The axis of the screw being horizontal, the axis, 
XX, of the pinion, is not vertical, but peri>endicular to the plane 
A CB. 

It is hardly necessary to point out, finally, that tho pinion may be 
placed in outside gear, and the screw cut upon the convex surface of 
the sphere. In short, tho construction is a general one, the face- 
screw and wheel being but the S]tecial case iu wliich tlie radius of the 
sphere becomes infinite and its surface degeneratea into a plane. 
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PBOBLEMS RELATING TO CIBCULAB ABCS. 



1. In Graphic Operations there is frequent occasion to rectify circu- 
lar arcSy and to lay off arcs of given linear values, either upon circles 
of given radii or subtending given angles. 

In each cases the following constructions, which we borrow from 
Prof. Bankine, will be found extremely useful and convenient ; the 
results being obtained much more expeditiously than by calculation, 
and with a degree of accuracy amply sufficient for all ordinary pur- 
poses. 

I To lay off on a right line a distance approximately equal in length 

to a given circular arc. 

Let AB, Fig. 1, be the given arc, and AH its tangent at ^. Draw 
the chord BA, and produce it; bisect AB in D, and set off ^^ equal 







H 




Fie. 1. 

to AD, About ^ as a centre, with BB as radius, describe an arc cut- 
ting ARin F: then AF = arc AB, very nearly. 

n. To lay off on a given circle an arc approximately equal in length 

to a given right line. 

In Fig. 2, let A By the given line, be tangent at A to the given 
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circle. Set off AD =z {AB, and about /) as a centre, with radius 
DB =: i ABy describe an arc cutting the giyen circle in F. Then 
arc AF = AB, yery nearly. 

m. To find the radius of a circular arc which shaJl subtend a given 
angle, and be approximately equal in length to a given right line. 

Let AB, Fig. 3, be the given right line. Draw AO perpendicular 

to AB ; and also AH, making the angle BAH 
equal to half the given angle. Set off AD = 
J AB, and about centre 2>, with radius Z>£ = 
i AB, describe an arc cutting AH in F. 
Bisect -^i^ by the perpendicular EC, which 
will cut AG in C, the centre of the required 
arc AF. 

2. Amount of the Error in the aboYO Proo- 

68868. — It is stated by Prof. Bankine that in 

the application of either of these rules the 

straight line is a little less than the arc. 

The magnitude of the error is given as about ^J^^ part of an arc 

of 60° ; but it varies as the fourth power of the subtended angle, and 

may bo reduced to any desired extent by subdivision. Thus, for an 

arc of 30°, the error will be ^J^ x iV = TiiiTTT J ^^^ ^^^ ^^® ^^ ^^°» 

Practically, therefore, if the given or required arc subtends an angle 
of over G0°, subdivision should bo resorted to in applying either proc- 
ess. 

The first two rules are applicable also in many cases to other curves 
than circles, provided that the change of curvature in the part to be 
dealt with be small and gradual. 

GRAPHIC CONSTRUCTIONS RELATING TO TANGENT LINES. 

3. The Determination of a Tangent to any curve with absolute pre- 
cision, must of course depend upon a previous investigation of its 
mathematical properties. 

But a sufficient degree of accuracy for most practical purposes can 
be attained by purely graphic methods, very simple, and quite inde- 
pendent of the special nature of the curve. 

The most direct and expeditious of these consists in finding by 
trial the centre and radius of a circular arc which shall sensibly 
coincide with the given curve in the immediate vicinity of the point 
of tangency. This is more particularly eligible when the change of 
curvature in that part is small and gradual, as in Fig. 4. 
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Tf it be desired to draw tlio tangent at a. given point i*, wo find by 
trial the centre C, as above, and the required lino will be perpendicu- 
lar to CP. 

If it be required to draw a tangent in a given direction, or Ihrough 
a given point not npon the curve, the 
lino is drawn mechanically with the aid 
of a ruler, which can be done as accn- 
atoly as a lino can be drawn throiigli two 
given points. Then in order to locate 
the point of tangcncy, wo find the centre 
OoB before, and draw the perpendicular 
CP, cutting tlio tangent in the required 
point, 

4, This tentative method is not very ^o- <• 

reliable in respect to the exact location of the centre of cun'atnre, 
especially if the curve be flat ; in whicli case a considerable variation 
in tho radius may be made without sensibly affecting the curvature 
of the circular are. But the direction of tho radius of curvature ia 
thus ascertained with considerable precision, as may readily be veri- 
fied by seeking for two other centres, D and B, of circular arcs which 
shall lie respectively witiiin and without the given curve, and deviate 
from it equally on opposite Bides of tho given or apparent point of 
tangcncyl If the manipulation be made with care, these three cen- 
tres will bo found to lie very nearly, aa they should, in one straight 
line. And this fact may be practically utilized in dealing with a very 
flat curv; ; in which case, should the centre Cfall at an inconvenient 
distance, the centre D of the inner circle may bo used instead with 
equal confidence. 

3f 6. Tlie follow- 

Xi iug constructions 
may sometimcB 
be preferred, al- 
though they are 
less direct and 
more laborious. 

In Fig. 5, de- 
scribe with ' any 
^U convenient radius 

Fio. 8. a circular arc M^ 

mt P, tho point upon tbt curve KL at which the tangent is to bo 
From various points, as A, B. etc., taken at pleasure upon 
bX) drav through P right lines cutting MX^ in a, b, etc. From 
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these intersections set off, on these lines^ distances eqnal to the corre- 
sponding chords of the curve measured from P, and in ^he same di- 
rection ; thus, for instance, aa' is laid off to the right, and equal to 
PA ; while W, equal to PB^ is laid off to the left, and so on. 
Through the points Sy J', etc., thus located, draw the auxiliary 
curve ROPy cutting MNm ; then OP is the required tangent 

Should the intersection at be too acute, the distances aa\ U\ 
etc., may be made twice as great as the chords, thus changing the 

direction of the auxiliary curve. 

6. A similar principle is involved 
in the process for finding the 
point of contact when the tangent is 
given, as in Fig. 6. Draw any num- 
ber of chords parallel to the tangent, 
and, through their opiK)site extremi- 
ties, draw in opposite directions a 
series of parallel lines, which may or 
may not be perpendicular to the tan- 
gent Upon each ordinate set oS 
from the tangent a distance equal to 
the corresponding chord or some mul- 
tiple thereof, and through the points 
thus determined draw the auxiliary 




Fio. 6. 



curve, which will cut the given one at the required point of tangency. 

NORMALS. 

7. For the General Problem of drawing a normal to a given curve 
from a given point without, no solution, by graphic or any other 
means, has yet been discovered. 

When the given point lies upon the curve, the mathematical prop- 
erties of the latter may or may not be such as to enable us to draw 
the normal by a direct and independent construction. But, in gen- 
eral, the graphic operation in this case depends upon the previous 
determination of the tangent, by one or other of the methods above 
described. 



THE ELLIPSE. 

8. Fir si Method. — About the centre C, Fig. 7, describe two circles 
whoso diameters arc respectively equal to the major and minor axes, 
A B and MN. • 

Draw any radius CE ^i pleasure, cutting the inner circle in D and 
the outer one in E. Draw through D a parallel to one axis, and 
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througb E a parallel to the other : the intersection of these lines 
irill be a point upon the ellipse. 

This is the most accurate of all methods of constructing this curre 
by points^ all the intersections, D, E^ Oy being right angles. 

To draw the tangent at a given point. — By reyersing the aboTC proc- 
ess, we find that the given point P would have been determined by 
the radius COH, At O and H, draw tangents to the two circles, 
cutting the axes produced, in L and R respectively : then LR is the 
required tangent at P, 

Conversely , to find the point of contact: if the tangent be given, pro- 
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Fio. 7. 

duce it to cut MN produced in Z, and AB produced, in R. From 
L draw a tangent to the inner circle, from R a tangent to the outer 
one, and from C draw a perpendicular to these lines, thus determin- 
ing O and H\ draw through a parallel to AB^ and through Ho. 
parallel to MN] these will intersect in P, the point sought. 

9. Second Method.— Let C, Fig. 8, be the centre, AB the major 
axis, DE the minor axis. About D with radius .1 C describe an arc 
cutting AB in the foci F, F\ About P as a centre, describe an in- 
definite arc with any radius FHy greater than AF and less than BF. 
About F* describe another arc, with a radius F'O = AB — FH\ 
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this arc will cut the one first drawn in 0, 0\ two points of the re- 
quired curve. 
This method is not eligible for the ordinary purposes of the 




Fio. a 
draughtsman, since it involyes much more labor than the preceding 
one, and the intersections of the arcs are in many cases too acute to 
be reliable. But it is of interest as depending upon the property of 
the curve that the sum of tlie focal distances is the same for every 
point upon it, and equal to the major axis ; thus, 

PF + PF' = OF ^ OF' = AF^^ AF' = BF -^ BF' = AB. 

10. Third Method, — Upon this property also depends the operation 

of drawing the " gardener's 
ellipse" by the aid of a 
string and two pins. 

Let two fine pins be fixed 
in the drawing board at F 
and F' ; around these pass 
a loop of waxed sewing silk, 
of which the total length is 
AB + FF' : if this loop be 
kept constantly taut by a 
Pio. 9. I)encil P, the latter in mov- 

ing will trace the curve. 

To draia a tangent at any point, as : produce FO and F'O, and 
bisect the exterior angles FOIy F'OK, by the line TT. To draw 
the normal at the same point, bisect the angles lOK, FOF\ by the 
line JV7\r. Obviously, the axes cut the curve normally at their ex- 
tremities A, By Dy E. 
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11. Fourth Method. — Fig. 9 illustrates the principle of a common 
elliptographio trammel. The three points P, Jf, JV^ are in one right 
line, the distance PM being equal to CD, and PJV equal to CA. The 
point M being then kept always upon the line of the major axis, and 
the point N upon the line of the minor axis^ the point P will at all 
times lie upon the ellipse. 

This method is extremely convenient when no great precision is 
required, the three points being selected upon the graduated edge of 
a scale, or marked upon the edge of a smoothly cut strip of paper. 

To draw the normal at P : a.t M draw a perpendicular to AB, at ^ 
a perpendicular to DE ; these perpendiculars intersect at 0, and OP 
is the normal required. For MO and NO are the planes normal to 
the paths of the two moving points, and is consequently the in- 
stantaneous axis of the whole line NP. 




Fio. la 

12. Fifth Method. — To inscribe an ellipse in a given rectangle. 
Fig. 10. Join the middle i)oints of the opposite sides by the right 
lines AB, EF; these will be the axes, and intersect in the centre (7. 
Divide the eemi-minor axis CF, and the half side OFoi the rectan- 
gle, into the same number of equal or proportional parts ; through 
the points of subdivision on CF, draw right lines from 5, and pro- 
duce them to intersect the lines drawn from A to the corresponding 
points on 6F\ these intersections will lie upon the ellipse. 

Or, divide the semi-major axis A (7 and the half side AH m like 
proportion, and proceed in a similar manner, tlie two series of inter- 
secting lines converging in the extremities E and Foi the minor axis. 

13. The same process is applicable, when it is required to inscribe 
the ellipse in any given parallelogram, as shown in Fig. 11. But in 



302 



APPENDIX. 



this case AB, EF, will not be the axes. They are, however, conju- 
gate to each other, for each is parallel to the tangents at the' extrem- 
ities of the other : and since the parallelogram can always be con- 
structed if ^^ and BFare given, we have thus a simple and ready 
method of constructing the ellipse upon any pair of conjugate diameteis. 



.,'X --. /^ 




Fio. 11. 

In order to determine the directions of the axes, describe about the 
centre, C, a circle upon either of the given conjugate diameters, as 
EF: its circumference cuts the ellipse in P, and the supplementary 
chords, PE, PF, arc parallel to the axes. 

14. Sixth Method. — To construct the ellipse by means of ordinates 
of the circle. In Fig. 12, let it bo required to draw the ellipse of 
which J is the semi-major and A E the semi-minor axis. Describe a 
circle with radius OR = AE, and divide CP and OA into any number 
of proportional parts. At each point of subdivision, erect a perpen- 
dicular to OA, equal to the ordinate of the circle at the corresponding 




Fio. 12. 



point of CP ; the curve OE thus determined is the required ellipse. 

Or CP may be made equal to the semi-major axis BF] then if the 
radius CP and the semi-minor axis BX bo similarly subdivided, the 
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ordinates of the circle ^ill be equal to the corresponding ordinates 
of the ellipse NF. 

15. In a given ellipse^ to find the conjugate to a given diameter. 
Let PO, Fig. 13, be the given diameter. Draw any chord EF parallel 
to POy and bisect it, then the required conjugate diameter JfA^passes 
through the point of bisection, and TT^ the tangent at P, is parallel 
to if a; 

Otherwise : draw the chord EF 
parallel to PO, and also the diam- 
eter EO : then MN and TT are 
parallel to the supplementary chord 
FG. 

16. To draw the tangents to an 
ellipse from a point without. Let Fio. la. 

AA, Fig. 14, be the major axis, Cand the foci, F the given point. 
About F describe an arc through the nearer focus C ; intersect this 
at M and N by another arc whose centre is 0, with a radius ON equal 
to A A, Draw OM and ON, cutting the ellipse in O and H; then 
PO and PH will be the required tangents. For, 

OH-^ HN=: AA = 0H+ HC; .\CN=ffN; 

also, PC = FN, therefore, PH is perpendicular to ON, and bisects 
the angle CHN. 
Similarly, PO is perpendicular to CJU, and bisects the angle COM.. 

17. In Fig. 14, draw PC, FO; then the angles CFG, OPff, will 

be equal. For MN is a. 
common chord of the cir- 
cular arcs whose centres- 
are and P, therefore, 
FO is perpendicular to/ 
MN ; also, PH is perpen- 
dicular to CN; whence* 
the angles OPH, CNM, 
are equal. 

But CNM, in the cir- 
cumference, is one half of 
CFMy at the centre, which 
again is equal to CPG ; 
therefore, OPH = CFO. 
18. In Chapter XL 
Fio. 14. (348), the argument in 

connection with Fig. 213 depends upon the following demonstration. 
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Let the foci C, E^ of the ellipse whoso major axis is RJty Fig. 15, 
be so situated with respect to the foci Z>, F^ of the equal and similar 
ellipse whose major axis is J5J5, that the right lines CD^ EF, which 
intersect at P, shall be equal to each other ; then the common tan- 
gents to the two ellipses, HK and OL^ will also intersect in P. 

^ For, first, joining 

DEf the triangles 
DEFy DEC, have 
two sides of one re- 
spectively equal to 
two sides of the 
other, and the third 
side is common, 
whence the angle at 
F is equal to the 
angle at C; and in 
the triangles DPFy 
CPE, the angles at 
P are equal, whence 
the angles PDF, PECy are also equal : and since EC = DF, we have 
also DP = PE, and FP = PC. 

Next, draw TT bisecting the angles DPE and FPC; by the pre- 
ceding construction (IG) draw PG tangent to one ellipse, and find the 
point of tangency ; drav/ DO, and produce it to cut TT in A ; draw 
-^-fi' cutting the other ellipse in II, and join HP. 

Then the triangles DP A, EPA, have the angles at P equal, the 
side PD = side PE, and the side PA common ; the triangles are 
therefore similar, and we have 

ADP = AEP ; 
but PDF = PEC, 
.-. ADF= A EC'. 

m 

consequently, since the 
ellipses lire similar, HE 
= GD, and the tri- 
angles PHE, PGD, 
having the two sides and 
the included angle of 
one equal to the two D 
sides and the included 
angle of the other, arc 
similar and equal ; whence PH is equal to PG and tangent to the 




ellipse at H, and also the aiiglo GPD is cqaal to the angle 
HPE. 

Now draw PA" tangent to the ellipse at A"; then (17) the angle 
FPK is equal to the angle QPD, and, thei-eforc, to tlie angle HP£. 
Bnt FE is a right line by hypothesis, therefore, HPK is also a right 
line and tangent to both ellipses. In like manner it may he shown 
that PL, tangent to the ellipse on the right, ia a prolongation of PQ, 

It will also l>c observed that if »:x be an are of an ellipse whose 
foci are D, F, the major axis being equal to DP + PF, and yy an 
arc of a similar and equal one whose foci are C, E, then 7'7'will be 
taogent at P to both those ellipses. 

TBE PARABOLA.. 

19. The Parabola, Fig, IG, is a curve every point of which is equally 




distant from a given point F, called the focns, and a given right line 
DD, called the directrix. Hence the axis OFC is perpendicular to 
DD, and the vertex V lies nt the middle point of FC. Draw any 
parallel to DD, as RLP ; then the points in which this line is cut by 
an arc described about F, with a radius equal to LC, will lie upon 
the curve. 

To draw a ianycHl ai any point, as P : Draw FP, and also PA 
perpendicular to DD : then the required tangent bisects the angle 
FPA. 

Otherwise : let B bo the given point Draw JtL perpendicular to 
the axis, and on the axis make V.\f = LV; then MB is the required 
tangent. 

Second Method. — The parabohi may bo traced mechanically, as 
shown in Pig. 17. Let DD be a niler fixed lo llie drawing-board. 
Let a fine thread whose length is equal to LA be fixed at one end to 
the point L on the vertical side of the right-angled triangle, and at the 
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other end to the drawing-board at Fy the focus of the required currc. 
Then by sliding the triangle along the ruler, keeping tlie thread taut 
by a pencil P which always touches the side A Lot the triangle, the 

motion of the pencil will 
be so controlled as to 
trace a parabola, since 
PF is always equal to 
PA. 

20. Third Method,- 
In Fig. 18, let V be the 
vertex, VO the axis, and 
P a i>oint in the required 
curve. 

Draw PO, VA, per- 
pendicular to the axis 
and equal to each other ; 
divide Vyi in any man- 
ner, and through the 
points of division draw parallels to VO : divide AP in like propor- 
tion, and join the points of division with the vertex V, The inter- 
sections of the lines thus drawn through corresponding points upon 
VA and AP will lie upon the parabola VP. 
21. Fourth Method.— In Fig. 19, let Fbe the vertex, VO the axis. 




Fio. 18. 




Fiu. 19. 



and P a point through which the curve is to pass. 

Dniw Pli ]>er|>ondicular to VO^ and make RO = PO. On the 
axis sot of! VL = VO ; draw PL and RL, divide them into the 
same number of equal parts, number the points of division in oppo- 
site directions, and join the points correspondingly numbered, as 
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1, 1, 2, 2, etc. : the lines thus drawn will be tangents to the required 
curve. 

To find thejwint oftan^ency on any one of these lines, for instance 
1, 1. This line cuts the axis at JV^; set off on the axis, FJT = VN, 
and draw KB perpendicular to VO, cutting 1, 1, in the required 
point £. 

THE HYPERBOLA. 

22. The Hyperbola is a plane curve generated by the motion of a 
point subject to the condition that the difference of its distances from 
two fixed points called the foci shall always l>e equal to a given line, 
whose length must be less than the distance between the foci. 

In Fig. 20, set off CF = CF', and let ^, J^', be the foci : set off 
also CA = CB, and let -4^ be the given constant difference. It is 
evident that 

FB - BF' = AF' - AF= AB ; 

therefore A and B satisfy the conditions and are points on the curve. 
With any radius FO greater than FB, describe an arc about -Fas a 
centre ; then about F' describe, 
with a radius F'O = FO - 
AB, another arc, which will 
cut the one fii'st drawn in two 
points 0, 0\ of the required 
hyperbola. Since with the 
same radii, arcs may be de- 
scribed about the other foci, - 
it follows that the curve is 
composed of two equal and op- 
posite branches; and since 
FO may be of any length, 
these branches are infinite. 
The i)oint C is called the cen 
tre, and the line AB the 
major axis, to which the minor axis is perpendicular. 

To draw a tangent at any point of the hyperbola, as P : draw PF, 
PF\ and bisect the angle bi^twecu them. 

Otherwise thus: describe a circle upon ^^ as a diameter, let fall 
PO perpendicular upon the major axis, ard from its foot dniw 
(7 A!" tangent to that circle. Find the jwint of tangency K, and draw 
KL perpendicular to AB and cutting it in Zi ; then LP is the re- 
quired tangent 
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By the converse operation we may find the point of contact if the 
tangent be given. 

To find the asymptotes. From either focus^ as Fy draw tangents t^ 
the circle described upon AB : find the points of tangency It and ^» 
then CR and CS are the asymptotes. 

23. Second Meiliod. In Fig. 21, let C bo the centre, AB tlm * 

major axis, and a pois ^ 
through which the hyper^ — 
bola is to ])ass. 

Describe upon AB th^ 
semicircle ADBj and dravr 
DCE perpendicular to AB^ 
also DT tangent to the semi- 
circle. Draw OS perpen- 
dicular to DEy and with 
centre C and radius CL = 
jLJ ff\ OSf describe an arc cutting 
DT in L; on SO set off 
SG = DL, then CG is an 
asymptote to tlie curve. 

Draw any line A7 parallel to AB, and produce it ; set off DM on the 

tangent, equal to KI, then on KI produced set off KN = CM, and 

iVwill be a point on the curve. 

To find the focus. Produce OC to cut the semi-circumference in 

7?, at wliich point draw a perpendicular to GR ; which will cut the 

major axis in the focus F, 

To draw a tangent at any point, P. 

asymptote HC, cutting the other 

asymptote OR in V, On GR set off 

VU = CV, and draw PU, which will 

be the tangent required. 

24. Third Method. Given, the 
asymptotes and one point in the curve. 
The construction depends upon the q 
property that if any line be drawn 
cutting both asymptotes, the parts in- 
tercepted between each of those lines 
and the curve are equal. 

In Fig. 22, let CR, CS, be the 
asymptotes, P the given point. 
Through P draw any line at pleasure, fio. a. 

as EF, and make FG = EP ; then G will lie upon the curve. Any 



Draw PV parallel to the 
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point thus found may then be treated in like manner, thus : drawing 
HOKj make KL = 116, then i is a point upon t!ie hyperbola ; and 
EO on* 

To find the vertex. Set off upon the asymptotes any equal distances 
CMy CN; draw JOT, and bisect it by a perpendicular CO, which will 
be in the direction of the major axis, and cut the curve at the ver- 
tex V. 

26. Fourth Method. Given, in Fig. 23, the major axis AB, and F 
a point in the required curve. 

Draw FO, BE, perpendic- 
ular to AB and equal to each 
other, and join FE. Divide 
FO and FE into the same 
number of equal parts, num- 
bering the points of division 
from F upon each line. From 
A draw lines tg the ]X)ints 
upon FO, and from B, lines 
to the points upon FE ', the 
intersections of the lines thus drawn to corresponding points of divi- 
sion, as for instance, Al, B\, will lie upon the hyperbola required. 




THE SPIBAL OF ARCHIMEDES. 

26. A Spiral is a plane curve traced by a marking point which moves 
along a right line, while at the same time the right line revolves about 
one of its points as a fixed centre. 

This fixed centre is called the pole, and a right line drawn from it 
to any point of the curve is called a radiant, or radius vector. Sup- 
posing the angular velocity of the revolution to be uniform, the linear 
motion of the marking point .along the radius vector may be governed 
by any law at pleasure, and thus an infinite vi\riely of spirals may be 
produced. 

In Fig. 24 both motions are uniform, and the resulting curve is the 
well-known spiral of Archimedes, also called the equable spiral, be- 
cause the rate of expansion is constant, so that the distance between 
any two consecutive coils, measured on a radiant, is the same. 

If this distance or rate of expansion he given : with it as radius, 
describe a circle about the pole as centre, and divide its circum- 
ference into any number of equal parts by radial lines ; divide the 
given distance into the same number of equal parts, and set out from 
the pole F, upon consecutive radii, as /, //, ///, IV, distances 
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equal to one, two, three, etc., of these snbdivisions : the spiral is 
then drawn through the points thus determined. 

If any two radiants be given: 
divide the included angle into 
any number of equal parts, 
and the difference between the 
given radiants into the same 
number ; then set off on the 
first dividing radial line, a dis- 
tance equal to the least radiant 
^ plus one of the subdivisions of 
the difference, and so on, each 
successive radiant being greater 
than the preceding, by one of 
these subdivisions. 

To draw a tangent at any 
point. The tangent to this 
spiral can readily be drawn by 
geometrical construction ; for 
the motion of the tracing point 
is the resultant of two known 
components. The direction of 
the circular motion is that of 
the tangent to the circle through 
the given point, of which the pole is the centre, and its magnitude 
may be represented by the circumference of that circle. While mak- 
ing one revolution, the tracing point also travels along the radiant 
through a given distance, which is the other component ; and the re- 
sultant, representing both in magnitude and direction the actual 
motion of the point at the instant, is the required tangent to the spiral 
path. It is not necessary to set off the entire circumference in making 
this construction ; should this bo inconveniently large, we may use 
one-half, one-third, or any other fraction, reducing the radial compo- 
nent in the same^proportion. 

27. In Fig. 24 PA is the zero line from which the circular divisions 
are reckoned in constructing the curve in the first manner above ex- 
plained. And as the length of this radiant is zero, the circum- 
ference of the circle described with it as radius is also zero, but 
the other, or nidial component in the determination of the tan- 
gent is constant ; the zero line, therefore, is tangent to the curve at 
the pole. This is called the axis of the spiral ; and it will be noted 
that 
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1« The length of the radiant varies directly as the angle of rotation 
from this fixed axis. 

2. The lengths of successive radiants which include equal angles, hav- 

ing a constant difference, form a series in arithmetical progres- 
sion. 

3. This spiral consists of two infinite branches, curving in opposite 

directions, and symmetrically placed with reference to a line 
passing through the pole, perpendicular to the axis. 

THE RECIPROCAL SPIRAL. 

28. This is the exact converse of the Archimedean spiral, the 
lengths of the radiants varying inversely as the angle of rotation from 
a fixed axis. 

In Fig. 25 describe about the pole B a circle with any convenient 
radius, and beginning at the axis BA, divide it into any number of 
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x}ual parts at the points /, 77, 777, etc. On the radii through these 
points set off in their order distances measuring respectively 1, i, J, 
J, etc., by any scale of equal parts. Draw also lines from B, making 
with BA angles equal to i, J, i, etc., of the angle ABI ; and set off 



4, 3, 2, etc. ; the 
poiBiB dias determiiied. 
iafinite immber of oonrolations 
aboat che pole,, wbkk it cootiiittdlT mpftoaAtR, bat nerer mches. 
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L ThB csrre prcoeBQ to cfae AxrliiiBedeui qiinl the contrast that 
saecessiTe ndfiaacs which inrinde equal angles form a aeries in 
fe^m etriemi fK%igTts&aa z each being greater or less than the preceding 
a cotain coastant ratio. ioBtead of bj a constant distance. 
Hence the radiant which btaeets the angle be t ween two others is i 
proportional between them ; thns in Fig. 26, if the angles JPi", 
JlPH, HFC, he eqnal, we haTe 



APzFK 



iPKiPH. 
PK : PH : : PH : PC, and so on. 



Had the radiants APy PH, and their included ai^le, then, been 
giTen, the intermediate point K wonld hare been foond by bisecting 

the giTen angle, and 
setting off PK, a 
mean proportional 
between the two 
giren radiants. 

If the given radi- 
ants lie in the same 
straight line, 2&AP, 
PBy the construc- 
tion is the same — 
this angle of ISO"" is 
bisected by CP per- 
pendicular to ABj 
and describing on 
AB a semicircle, 
cutting this perpendicular in C, we have CP^ = A P. PBy as re- 
quired, therefore C is a point upon the spiral. Toward .-I set off 
PD = PCy and describe a semicircle on DB as a diameter, cutting 
CP in E. Bisect the angle CPB, and on the bisector set off PF = 
PEy then F\s also a point on the curve. 

In like manner the spiral may be extended as far as desired : thus, 
drawing the chord CB, bisect it by a perpendicular cutting CP in Oy 
and about describe a semicircle passing through C and B ; this 
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semicircle ^ill cut C'P produced in Oy which will lie upon the spiral^ 
since by this construction PB* = CP. CO. 

aO. In Tiew of the practical application of curves of a spiral form 
in the construction of cams for communicatiug definite motion to one 
piece by the rotation of another, it is of interest to note that by set- 
ting up the successive radiants as equidistant ordinates, any spiral 
may be transformed into a curve capable of transmitting motion with 
corresponding changes in velocity, while the driver moves in a right 
line. And conversely, any curve may be transformed into a spiral 
possessing analogous mechanical properties, by setting out its equi- 
distant ordinates as the radiants, taking care that the successive ones 
include equal angles. ^ 

THE HELIX. 

31. The Helix is a curve traced upon the surface of a cylinder of 
revolution by a point which moves uniformly around the axis, and at 
the same time travels uniformly in a direction parallel to the axis ; 
the rates of the two motions being entirely independent of each other. 

Thus in Eig. 27, let the relative motions be such that the marking 




point shall traverse the distance A'M while going once around the 
cylinder ; then in going half way around, it will travel half as far ; in 
going one quarter around, or through the arc AB^ it will travel one 
quarter as far, or through a distance equal to ^X, which will, evi- 
dently, bring it to the position B\ Intermediate points are readily 
found by subdividing the arc AB and the distance AL into the same 
number of equal parts at 1, 2, 3, etc., and projecting the former 
points of subdivision to lines drawn through the latter, perpendicular 
to the axis, as shown. 

If the cylinder be cut along the line A'M, and unrolled into a 
plane, it will develope into a rectangular sheet whose length is equal 
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to the circmnferencc, and the helix will developo into the diagonul of 
this rectangle. 

To dram the tangent at any point, as B'. The eurrc pierces the 
base of Ihe cjliudor at A', corresponding to A in the end view. Pro- 
ject B' to B, nnd perpendicular to the radius BC, set oS BJ ef\ailt 
the arc BA. Project J to T' upon NA' produced, then B'T' ia 
required tangent. 

By projecting J to J' upon a perpendicular to the asis through the' 
given point B', it will be readily perceived that the Eume result would 
hare been reached by compounding the two motions of the point, the 
i-cBultant being the tangent. 

A curve iinalogoua to the lielij^may also bo traced upon the surface 
of a cone, or of a byperboloid, by a point moving uniformly along an 
element, while th^ surface ut the eame time rotates uniformly abont 
its axis. (For illustration of the conical helix, see Fig, 336 ; the hy- 
perboloidal helix ia represented in Fig. 243.) 

DBAWISO OF ROLLED CUEVE8. 

32. In Fig. 28 A A ia a curved ruler fixed to the drawing-lxiard, and 
.0£ ia a free one rolling along it. Let a pencil be fixed to and oi 




by the latter, either in the contact edge, as at D, or at any distance 
from it, as at E. Since P, the present point of contact, is the in- 
stantaneous axis, the motion of D is in the diroctiou DF, perpendic- 
ular to DP, the contact radius, DF is, therefore, tangent to the path 
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of />, traced as the ruler BB rolls ; but it is alBO tangent to the cir- 
calar arc whose contro is D and radius PD, consequently the path of 
D is also tangent to that arc. 

Let the arcs Pc, Po, of BB, bo equal to the arcs Pc', Po', of ^^, 
then cD will be contact radius when c reaches c', and oB when o 
reaches o'. If, then, we describe with these radii circular arcs about 
c' and o', the curve traced by D will be tangent to thoie arcs ; and 
that traced by E will be tangent to arcs about the Bame centres with 
aE and o£'as radii. 

Curves thus described by points carried by one line which rolls 
upon another are called rolled curves, roulelles, or epitrochoida ; and 
the drawing of a scries of tangent arcs us above explained is the read- 
iest and most reliable known method of laying them out. 

The line which carries the tracing point is called the generatrix or 
describing line, and the one in contact with which it rolls is called the 
directrix or base line; either of theee may bo straight, or both may 
be curved. , 



33. This curve is traced by a jmint in tlio circumference of a circle 
which rolls upon its tangent. 

In Fig. 29 find Aa', the length of a convenient fraction Aa of the 
circumference ; step this oS upon the tangent the required number of 




times, making AE equal to the semicircumfercnce. Divide each into 
the same number of equal parts, draw chords from P to the points of 
division on the semicircle, with which as radii, strike arcs about the 
corresponding points on AE^ the cycloid is tangent to all these arcs. 



I 



SLf 



^f 






'31 JZ S 



ina 



J - -S 



IL Itt 



ndiiu» it 

tCP remftiDi 

is the jif JMf • 

tiie CTcloid. 

ssfed A perpcndiGidir 



abcnt ihis as ft 
i« arc cuts CD, 
OS 15 the gen- 
ndinSy and 



7!^ UiiLrJiiTn r «Ri?;iii. in. Pjz;. Sh. ?cGi «& i^ 4mtside dl another 
»im.Tititt -siuCTite ^ JL. jEC «C xpiOi II lifte length of Ja 







Tij. W. 



X 
..r. 






n-c^ AP\ and find the arc 
S:<rp ihis off ais aboTe, mak- 
is drawn br tangent 



▲ ^ t; \. ^> 



•«> • ^ 



V^.^CCO. 



The path of the centre of the deecribing circle is in this case another 
oircle whose centre is Q ; and the contact radii a'R, h'S, are prolon- 
gations of tho radii Qa', Qb', of the base circle ; which slightly mod- 
ifies the processes of finding tho point of the cnrro corresponding to 
a given point of contact and the converse. 



THE HYPOCYCLOID. 



36. Traced, as shown in Fig. 31, bj a point in the circamference of 
» circle rolling inside another. 

The construction is in all rcepects the same ae in the case of the 




epicycloid, and tho diagrams being lettered to correspond thronghont, 
no farther explanation is needed. 

In all three of these curves, if the rolling continue beyond E, anew 
branch springs ap, which ie of course perfectly symmetrical with EL. 

It is to be particularly noted that these branches are tangent to ED, 
and therefore to each other at E. 

THE INVOLUTE OP THE CIRCLE. 

36. This is in a manner the converse of tho cycloid, being gener- 
ated by the rolling of a tangent right line upon a circle. Thus in 
Fig. 33, the ruler, carr)-iiig in the lino of its edge tho pencil P, while 
rolling aronnd the cylinder describes the curve in question. 

It may also bo regarded as generated by unwinding an incxtcn.^ible 
fine thread from a cylinder : tJio thread being always taut nnd always 
tangent to the circle, its length is equal to that of the arc from which 
it was unwound ; thus, beginning at 0, make the tangents AP, BE, 
DF, respectively cqaal to tho arcs OA, OA B, OBD, and eo on ; then 
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the curve passes throogh the extremitiefl P, E, F, 0, etc, «t Q« 

tangents. 
The tangent 00, then, will be eqnal to the circamf erenco ol fti 

circle, and if the unwinding be continued, the resnlt will be the to- 

mation of a spiral, the distance between the sucoesaiTe conTolntin^ 
111; , measuied on tin 

tangent to the ta* 
circle, as fw ti- 
Btance PS, bnsg 
constant and equl 
to the circa [nle^ 
ence. 

Considering it ■ 
traced by the raler | 
.]&_ as in the figure, it 
will be seen that m | 
the point of contict j 
A is the instanUoc- | 
0U8 axis, the cdgt 
AP \i normal to 
the curve. Thii 
being true for gll 
positions of tlie 
ruler, we have the 
simple construction 
that the normal it 

any point of the curve is tangent to the base circle. 
If tlio rolling of the ruler continue in the direction of the arrow, it 

is evident that after i* reaches Oft new branch will be formed assliotn 

by the dotted line ; the two branches being tangcut to each other, 

and to the radius CO at its extremity. 

TUB EPITROCHOID. 

37. Although the term epitrochoidal is used in a general sense, in- 
cluding ftti rolled curves, yet custom sanctions also a special sense, 
and the curve tniccd by the rolling of one circle upon another, when 
the marking point is not eitnatcd upon the circumference, is the one 
ordinarily mount when " The Epitrockoid" simply is mentioned with 
no qiijitifying word in connection with it. 

In Fig. 3;i, if the circle whose centre is C, roll upon the circle whoeo 
centre is If, currying I he marking point P situated without the cir- 
cumference, it dcscril)es the looped cnn'o PLE, called the curtatt 
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^itrochoid. If the tracing point be situated at V, within the circum- 
ference, the resulting waved curve Ftf'Xis called the prolate epitro- 
ohoid. 

Since the rolling circle measures itself off upon the base circle as in 
the preceding cases, the position of the generating radins can always 
be (oond as in the coustruction of the epicycloid, and its length being 
conatant, points on the curve are readily found ; and the instantane- 
ooa ndiuB being always normal to the epitrochoid, the tangent at any 




point may be drawn with the same facility. For example, let it be 
required to draw the tangent at L ; with radius equal to CF describe 
an arc cutting the path of the centre in B, draw RO, cutting the base 
circle in a' : then a'R is contact radius, RL ia generating radius, a'L 
is the normal, and a perpendicular to it is the required tangent. 

DOCBLE QENEBATION OF THE EPICYCLOID. 

38. By way of distinction, the cun-e traced ae in Fig. 30, by the 
rolling of one circle upon another in external contact, is called an e«- 
hrTial epicycloid. But if the contact be internal, the curve traced by 
the rolling of the larger upon the smaller is called an internal epicy- 
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cloid ; and in Fig. 34, the circle whoGo centre is B, rolling npon tiic 
fixed circle whose centre isi>, and carrying the marking point F, thtii 
describes this curve, of which FL is a portion. 

Now let the eamo point F bo carried by the circle whoso centre is 
C, whose diameter FA is equal to the difference between the diame- 
ters FG and AO ot the other circles ; it will then trace the same 
path FL. 

First, let the three centres, C, B, D, the two points of contact A 
and 0, and the tracing point F, lie in one straight line FG. Then 
through A draw EAUia an; direction at pleasure, and draw J7pl^ 




Pia. 34. 

allol to it. Then the three chorda EA, AH, FI, subtending equal 
angles in the three circles, are proportional to the radii ; therefore, 

EA + AH ^FS + SI. 

Also, the triangles AHG, FIG, are similar. 

Set off (he arc OHK = iirc GI. Draw the chord KM =HA, and 
prolong it to /., mailing ML = AE. Draw the diameter MDT, and 
a parallel to iC through //, cutting KT produced in the point Ji, 
Then the triangles MKT, LKIi, arc respectively similar and equal to 
the tiianglps AHG, FIG. 

Xow KD bisects MT in D, and when produced will bisect LR in 
P ; therefore, the circle round ZA'7? will be tangent atjSTtothecircIe 
round MKTmiii AHG. Consequently, if the circle whose centre ia 
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B rolls upon the circle whose centre is D until /reaches JT, its centre 
will then be at P, and KL will be the new position of the chord IF ; 
the point -P meantime tracing the internal epicycloid FL. 

39. Produce TM to 0, making MN =z NO =: A C. Then the 
circle whose centre is N and radius NM, will pass through Z, and the 
arcs OL, FB, will be equal ; because ML = AE, and the angles CAB, 
NMLy are equal. 

The point jP will, therefore, reach Z, if it first describe the arc FE 
about centre C, and then the arc EL about centre D, And it will 
be perceived that this is equivalent to the rolling of the circle whose 
centre is (7, upon the circle whose centre is/>, if it bo proved that the 
arcs AMy OLy are equal. 

In order to do this, we have, firsts 

BD = DP =1 AG =^ NLy by hypothesis, 
and 

LP = NDy by construction ; 

. • . the angles ONLy MDP, are equal. 

Draw Bl'y then since arc KHG = arc Gly we have, second, 

EDO iIBO :: BG :DG; 
but 

TBG = 2 {IFG) = 2 {CAE) = 2 (NML) = ONL = MDP, 

also 

KDG = ADP. 
Whence 

ADP : MDP ::BG : DG ; 

.-. ADP - MDP : MDP : BG - DG : DG, 
or 

ADM :MDP:: BD : DGy 



ADM : ONL :: ON : AD 
• •. arc AM = arc OL = arc FE. 



Q. E. D. 



40. Although the epicycloids thus traced by the rolling of the two 
circles upon the same base circle are identical, it is not to be assumed 
that the epitrochoids generated by marking points not in the circum- 
ferences of the describing circles will be the same. 

On the contrary, they will be quite different, as shown in the dia- 
gram. If the generating radius BF be extended to TT, the latter 

point will trace the internal epiirochoid WZ, during the generation 

21 
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of the internal epicycloid FLy the final position of the generating 
radius being PLZ. On the other hand, prolonging the radius Cf 
to the same point Wy wo perceive that during the generation 

of the external epi- 
A cycloid FL by tiie 

roll i ng of the 
emaller circle, the 
txternal epiirockoid 
WX will be de. 
scribed, and NLI 
will be the final po- 
sition of the gene- 
C rating radius CW* 
41. Every inter- 
nal epicycloid, 
then, is also an ex- 
ternal one ; and it 
may be remarked 
that the latter 
mode of generation 
is usually more 
convenient in prac- 
Fw* to. tical execution. 

Similarly, every hypocycloid is capable of two generations. Thus, 
if in Fig. 34 wo take FIO as the fixed base circle, the hypocycloid 
A Y will be traced by the point Ay whether it be carried by the semi- 
circumference FSA of the smaller circle, which is equal to FY^ or by 
the semicircumferenco GHA of the larger, which is equal to OIY. 




PARALLEL CURVES. 

42. Parallel Curves are those whoso normal distance from each other 
is everywhere the same. If one curve and the length of the normal 
be given, the other is readily mapped out by merely describing any 
number of circular arcs with their centres upon the firat curve, and a 
radius equal to the normal : the envelope of these arcs is the parallel 
curve. 

At first thought it is natural to suppose that two curves thus related 
will be similar in form, like two concentric circles. And this will 
really be the case, 'if the derived curve be exterior to the first. But if 
it lie within, that is, upon the concave side of the fundamental curve, 
quite curious and unexpected results may arise, of which Figs. 35 and 
36 are sufficiently remarkable illustrations. 
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^ In tlio former, the origioal curvo is tho parabolu A VB, of which 
TO ia the axis and the focua. 

The two dotted curves rcacmblo it in form, but though both ure 
symmetrieal, neither is a true jmrabolo. Tho normal distunce F//ia 
less than VO ; but tho result of ofGuming a greater one is the forma- 
tion of tlie figure of which the conBlruction is shown, and its resem- 
blance to the origiuiit curve is at least nut Btriking. 

In Pig. 3(3 tho ellipse of which the axes are AB, DE, is the funda- 
mental curve ; and as Iwfore, when tho normal distance is small, tho 
parallel curves are somewhat similar to it, although neither is a true 
ellipse. But again, upon inci-easing the normal, the derived curve 
loses all resemblance to tho original, and developes the four-cusped 




Hire shown within, symmetrical aljout the ceutro, and also with i 
Bpect to the axes of the ellipse. 



THE LIMACON AKD THE PARALLEL TO TDE EPICYCLOID. 



»t 48. Mention has previously been made of these curves, whofe jTCcn- 
Harities, which were shown to have direct practical bearing upon tho 
true theory "f pin gearing, merit for that reason further examination. 
In Fig. 37 the epicycloid PBE is traced by the rolling of the 
circle from C to D, and the extremity / of the normal PI meantime 
traces the parallel cnrve lOHP, consisting of two branches. 

It is worthy of note that this curve will always exhibit these two 
'9, however small the normal distance chosen may Iw : which 
■II bo readily seen if we eujiposo it to bo traced in tho opposite dire{ 



tion by the rolling of the circle from i) to C, in which case the initiil 
motion of the circle having the direction of the arrow at E, aod the 
point E being the centre of rotation, it is apparent that the iaitial 
motion of the eztremity of the normal, be that line long or short, will 
have the direction of the arrow at i^; bo that under no circumBUnces 
will there be an interior curve similar to the original, as was the case 
with the ellipse and the parabola. 

Beginning at F, then, this curve descends to some point S, ind 
then begins to rise, the normal taking successively the positions £F, 
WU, SH. The fact that there will be a cusp at the lowest point, ii 




shown by the coneiOoration that were there either a wave or a loop, 
there would also be a tangent in some direction nearly coincident with 
nS, tlie impossibility of which is perfectly obvious, 

44. Xow again beginning at P : the rolling of the circle is a com- 
pound motion, consisting of a rotation nround the travelling centre C, 
and a i-ovoliition around the fixed centre G. We may then suppose 
those two motions to take place separately, in Euccession. 

Thus if the generating circle bo first turned through the angle 
PCR, and then be made to revolve about Q through an angle meas- 
ured by an arc AO of the base circle equal to PR, the tracing point 
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J* will have reached the position B on the epicycloid, and OB, the 
normal to that carve, will be the new position of the chord AR, 

We may reverse this process ; if, for instance, we select any point S 
on the epicycloid, and describi) a circle about 0, cutting the genera- 
trix at J, then AJ is the chord which, by the preceding operation, 
irill become the normal ST, and the arc PJ will be equal to the 
arc AT. 

46. A series of chords in the generating circle, drawn through the 
point A, then, arc the lines which will eventually become normals to 
the epicycloid. If now we set off upon each of these chords, from the 
circumference toward A, a distance equal to P/, as er, JK, etc., the 
points thus located will determine a new curve lAKL, called the 
lamaoon. 

And just as points upon the epicycloid are derived as above from the 
upper extremities of these chords, so points upon the parallel curve 
are derived from their lower extremities. Or in other words, as points 
of the former are derived from points upon the generating circle, so 
points on the latter are derived from points upon the limacon. For 
instance, the point g of the epicycloid would be determined by rotating 
P about C to 6, then revolving the whole generatrix about ff, the 
angle being measured by the arc J Z equal to Pe : during this revolu- 
tion the point r of the limacon goes through the same angle, giving 
the position jt? of a point upon the parallel curve, which lies upon gZ, 
the final position of eA, 

By the aid of the limacon, then, we may determine the direction of 
a normal at any point of the parallel curve : let p, for instance, be the 
given point; we first describe an area bout through/?, cutting the 
limacon at r, then draw Ar and produce it to cut the generating 
circle at t, and finally draw through e an arc cutting the epicycloid in 
g\ then j9$r is the required normal. 

46. To Draw a Normal to a Given Epicydoid from a Given Point 
Without — It may be pointed out that the foregoing indicates a method, 
circuitous, it is true, and probably more curious than useful, of graph- 
ically solving the problem just enunciated. 

Supposing the epicycloid given as in the figure, and any point /? 
assigned, the normal distance of this point from the curve, even if not 
given, may practically be ascertained with great accuracy by drawing 
a circle about j? as a centre, tangent to the curve ; for the eye is capa- 
ble of appreciating the fact of tangency with extreme nicety, if the 
lines be fine, although wholly unable to locate the point of contact. 
The radius of this tangent circle then is used in the construction of 
the limacon, by means of which, as above, the normal is drawn. It 
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may be added^ that should the intersection of the epicycloid at jf,by 
the arc through e, in this construction^ be too acute, a better determina- 
tion can be made as follows : about/?, with radius rA, describe an are 
cutting the base circle in Zj or set off the arc AZ equal to Pe; Gl 
produced will then be the corresponding contact radius, thus locating 
the position of the centre of the generatrix ; an arc about this centre 
with radius CP will then cut the arc eg less acutely than that arc 
cuts the epicycloid ; and if gZ be found to pass, as it should, though 
the given point/?, the determination may be accepted as at least accu- 
rate enough for all practical purposes, if any such there be. 

47. By the aid of the limacon, how^ever, we can determine with ab- 
solute precision the location of the jxoint of cuspidation H^ and of the 
points and U at which the parallel curve crosses the base circle, as 
well as the directions of the normals at these points. 

In order to do this we will first examine the limacon itself more par- 
ticularly. If wo suppose CJ to be a crank turning about Cos a fixed 
centre, and JK to be a rod jointed to it at J, and capable of sliding 
endwise through a socket pivoted so as to rotate freely about the fixed 
centre A ; then if JK bo equal to P7, it is clear that a pencil fixed at 
the end JTof this rod will mechanically trace the limacon during the 
rotation of tlio crank. 

Now, tlie motions of the points / and A being always known, the 
instantaneous axis of the rod can be found for any given position, and 
we are thus enabled to draw tlie tangent and normal to this curve at 
any point with geometrical accuracy. The motion of eT" being perpen- 
dicular to CJy tlie plane normal to the path of this point is Cy itself ; 
the motion of the point A of the rod JK at the instant is in the direc- 
tion J Ay therefore, AQ perpendicular to JK is the plane normal to 
its path. But since both A and / lie in the circumference of the 
circle whose centre is C, tlie intersection Q of these normal planes, 
that is, the instantaneous axis, will also lie in that circumference 
throughout the action, and will at any given instant be diametrically 
opposite to tlie position of the crank at that instant. 

48. To draio the tangent to the limacon at any point. In illustra- 
tion of tlie above, let it be required to draw the tangent to the given 
limacon at the point M, Draw through ^ the chord MA and produce 
it to cut the generating circle in ^V, and draw the diameter Nb ; then 
h is the iniitantaneous axis of NM, bM is normal, and a perpendicular 
to it is tangent to the curve at J/ as required. 

49. Now when, as in this figure, the normal distance PI is less than 
PAy it Avill b« perceived that the limacon must cross the base circle 
of the epicycloid at A ; and since the final chord AL lies outside of 
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that base circle, the limacon musfc also cross its circumference again 
at some point M between A and L. And further, there must be some 
point K, intermediate between A and J/, nearer to G than any other 
point of the curve ; at this point, therefore, the limacon must be tan- 
gent to a circle whose centre is 0. 

Obviously, the point of the parallel curve is derived from the 
point A of the limacon ; and making AR equal to ZP, and the arc 
A equal to the arc PR^ we may find the direction of the normal 
OB either by describing about an arc through R cutting the 
epicycloid in B, or by producing 00 to cut CD, the path of the 
centre, in X, describing the generating circle in that position, and 
making the chord OB = AR = PI. Also, the intersection iZis de- 
rived from the point 3f. We here observe that the chords MA, AN, 
of the two circles which are tangent at A, lie in one right line ; there- 
fore, the triangles ACN, AOM, are similar, and we have the known 
magnitude MN divided at A into segments directly proportional to 
the given radii AC, AG, The arc PN being thus determined, we 
lay off the arc A F equal to it, then with centre V and radius equal 
to AM describe an arc cutting the base circle in U, at which point 
UVW\s the normal. 

60. Finally, the point of cuspidation H is derived from the lowest 
point A' of the limacon. And this point must be so situated that GX 
produced shall pass through the instantaneous axis Q of the rod ^AJ 
when the limacon is mechanically traced as above described. 

But Q is then diametrically opposite to J, and P is diametrically 
opposite to A ; therefore, PQ is parallel to A J, and consequently to 
AK, which is a prolongation of JA ; and, moreover, PQ is equal 
to AJ, 

Then from similar triangles, AKG, PQG, 

AK AG , AK AG 

whence -^-^ = 



PQ "" PG' """""" AJ " PG' 

The magnitude of ^/ being thus determined, the arc AT\s made 
equal to the arc PJ, whence the position of the contact radius TY 
and the normal I'S to the epicycloid are found as before, and STH 
being made equal to JAK, the point in question is located with 
geometrical precision. 
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All Gears of the rame i 


pitch cat with oar Cutters are perfectly interchangeable. 


Diameter of 
Cutters. 


Diametral 
Pitch. 


Price of 
Cutters. 


Size of Hole in 
Cutters. 


SET OF 24 OTTTEBS. 

For each pitch coarser than 10. 


5 inches. 


U 


|2G 00 


H inches. 


No. Icute 12 T 


4i 


2 


20 00 


(( it 


No. 2 " 18 


4 


2i 


18 00 


<< (< 


No. 8 *« 14 


82 


3 


15 00 


it (( 


No. 4 «* 15 


3i 


3i 


12 00 


1 


No. 5 " 16 


8i 


4 


9 00 


(( <( 


No. ** 17 


B\ 


5 


7 00 


(i (( 


No. 7 " 18 


8 


6 


00 


i( (* 


No. 8 " 19 


2i 


7 


6 00 


(( ti 


No. 9 " 20 


2J 


8 


4 50 


1 n 

* 


No. 10 ** 21 to 23 


21 - 
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It tt 


No. 11 •* 23 '* 24 


2^ 


10 


3 50 


<( (i 


No. 12 ** 25 " 26 


2J 


12 


3 50 


tt 1 1 


No. 13 ♦* 27 ** 29 


2i 


14 
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No. 14 " 80 ** 33 


2^ " 


16 


3 00 
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No. 15 *« 34 " 87 


2 


18 


3 00 
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No. 16 " 38 " 42 


n •' 


20 


8 00 
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No. 17 ** 43 " 49 


i\i " 


22 


3 00 


tt tt 


'no. 18 " 50 " 59 


IJ 


24 


3 00 
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|No. 19 *' 00 " 75 ! 


IJ 


26 


3 00 


tt tt 


No. 20 " 76 *' 99 ! 

1 


12 


28 


3 00 


tt tt 


No. 21 ** 100 " 149 

1 


12 


30 


3 00 


tt <( 


No. 22 " 150 " 299 

1 


ij 


32 


3 00 


tl n 


;No. 23 *• 800 Rack. 

No. 24 " Rark. 

1 



The cutters are made for diametral pitches. By diametral pit<,*h is meant the 
number of teeth per inch in the diameter of the ^ar at pitch line. Two pitches 
should always be added to this diameter in prepanng a gear for cutting. For ex- 
ample : a gear of ^0 teeth, 8 to the inch, diametral pitch, would be 10 inches on 
pitch circle, but the gear should be turned 105 (or {), The teeth should always be 
cut two pitches deep beside clearance. 

The cutters are made for a clearance of ^6 o^ the depth of the tooth ; example : 
8 to the inch has a clearance of ^V ; therefore the tooth should be cut two pitches 
(1) and ft", deep. The gears must be set to run with this clearance to give the 
best results. 

In onlering bevel gear cutters, give the diameter of gear at outside pitch line, 
and number of teeth, also the width of face. For the present all cutters are made 
to order 
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